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PEEFACE. 


It is certain tliat in ordei to derive the full educational 
value from the study of Elementary Geometry, the 
student must be trained m both the theory and the 
practice of the subject. These two sections of the work 
are in no way antagonistic , each tends to illustrate and 
explain the other, and the value of either is seriously 
diminished whenever it loses touch with the other In 
the teaching of the elements of any Science, a close 
relation between the theoretical and practical work is 
of the greatest importance , hut in no other case can 
this close relation be so easily attained as m the study 
of Plane Geometry 

It IS the object of this book to provide a course of 
Geometry in which theoretical and practical worh are 
properly co ordinated. Accordingly these two parts of 
the subject have not been placed in separate sections of 
the book, but are combined and intermingled as occasion 
requires It must he clearly understood, however, by 
the student that the formal course of theory is logically 
complete m itself, and he will find no difficulty m 
distmguishing this course from the remainder of tbs' 
book, ato it consists exclusively of definitions, axioms, 
and propositions , moreover the distinction will be 6ir- 
ther emphasised in a very practical mannjer, as he will 



n 


PEEFACE, 


be expected to commit the argument of the formal 
course to memory — though tiot, of course, to learu its 
words “by heart.” 

The authors of this book fear that at the presfftit 
day, when so much stress is laid upon training of the 
intelligence, the value of memory-work is apt to be 
overlooked. It is still generally admitted that children 
have no fair chance of developing good literary taste 
unless they are made to learn by heart a certain amount 
of good poetry ; for in no other way can their attention 
be riveted word by word on the text, and their ear be 
trained to the pulse and music of the verse. In the 
same way there is no better method of developing a 
scholar’s logical faculty than to make him commit to 
memory models of clear and convincing argument, and 
to criticise thoroughly his attempts to reproduce or to 
imitate them. 

We now proceed to describe some of the more import- 
ant details in the plan of the book : — 

Introductoi'y Course . — This book commences with 
an Introductory Course of Drawing and Measurement 
designed to give the pupil a thorough and intelligent 
acquaintance with the elementary concepts of Plane and 
Solid Geometry as representing concrete and accurately 
measurable quantities. The details of this course are 
worked out very thoroughly, but its range is purposely 
restricted. It deals almost exclusively with plane and 
solid rectilineal figures ; no mention is made of area or 
volume ; and only a few of the simplest properties of 
plane rectilinear figures are demonstrated empirically. 
These restrictions have been observed in the belief that 
too much empirical knowledge is a positive disadvantage 
to young pupils commencing the study of geometrical 
iheory, and that as soon as the nature of geometrical 
magnitudes is thoroughly understood and geometrical 
instruments can be handled with ease, the theoretical 
and practical studies should proceed side by side. 
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Logical Sequence of Propositions. — The order o4> proof 
adopted in this hook follows closely the general plan 
which is indicated hy the syllabuses of the Cambridge 
L«cal Examinations Syndicate for the Preliminary, 
Junior, and Senior Examinations. The authors believe 
that some standard order of logical sequence is much 
to be desired, and regard these syllabuses as the most 
authoritative pronouncement which has yet been made. 

JReferenaes. — The value of Euclid’s concise system of 
references is well known by experience to all teachers 
who have ever used a Euclidian text-book, but this loss 
cannot be replaced until some standard order of proof is 
generally adopted. In the present work, however, the 
authors have introduced a system of references which it 
is hoped will be found of considerable value for ordinary 
class purposes. The system will be sufficiently explained 
by one or two examples ; thus the abbreviation 0.3 is 
used to indicate the third proposition on congruences, 
and the abbreviation T.2c. to indicate the converse of the- 
second proposition on triangles. This plan has the 
advantage that the reference symbol to any proposition 
indicates to some extent the nature of the proposition 
and its position in the logical order of proof. 

The authors have, however, been careful to arrange 
that this system of references can he discarded if desired. 
The proof of every proposition is complete without them 
— ^an obvious necessity — and an index is given at the 
end of the book from which the meaning of any 
reference can be found as easily as the numerical answer 
to any problem. 

Hypothetical Constructions. — The usual hypothetical 
constructions are of course admitted and justified. The 
student is carefully warned against illogical hypotheticai 
constructions — such as “ Let ABCD be a square eq_ual 
in area «and perimeter to the triangle EFG- ” — a very 
necessary precaution in regard to the solving of riders. 
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Pr(Alems . — Geometrical Constructions do not form 
an essential part of tlie theoretical course. They are 
accordingly given in separate chapters at suitable 
intervals with proofs in small type ; but the authors 
strongly advise that the proofs of Problems should be 
studied with as much care as the proofs of Theorems. 

Exercises . — ^The book is well supplied with all types 
of exercises, viz. Riders, Drawing Problems, and 
Calculations. Problems involving diagrams drawn to 
scale are also given, but may be postponed if desired 
till the Theory of Similar Figures is reached. 

The authors believe that the average boy will not 
acquire the faculty of solving riders without considerable 
help in the earlier stages. Accordingly numerous small 
sets of easy riders have been inserted. Also in the 
larger sets of more important riders, each of the first 
few riders is followed by a list of all the propositions 
required in the proof, and each of the next few by a 
reference to the leading propositions required. In 
the latter portion of the book these aids are partially 
withdrawn. 

In the case of aR numerical problems it is clearly 
indicated whether they are to be solved by drawing and 
measurement or by calculation. Wherever possible an 
accurate numerical result is required of the student. 

Preliminary Exercises . — ^Heuristic methods are easily 
carried to excess, but used in moderation they are 
an essential element of good teaching ; for the mind of 
the pupil should be kept active and alert, not passively 
recipient. Thus, when introducing a new proposition, 
the teacher should obtain the proof mainly from the 
class. In most cases this is not difficult, especiaRy 
R any necessary construction is given ; but when 
approaching the harder propositions, the ground should 
he cleared by means of a few suitable rider^. Such 
riders are given in this book under the name of Prelinv- 
inary Exercises. The figures of these riders, with 
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perliaps ^ few riotes, sKoxild be left on tlie board tlie 
class to consnlt wben tbe mam proposition is attached, 

^ang&. TKe present Trolnme contains all tbat is 

required, for tlie X-ondorL University Matriculation Ex- 
amination and for tbe Senior Oxford Local Examination r 
tliat IS to say, it includes a tboronglL treatment of tbe 
subject matter of Euclid, Eoolvs I— IV. 

A. I^iTst Co%iTSo of Hectd'irLg, It bas been found 

necessaiy to introduce at various points certain matter 
wliiclL is too difficult for beginners. Accordingly in a first 
reading stndents sbonld omit all articles, sets of exercises^ 
or single exercises v-liicli are marked witli an asterisk. 
Tbe subject-matter of Obapter I is necessarily difficult 
It is essential on tbe one band tbat tbe beginner sbonld 
learn and nnderstand tbe Definitions and Axioms, and on 
tbe otber tbat be sbonld not be troubled witb tbe more 
difficult footnotes. V^itb tbese restrictions tbe treatment 
of tbe Chapter must be left entirely to tbe discretion of 
tbe teacber ; but it is well to point out tbat Exercises 
XVIII and XIX bave been made as easy as possible and 
are intended mainly for discussion between tbe teacber 
and tbe class. 


Jxily 1906m 


W. P. -W. 
A. G-. C. 
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OB’ 

DRAWING AND MEASUREMENT. 

1 Points, Figure 1 consists of four dots and one 

spot To distingiiisli "between tliem, tlie dots are named 
"by tKe letters A yB^C^ and and eaclx letter is written 
close to its own dot , also tlie spot is named, by tbe 
letter E 

Each. dot lias a 
ceitain definite posi~ 
tion on tlie figure , 
tbns tbe dot ^ is S 
mcb. f 1 om tlie line 
at tlie top of tlie 
figure and 7 incli 
from tlie line on tlie 
riglit of tlie figme , 
wiiile tbe dot O is 
1 2 incbes from tbe 
line at tlie top of tlie 
figure and 1 S inclies 
^rom tlie line on tlie 
nglit of tiie figure Also we can compare tlie positions 
of tlie dots one witb. another Tims the dot is 1 inch 
fxom the dot B and 1 inch from the dot C , while the 
dot Z? IS 1 25 inches from B and 1 6 inches from A 

It is not easy to describe the position of the spot E 
e 3 :actly , foi E is not a mere dot hnt is fairly large, and 
its difierent paits are in slightly different positions 
The top part of E is rather nearer to or to the Ime at 
®ie top of the figme, than the bottom pait , and the left 
side of E IS rather nearer to C than the right side of f 

OTP D 
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In reality the four dots A^B,C,D also have size, 
though they are much smaller than the spot £ ; thus 
the dot A has parts, and its different parts are ne-t in 
exa6% the same position. Hence to think of an exact 
position vre must think of a dot without any size at all. 
Such a dot is called a point ; we cannot draw a point, 
so we indicate its position as accurately as we can hy as 
small a dot as possible. 

DEriNITIOKT. — A point has position, hut no parts 
and no magnitude. 

The point of a needle is not a true point in the geometrical sense j 
nor is the point of a fine hair, though this is much smaller than the 
needle point ; nor even the point of a wasp’s sting, which is very mnch 
smaller. 

2. Lines. — If you draw the point of a pencil across a 
piece of paper, you will trace out a line. It may he a 
straight line or a crooked line ; it will probably not be 
straight unless you use a “ ruler ” or “ straight-edge ” 
in the ordinary way.'"^ Thus we may regard a line 
(whether sti*aight or not) as the path traced out by a 
moving point. 

If the jDoint of your pencil is blunt you will get a 
broad or “thick” line, if it is sharj) you will get a 
narrow or “ thin ” line ; hut if the point of your pencil 
were a true geometrical point you would get a line 
without any hreadth at all. Thus in geometry we 
regard a time line as having length hut not hreadth. 

DEPIITITION'. — A line is the path, traced by a moving 
point ; it has length but not breadth. 

Wc cau give several instances of very thin liues ; c. g. the edge of a 
razor, and the threail which a spider spins to weave its weh. Bnt of 
course a geometrical line, like a geometrical point, does not exist, but is 
merely a convenient conception. 

Moat of the linos in the diagrams in this bonk are made fairly 
thick in order that they should be as clear as possible. 


In ruling a lino do not work the pencil from the fingers or from 
the wrist, but as far as possible move the arm bodily from the elbow. 
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If you draw two points, A and 5, on a piece of paper 
(see Fig. 2) you can always draw one (and only one) 
straight line from one point to 
tlie other ; that is to say, you 
can join the points A and B 
by a straight line in one way ^ 

only. This straight line is 2. 

known as the join of the points. 

The definition of a straight line will be given later in 
the book. 

The easiest way to test whether a line is straight, is 
to see whether a tightly stretched piece of fine cotton 
can be made to lie exactly along the line. Another 
method is to look along the line with the eye at the edge 
of the paper ; if the line is straight, it will then appear 
as a point. 

A third method is to trace the line (say the line in Fig. 2) carefully 
on tracing paper ; then turn the ti-aeing paper over and apply the trace 
to the original line, fitting the trace of A to the original point A, and 
the trace of 5 to B. If the line is straight, the trace will now fit 
accurately on to it at every point. 

3. Points on Lines. — If you are told to put the point of 
your pencil on the line in Fig. 2, you can put it in many 
different positions; for instance, you can put it at the 
point A, or the point B, or anywhere between A and B. 
Each possible position of your pencil-point may be 
regarded as a point on the line. Thus the extremities of 

hne are ■points (A and B in Fig. 2), and there are any 
number of other points on the line. 

We may if we like roughly regard the line as made up of a very large 
number of points set very close together. 

A line is usually named by means of the points at its 
extremities. Thus the extremities of the line in Fig. 2 
are the points A and B, and the line should be called “ the 
line ABf’ We may, however, name a line by means of 
any two points on it, whether they are at the extremities 
of the line or not. 
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4. Intersections of lines. — Fig. 3 tlie two lines AB 
and CD cross one anotlier ; in this case there is one 
point, viz. 0, which lies on both lines. We espressrithis 
by saying tliat the two lines AB and CD meet at the 
point 0 ; or that the two lines cut (or intersect) at the 
point 0. 

The point 0 is called the point of intersection oi A B 
and CD, or the cross oi. A B and CD. 


£ 



The straight line EF does not meet the straight line 
A B ; bnt if the straight line EF were produced through F 

(that is, lengthened beyond F) 
C G would meet AB at the point P. 

yQ In the same way if DC were 
produced through C it would 
meet EF at the point Q. 

Two straight lines will never 
meet at more than one point, 
but if two lines are not both 
straight they may meet at any 
number of points. Thus in 
Fig. 4 the curved lines A B and 
CD meet at two points, viz. 0 
and P ; while the straight line 
EF and the curved line GH mee" 
at three points, viz. Q, R, and S. 



D F 
Fia. 4. 
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The method of rex>reseiiting points by dots is not satisfactory" ; fox 
the dots must be made too large, or else they are not easily seen — 
especially if the points lie on lines as in Figs. S and 4. Tlie best way 
to mvresent a point on a line is by a short thin stroke drawn across 
the line at the point in quCvStion ; see the points H and K in Fig. 5. 
If the point is not on a line it is best indicated by a pair of short thin 
strokes intersecting at the point ; see the point L in Fig. 5. 



Fig. 6. 


MXEROIBES I.* 

Take a half-sheet of note-paper and mark six points on it, putting 
them roughly in the positions shown in Fig. 6. Join the following 
pairs of points by straight lines : — 

1 . A and B, 2. F and G, 3. E and Z). 4. A and £. 5. B and 0, 

6. A and C. 7. B and Z?, 8. E and F. 

9, At what point does the line AB meet the line BC ? 

10. At what point does the line £Fmeet the line AE ? 

11. Use the letter P to mark the cross of the lines AC and BD. 

12. Use the letter Q to mark the cross of the lines FO and BD. 

13. Produce the line EF through F ; use the letter R to mark the 
point where £Fi>roduced meets AG. 

14. Use the letter S to mark the point where E£ produced exits AB. 

15. Use the letter T to mark the point where BC produced intersects 
ED produced. 

16. If one vessel is steaming straight from B to and another 
straight from F to C, will there necessarily be a collision 1 If there is, 
a collision, where will it occur ? 


* 'While the class is working through the Exercises in this IntrO' 
ductory Course, it will frequently be advisable for the teacher to help 
by drawings on the blackboard. 
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5. Measurement of Lines. — The ruler used to draw 
and measure lines should he at least 6 inches long. 
One edge should he marked with a scale of inches and 
tenth-inches, and the opposite edge with a scale of centi- 
metres and millimetres ; note that a millimetre is one- 
tenth of a centimetre. 


0 

- I -J,. ,J_ 1 L 

A 



2 



Fig. 7. 



To measure the length of a line AB m inches (see Fig. 
7) place the scale of inches so that the mark 0 on the 
scale falls atone end of the line (say at >4) while the scale 
itself lies along the line. If the end B then falls exactly 
at one of the division-marks (or graduations) of the scale, 
you can read ofE the length at once ; thus in Fig. 7 the 
length of the line AB is easily seen to he 2 inches and 
3 tenth-inches. Using the ordinary decimal notation we 
express this as 2'3 inches, 


or 2-3" 

6. Hints on using a scale for 
accurate measurement. — Tlie 
edges of the lailer (or pi-o tractor) 
ivliicli carry the scales for measur- 
ing indies and centimetres should 
be bevelled, so that tbe graduations 
are as near to the paxier as possible. 

While measuring the line the 
student must arrange that the edge 

of the ruler which he is using for the measurement does not cast a shadow 
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on the paper ; for if it does the line will be ^ 
either in the shadow or else too far from the 
scale for accurate measurement. If possible 
the ^student should sit so that the light is 
coming from his left. 

It is important for accurate work that the 
student’s eye should be directly over each 
end of the line as he compares it with the 
scale ; otherwise there is danger of a parallax 
error.” The nature of this error is shown by 
Fig. 8, where AB represents the line and CD 
the scale used to measure the line. The scale 
CD is represented as above the paper on which 
the line is drawn ; this is necessarily the case 
to some extent even though the scale is marked 
on a bevelled edge. If the eye is at H the 
point B appears to correspond to the point P 
on the scale ; and if the eye is at I, B appears 
to correspond to ^ ; 0 is the point on the scale 
which really corresponds to Bj and K is the 
correct position for the eye. 

In reading from a scale only one eye should 
be used, as the difference in position of the two 
eyes causes some uncertainty as to the reading. 

It is advisable to indicate the exact position 
of the end of the line by a short thin cross- 
stroke (see Fig. 9). 

To get the scale as near to the paper as 
possible it is well to tilt the ruler so that only 
the edge which carries the scale is in contact 
with the paper. 

EXMEOIBES IL 

1. Measure each of the lines AjB,G (Fig. 

9) in inches and tenths. 

2. Measure each of the lines D,E^F (Fig. 

9) in centimetres and tenths. 

3. Measure each of the lines DjEjF (Fig. 9) 
in inches and tenth-inches, correct to the 
nearest tenth-inch. [That is to say, if the 
end of the line does not fall exactly at any 
graduation of the scale, read to that graduation 
which is marcst the end of the line^ whether 
this graduation lies beyond the line or not.] 

4. Measure each of the lines A,B,G (Fig. 9) 
in centimetres, correct to the nearest tenth- 
centimetre. 


7 

B C D E F 


Fia. 9 
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5. ?ig. 10 is a line divided into inches by the marks 0, 1, 2, 3. 
Four points, A,B}GfD, arc marked on the line. 

Kow imagine that each inch is divided into tenth-inches, and guess * 
to the nearest tenth-inch the distance of each of the points AjR 0,D 
from^the point marked 0; test the accuracy of your results by 
measuring. 



O 1 2 S 

Fia. 10. 


6. The line in Fig. 11 is divided into centimetres by the marks 0, 1, 
2, 3, etc. Guess the distances of AjBfC,D^£ from the point marked 
0, correct to the nearest tenth-centimetre, and check your results by 
measuring. 



0 12 5 4 5 6 7 

Fio. 11. 


7. Draw two lines on paper each 4 or 5 inches long ; use the scales 
to divide one into inches and the other into centimetres ; mark points 
on these lines at random,! guess the distance of each point from the 
point marked 0, and test your results by measuring. 

7. Measurements correct to three figures.— When using a scale to 
measure a line in the usual way, the end of the line does not as a rule 
fall exactly at one division of the scale, and the length of the line 
cannot be expressed exactly in inches and tenth-inches, or in centi- 
metres and millimetres. Fig. 12 shows a line GO with the scale of 
inches placed to measure it. If the line ended at the point 8 instead 
of at its length would be 2 inches and 1 tenth-inch ; but the extra 
length 8D forms a fraction of the next tenth-inch on the scale. 'Eow 
imagine this tenth -inch (which is marked ef in the diagram) to be 
divided into ten equal parts ; each part will be one-tenth of a tenth- 
inch, that is one hundredth ofoAi inch. Next try to estimate how many 
of these equal parts into which ef has been divided will he covered hy 
the line SD. Moi'e than half of them certainly ; that is more than 5 ; 

* To aid ill your guessing fix mentally the positions of the middle 
^oints of the inches, i. e. of the three lengths 01, 12, and 2 3. 

t For this exercise the class may bo divided into pairs, each boy 
making the random marks for his partner, not for hiinseff. It will 
usually be found that a boy gets certain divisions more wrong than 
others ; let him note these. 
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probably 7 is the correct number. Hence we estimate 8D to be 7 
hundred tbs of an inch. 

Thus the whole length CD is 2 inches 1 tenth -mch and 7 
hiini'edths of an inch ; using the ordinary decimal notation we 
expi’eas this as 2*17 inches^ or 2*17''. 

In the same way the scale of centimetres can be used to measure a 
line correct to tenths of a millimetre. If the result is 5 centimetres 6 
millimetres and 3 tenths of a millimeti’e we should express this as 5 ’63 
cms., or perhaps as 56 '3 nuns. 

The distance between two points is the length of the “join*' of 
the points ; but in order to measure this distance it is not necessary to 
draw the line. 

The scales can also be used to mark off a required length along a 
line ; in order to do this accurately a well-sharpened pencil is required. 



8. On Pencil Points. — The student should always have two pencils 
ready for use, the one sharpened to a fine “needle-point/* and the 
other to a “ chisel-edge (i» e, to a flat edge like the edge of a chisel). 
In using a chisel-edge the pencil should be made to travel in the 
direction of its edge. A small piece of sand-paper is very useful to 
finish off a chisel- edge and to keep it sharp as it wears. 

All lines on a drawing should be drawn with the chisel-edge, which 
Avill draw lines quite as thin as a needle-point, while it wears blunt 
much more slowly ; all points on a drawing should be marked with 
the needle-point, as the chisel-point is not accurate enough for this 
uurpose. 

9. The Compasses. — Each compass4eg should measure 
about 3*5 or 4 inches, as this is the most convenient size 
for handling. The pencil should be sharpened to a 
chisel-edge, and fixed in the compasses so that the pencil- 
point just projects beyond the steel-point when the 
compasses are closed ; the pencil should be set so that 
in using the eomiiasses the pencil travels along the chisel- 
edge. The compasses should be held by the head only; 
the steel-point should be sharp, and should only just be 
allowed to prick the paper. 
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10. The Circle. — To draw a circle with centre A and 
radius 2-35" (see Fig. 13). 

Using the scale of inches mark two points £ and £ on 
the paper exactly 2 "35" apart ; join them by a line ir you 
like. 

Adjust the compasses so that the distance between 
the steel-point and the pencil-point is exactly equal to 
the distance £f. 

Place the steel-point at A, and turn the compasses 
round it with the pencil in contact with the pa|)er ; you 
will thus trace out the circle BCD. 


Note that in order to name a circle we usually mention three points 
on it 



£ 

2 - 35 ' 

F 


Fig. 13 . 


Strictly speaking the curved line which you have 
drawn is not the circle ; it is the space inside the curved 
line which is called the circle.* The curved line is 
called the cirerunferenee of the circle, and any part of 
this circumference is called an arc. Thus CG, CB, BD 
are arcs. 

The point A is called the centre of the circle. 

Join AB, AC and AD. Any straight line which joins 
the centre of a circle to any point on its circumference 

* There are, however, many phrases in which this Sistinetion is 
ignored, e. g. “a point on a circle,” “the intersections of tnw 
circles,” etc. 
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is called a radius of the circle; thus ABj AC, AD are all 
radii of this circle. 

.Now the line AB is equal to the distance between the 
steel-point and the pencil-point of the compasses ; for the 
steel-point was kept at A, and the pencil-point passed 
through B while the circle was being traced. But the 
distance between the two points of the compass is equal 
to EF. Hence AB ia equal to £f. 

In the same way any other radius of the circle can be 
shown to be equal to £f, and is therefore 2‘35" in length. 

All radii of the same circle are equal. 

All points on the circumference of a circle are the 
same distance from the centre. Thus all points on the 
circumference of the circle you have drawn are 2'35" 
from the centre A. 

Any straight line through the centre of the circle 
terminated at both ends by the circumference is called a 
diameter of the circle. Thus, in Fig. 13, QB is a diameter. 

Any diameter is made up of two radii. Thus the 
diameter GB is made up of the two radii A G and A B. 

Since in any circle all radii are equal, it follows that 
all diameters are equal. Thus in the circle which you 
have iust drawn each diameter measures 2 X 2'35" or 
4:‘7". 

Any diameter divides a circle into two halves, each of 
which is called a semi-circle. 

We shall use the symbol O to denote a circle. 

If a circle is drawn on. paper and the paper be bent round, the fi^irc 
is no longer a circle. The surface of a saucer is not a circle because it is 
not flat. A circle is a flat or plane flgure. 

DBFIITITIOIJ’. — A cifde is a plane figure ■fioTinded* 
by one curved line called its circumference, wMcb. is 
such that" all points on tbis circumference are at equal 
distances from a certain point which, is called th.e centre 
of the circle. 
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EXEMCISES IIL 

In Fig. 14 measure* the following lineSj (i) in inches, correct to the 
nearest "hundredth of an inch, (ii) in centimetres, correct to the Barest 
hundredth of a centimetre : — 

1. AB. 2. CD. 3. EF. 4. GH, 5. KL 6. MN, 7. MO. 



Also measure the distances between the following pairs of points, 
(i) in inches and decimals, (ii) in centimetres and decimals : — 

8. A,H. 9. N,L 10. e,/r. 11. A,F. 12. (?,£. 


* The following is a good system for marking the answers to 
Exercises IIL : — 

For remits in inches, giye two marks if the answer is correct, or if 
the error is not more than *02 inch ; give one mark if the error is not 
more than *04 inch. For x'esults in centimetres, give two marks if 
the answer is correct, or if the error is not more than ‘OS^^jentimetre ; 
give one mark if the error is not more than *06 centimetre. 

It should be remembered that an absolutely correct answer is largely 
a matter of chance. 
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Fig. 15 is a map drawn to a scale of 20 miles to the inch ; tjiai; as to 
say, one inch on the map represents a distance of 20 miles on the 
country. Find the distances between the following pairs of towns 

13. /?,r. 14. ^,5. 15. p,r. 16 . p,g. 






Fig. 18 . 


17. Draw three circles having the same centre A, as in Fig. 16.* 
The radius of the smallest circle is to be of the second circle 1*5'^, 
and of the largest circle 2". 

18. Draw two circles with centres P and Q, as in Fig. 17- PR is to 
measure 1-6 cms., and QR 2*3 cms, [First draw the line PQ.] 

19. Draw three circles with centres as in Fig. 18. HM is to 

be ’6'', KM and LM 1'2". [First draw the line LM.‘l 


* A god^i way of correcting pupils’ exercises in this and in more 
complicated cases, when a numerical measure is not easily available, is 
to have the exact figure drawn on tracing paper and apply it to the 
pupils’ drawings. 
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tlie triangle ABC, and tlie points L,M,N are the vertices of 
the triangle LMI^. Distin^ish between the angle and the 
angular point ; the angle is the corner, while the angular 
point (or vertex) is the point at the “ tip ” of the comer. 

If one side is called the base of a triangle the opposite 
angular point is called “ the vertex" or sometimes the apex 
of the triangle ; the angle opposite to the base is called the 
vertical angle. Thus in the triangle GHK, if we call HK 
the base w'e may call G the apex ; or if we call GK the 


base we may 
H the vertex. 

We shall use 
the symbol A to 
denote a tri- X 
angle. / 

!£ all three I 
sides of a tri- \ 
angle are of \ 
equal length, it 
is called an 
equilateral tri- 
angle. Thus in 
Fig. 19 ABC is 
an equilateml triangle. 


Fig. 20. 


12. Problem I . — To construct a triangle, given its three 
sides. 

Let us construct a triangle having 
its base 2 inches long, its left side 

1 inch long, and its right side 1‘6 
inches long : — 

Draw the base AB of length 

2 inches (Fig. 20). Describe a ^ 
circle with centre A and radius 

1 inch. Describe a circle with 
centre B and radius 1'6 inches. Take the point C above 
AB where the circles cut one another, and join it to A 
and 5 by straight lines. ABC will be the required triangle. 
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For the side is a radius of the left hand circle and 
is therefore 1 inch long ; and the side fiC is a radius of 
the right hand circle and is tlierefore I'G inches long. 

It is not necessary to draw the complete circles, but only the parts 
of the circles (or “arcs”) in the neiglihourhood of the point C. See 
Fig. 21. 

It will be found impossible to draw a triangle having one of its 
sides greater than the other two together. Try to draw a triangle 
whose sides measure 3, 1*5 and 1 inches ; and another whose sides 
measure 20, 30, 60 mms. 

Corollary. — To draw an equilateral triangle of side 1 *5^' we should 
use the method given above ; making AB I’l" long, and drawing each 
circle with a radius of 1 *5". 

EXJSHGISES IV. 

Describe triangles whose sides have the following lengths — 

1. Base, 2" ; left side, 2'^ ; right side, 1". 

2. Base, 2" ; left side, 1*5"; right side, 2*5". 

3. Base, 3'' ; left side, 2" ; right side, 1 *5". 

4. Base, 30 mms. ; left side, 70 mms. ; right side, 50 mms. 

5. Each of the three sides to measure 27 mms. 

6. Base, 2*6"; left side, 1" ; right side, 2*4". 

7. Base, 30 inms. ; left side, 89 mms. ; right side, 60 mms. 

8. Base, 8 cms. ; left side, 5 cms. ; right side, 5 cms. 

9. Base, 3" ; left side, 3*6"; right side, 2". 

10 . Base, 8" ,* left side, 3 *3" ; right side, 2". 

11. Base, 2*5" ; left side, 1"; right side, 1*2' . 

12. Base, 1" ; left side, 1*2" ; light side, 3". 

13. On angles. — We have already mentioned that the 
corners of a triangle are called angles. If the student 
examines the triangles which he has j ast drawn and the 
triangles in Fig. 19, he will see that some of the corners 
are sharp, so that if the triangle were made of metal 
these corners could be used for piercing. These sharp 
jorners are small angles, and the more blxmt corners are 
\aTge angles. Thus, in the triangle LMN in Fig. 19, the 
angle at N is large, the angle at M is small, and the angle 
at L is still smaller. 

Mark the lengths of the sides on the figures, as in Fig. 21. 
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An angle is not necessarily a part of a triangle. Any 
two lines drawn from one point form an angle. Tliiis in 
Fig. 22 four angles are drawn of whicli tlie angle A is 
tlie smallest, tlie angle D the largest, and the angle C is 
larger than the angle B. 

When the two legs of a iiair of compasses are opened 
they form an angle ; and the xcider we open them, the 
larger is the angle which they form. We conld set the 
two legs of our compasses into each of the positions 
represented hy the angles in Fig. 22. 

L N Q 

zl L\_ 

B M C P D R 

Fig. 22. 

The two lines which form an angle are called the arms 
of the angle, and the point where the two arms meet is 
called the vertex, or sometimes the angular point. Thus 
in Fig. 22 the lines AH and AK are the two arms of the 
angle A , and the point A is the vertex of the angle or the 
angular point ; in Fig. 19 the lines LM and LH are the 
arms of the angle L. 

14. On the magnitude of an angle. — We must now 
define more carefully what we mean hy the size of an 
angle ; we can do this in two different ways, and both 
methods are important : — 

(i) We may say that the size of an angle depends on 
the difference in the directions of its arms. Thus in Fig. 
22 the lines A K and A H point in nearly the same direction, 
and hence the angle A is small ; but DR and DQ point m 
very different directions, and hence the angle D is large. 

(ii) In Fig. 22 if a hne is placed in the position AK 
could be turned round A into the direction AH, or if a 
line is placed in the position DR it could be turned 
riyund D into the position DQ ; but the amount of turning 
required in the seeond ease would he much more than the 

G. T. p. c 
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amount required in the first. Hence we may say that the 
magnitude of an angle dejjends on the amount of turning 
necessary to turn a line fi'om the position of one Eft'in of 
the angle to the j)Osition of the other arm. 

It is very important to notice that the size of an angle 
does not depend on the lengths of its arms hut merely on 
the shape at the corner. In Fig. 22 if we lengthen or 
shorten one or both of the arms of the angle A we should 
not alter the size of the angle, so long as we do not alter 
the shape at the corner A. 



Two angles are equal if we can place one angle on the 
other in such a way that the corners fit. Thus the angle 
at Q in the triangle PQR (Fig. 23) is equal to the angle 
at y in the triangle XYZ ; for, if the triangle XYZ were 
cut out from the page, we could place the angle at K 
on to the angle at Q in such a way that the cornei-s at Y 
and Q would exactly fit (as shown in Fig. 24). But the 
angle at R is smaller than the angle at Z (Fig. 23), for if 
we placed the corner Z on to the corner R we should obtain 
Fig. 25, from which it is evident tliat the arms RQ and 
RP are less Avide apart than the arms ZY and ZX.* 

* Instead of cutting out A XYZ trace it on a piece of tracing-papm, 
and tlien place the tracing over A PQR. 
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Up to the present we have been naming an angle by a letter placed 
at the angular point. This method is satisfactory so long as there is 
only one angle at that point ; but in other cases it may lead to 
confusi'yn. The correct way to name the first angle in Fig. 22 is *^the 
angle HAK ; notice the order of the letters ; in the middle we place 
the angular point A, while the letters M and K are points one on each 
arm of the angle. It does not matter whether we place H or K first or 
last so long as we keep A in the middle ; so that we may call the 
angle KAH if we choose. Similarly the foui’th angle in Fig. 22 may 
he called either QDR or RDQ. In Fig. 21, the angle at the left-hand 
end of the base should be called the angle BAO (or OAB), and the angle 
at the top of the triangle should be called the angle AOB (or BCA). 

We sliall use tlie symbol Z for angle. 

This symbol is very convenient in print ; hut in writing it is liable 
to he mistaken for the letter L, In order to avoid this the student 
should turn the symbol round and place it, as a circumflex accent, 
over the letter which represents the angle, or over the middle letter if 
three letters are used. 


EXERCIBJE8 V. 

Turn to the triangles in Fig. 19 : — 

1. Name the angles at G,EiG and N. 

2. Name the angle at the right-hand end of each base. 

Turn to the triangles in Fig. 23 : — 

3. What are the arms of the angle whose vertex is P ? 

4. What are the arms of the angle whose vertex is F ? 

5. Name the angle whose arms are QP and QR, 

6. Name the angle whose arms are ZY and YX. 

7. Which do you consider the smallest angle in the triangle PQR ? 

8. Which do you consider the largest angle in the triangle PQR ^ 

9. Which do you consider the largest angle in the triangle XYZ ? 

10. Is the angle at P greater or less than the angle at X ? 

11. Test your answers to questions 7-10 by the use of tracing-paper. 

Turn to Fig. 19 and answer the following questions by the use of 
tracing-paper : — 

12. Of the tluee angles which is the greatest and which the 

smallest ? 

13. Of the tb^ee angles DyF,M which is the greatest and which the 
smallest ? 

1?. Are any two angles of the triangle GHK equal ? 

15, Are any two angles of the triangle ABO equal ? 
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15. On. the composition of angles.- 

26. We have eleven different lines 
they form ten small equal angles, viz 


Now consider Fig. 
drawn from P, and 
the angles APB, 


BPC, CPD, DPE, etc. llie arms of these angles are of 
different lengths, hut the angles themselves have been 
drawn equal. 

Any two of the 
lines which meet at 
P form an angle ; 
for example the linos 
PC and PE form, an 
angle CPE. Also it 
is obvious that this 
angle CPE is made 
up of two of the 
small equal angles, viz. CPD and DPE. Thus this angle 
CPE is twice as large as the angle CPD or twice as large 
as the angle APB. 

In the same way the angle EPH is made irp of three of 
the small equal angles, — ^viz. EPF, FPG, and GPH. Hence 
the angle EPH is three times as large as the angle APB. 



HXJSBCIBUS VI. 

Using Kg. 26 : — 

1. How many times is lAPB contained in each of the following 
angles ?-(a) DPf, (6) FPL, (c) APG, {d) MPA. 

2. Name the line which divides lKPE into two eqxial parts, 

3. Hame the lino which divides I.KPO into two equal parts. 

4. PM is one arm of an angle which is five times as great as i^APB ; 
which is the other arm ? 

5. How many times is lBPD contained in i.LPF'i 

6. How many times is L MPH contained in L GPA 

7. How many times is n 6PE contained in L MPA ? 

8. Name the two angles into which the line PD divides the angle 
BP6. 

9. IrYhat angle is left when lAPB is taken away from lAPD ? 

10. What single angle is made tip by the two angles BPD and 'DPG > 
taken together ? 
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16. The Eight Angle. — Take a piece of paper AHBKL 
(Fig. 27) ; tlie shaxce does not matter so long as /1 5 is a 
straight line. 

Take any point H on AB , — near to B by preference ; 
fold the paper in such a way that the point A falls on to 
the point H, as shown in Fig. 28 ; the crease CD will he 



found to he a straight line. Then the angle DOB or any 
angle equal to DCB is called a right angle; and we can 
tell at once whether any angle is a right angle hy trying 
to fit this folded piece of paper on to it. 

Right angles are very common, and are easily recognized. The 
angles at the comers of an ordinaiy sheet of note-paper, or at the 
corners of the cover of a book are all light angles ; also the angles of 
an ordinaiy picture-frame, box-lid, black-board, etc. 

Your tivo “ set squares” are wooden triangles, and in each of these 
one angle is obviously a light angle. Any triangle which has one 
angle a right angle is called a ri^Jit-anffled triuTujle. 

If two lines form a 
right angle they are said 
to he at right angles to 
each other, or perpen- 
dictilar to each other. 

Thus the side edge of a 
black-hoard is perpen- 
dicular to the bottom 
edge, or to the top edge. 

Now unfold the piece of paper and spread it flat, 
marking the crease CD as in Fig. 29. Then the angle 
DuA is equal to the angle DOB, for it fitted on to it when 
the paper was folded ; hence Z. DC A is a right angle. 
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Th-us DC is perpondicxilaT to botli CA and CB ; tliat is, 
DC is perpendicular to tlie whole line AB. 

We shall use the symlDol X for perpendicular. 

In Fig. 30 each of the angles 
A OB, BOG, COD, DO A is a 
right angle. Now suppose a 
line to start from the posi- 
tion OA and, turning round 0 
as a pivot, to pass through 
/\ the positions OB, 00, OD, and 
to come back to OA ; this 
line is said to have made a 
complete revolution. But in 
doing this the line has traced 
out each of these four right 
angles in succession ; hence 
we obtain the following 

DEFINTITIOKT. — A right angle is the angle described, by 
a line in turning through one-quarter of a complete 
revolution. 

Fig. 30 can be obtained by folding any piece of paper tzaiee. We 
may suppose Fig. 27 to represent the paper after the first folding, the 
straight line AB being the crease. Fig. 28 will then represent the 
paper after the second folding. If the paper is now unfolded and 
spread flat, the creases will form four right angles, as in Fig. 30. 

Angles which are less than right angles are called 
acute (from a Latin word meaning sharp), and angles 
which are greater than right angles are called obtuse 
(from a Latin word meaning Blunt). Thus in Fig. 2Z 
aU the angles are acute except the last. 

17. The following problems must now be practised 
till the student can do them from memory : — 

Problem H. — At a given point 0 in a given straight 
line AB, to draw a line perpendieular to AB. 

We must first- draw attention to a common bnt bad 
method _ of using a set square to draw a perpendicular. 
Take either of the set squares and place it in tlfe 
position represented by the triangle HKL in Fig. 31, that 


B 



D 


Fig. 30. 
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is, with the right-angled comer K at C, and with unc 
edge KL lying along CB. Holding it in this position 
with the left hand, rule a line along the edge HK with 
the right hand. Then HK is ± to LK, and therefore to AB. 

This method should never 


be adopted, for it is dilEcnlt 
to rule the line HK quite as 
far as the line /}5, and accur- 
ately to the point C. More- 
over, after a little use, the 
corner of the set square is 
apt to get slightly rounded 
and inexact. 

First Method. — Take one 


H 



Tro. 31. 


of the set squares and place it in the position represented 
by the dotted triangle HKL (Fig. 32) ; that is, so that one 
ai-m KL of the right angle lies along A B and -projeats heyond 
C (say by a quarter or a half of an inch). How place the 
second set square against the first in the position MHO, so 
that one edge MO lies along the edge LH. Holding MHO 



Fig. 32 . 


firmly in place, slide the other set square along it into the 
position PQ/f, so that the edge PQ can be used to rule 
a line through C. Holding PQR firmly, rule the line PC, 
which will be the required perpendicular, 
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Practise this metliod several times and take tlie point 
C in different positions on the line. 

l^OTE 1. — If tlie perpendicular is to be drawn on both sides of the 
line A8^ the first position HKL of the set square should bo farther to 
the left than is here represented. 

ISTote 2. — It is advisable that neither the edge KL, which is adjusted 
to AB, nor the edge PQ, which is used to rule the perpendicular, should 
be allowed to cast a shadow ; hut this is much more important for 
KL than for PQ. If the light is coming from the left the arrangement 
of the set squares sketched iu the figure avoids a shadow in both cases; 
the paper should be turned so that AB slopes down to the right, as 
here represented. 

Note 8. — The straight edge may be used instead of the set square 
OMN. 

XC 



1 % 






B 


F 

Fig. 34. 


Second Method. — By setting the compasses to a con- 
venient radius and placing the steel-point at C, mark 
ofE_ ec[ual distances CD, CE on each side of C (Fig. 33), 
With centres D and £, and any convenient equal radii, 
describe arcs intersecting at F* Join CF. 

Then CF is the required perpendicular. 

Note 1.— tlie point C is near to the end of the line it will he 
necessary to produce the line (1 c. lengthen it hy means of the rnlcrl 
before we begin the construction given above. 

Note 2.— Try the effect of using a shorter radius at D than at E. 


When a point is determined by the iutexscctioii of two arcs (as the 
pointy m tins construction) tlie exact position of the point is most 
easily determined if the two arcs cut (roughly) at right angles. To 
obtain a good intersection in this figure, the equal radii should be 
taken at about three-quarters of ' 
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Problem III . — From a given point 0 icitJwut a given 
straight line AB, to draw a line perpendicular to AB. 

F.'rst Method. — Take one of tke set squares and 
place it in the position represented by the dotted tri- 
angle HKL (Fig. 35). Place the second set square against 
the first in the position MNO. Now hold MHO firmly in 



its place and slide the other set square along it into the 
position PQB, so that the edge PQ can he used to rule a 
line through C. Holding PQR in this position rule the 
line PQ, which will he the required perpendicular. 

Kote. — The straight edge may be used instead of the set square 
OMN, 

Second Method. — ^With centre G and any convenient 
radius draw arcs cutting AB hx D and £ (Fig. 34). With 
centres D and £ and any convenient equal radii * de- 
scrihe arcs cutting one another in F (on the other side of 
the line from C). Join CF cutting ylfi at G. Then CG 
is perpendicular to AB. 

Note 1. — Here again it may be necessary to produce AB, before tlie 

above construction is possible. 

Fote 2. — The point G is called the foot of the perpendicular CG, 


About three-quarters of £)£. 
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P*vblem IV . — Given a line, AB, to bisect it, or divide 
it into two equal parts. (See Fig. 36.) 

Witli centres A and B and any convenient equal mdii 
(al 3 otit three-quarters of AB) describe^ two arcs cutting 
at C above the line, and two others cutting at D below tlio 
line. Join CD, cutting AB in P. Then P will bisect AB. 

ITote 1,— C/) will always be perpendicular to AB. 

Kote 2. — Kever bisect a line by the divisions on your ruler. 

Kote 3.— Try the effect of using a shorter radius at A than at B. 




Problem V* — To hiseet a given angle ABC. (See Fig. 37.) 

Using the compasses mark olf from BAj BO, any equal 
lengths BDj BE. With centres DE, and any convenient 
equal radii (about three-quarters of DE) draw two arcs 
cutting at F. BE will bisect the angle ABO. 

ISTote. — l^Teyer use the protractor (Fig. 38) to bisect an angle. 

EXBRGIBEB VIL 

Draw again the first ten triangles of Exercises lY. : — 

1. In the first triangle bisect the base, and measure the distance of 
its middle point fiom the vertex, 

2. In the second triangle bisect the vertical angle by a line cutting 
the base, and measure the two parts into which the base is divided. 

3. In the third triangle draw a line from the vertex i to the base 
and measure the part of the base which lies to the left of this line. 
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4. Ill tlie fourth triangle draw a line JL to the base from its light- 
hand end to meet the left side ; measure the length of this perpen- 
dicular. 

5. in the fifth triangle draw a line at light angles to the base from 
its left extremity to meet the right side of the triangle produced; 
measure this perpendicular. 

6. In the sixth triangle bisect the left angle by a line cutting the 
right side, and measure the parts into which the right side is 
divided. 

T. In the seventh triangle draw a perpendicular from the vertex to 
the base produced, and measure the distance between the foot of this 
perpendicular and the nearer end of the base, 

8, In the eighth triangle draw a line from the vertex perpendicular 
to the base, and measure the parts into which the base is now 
divided. 

9. In the ninth triangle draw a line perpendicular to the base from 
its middle point, to meet the left side* Measure this line and the two 
parts into which the left side is divided. 

IfO. In the tenth triangle bisect the base and the right side, and 
measure the length of tlie line joining the two points of bisection. 

18. On tlie measurement of angles. — For the purpose 
of measuring angles, we divide a right angle into 90 
equal parts, and we call each part a degree. A degree 
is obviously a very small angle. 

In order to state the size of an angle, we state how 
many degrees it contains ; obviously half a right angle 
will contain 45 degrees, two-fifths of a right angle will 
contain f of 90 or 36 degrees, and so on. We use the 
symbol ° to denote degrees, so that 23° means an angle 
<;ontaining 23 degrees. 

In Fig. 26, 6PA is a right angle, and it is divided into six equal 
parts. Hence each of these parts contains 15 degrees. It follows that 

Z.SPD = 30^ lDPG = ^^°, etc. 

One of your set squares has the arms containing the right angle of 
equal length ; each of the acute angles in this set square measures 
half a right angle, or 45°. In the other set square the larger of the 
two acute angles contains two-thii'ds of a right angle, or 60°, and the 
smaller acute angle contains one- third of a right angle, or 30°. You 
Should not, however, use the set squares for drawing angles of 30°, 45°, 
or 60°. 
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Tke number of degrees in an angle can be measured 
by means of a protractor (Fig. 38). In. this instrument 
the centre 0 of tbe edge AD maybe called tbe “p«<le” 
of tbe protractor, and is clearly marked by a line ; 


C £ P B 



D O A 

Fig. 38. 


the other three edges AB, BC, CD carry a series of 
division-marks or “graduations,” which are numberecjl 
from 0 to 180 — the mark 0 occurs at A, the mark 90 at £ 
the centre of BC, and the mark 180 at D. 

It is a great advantage if these graduations are also numbered from 
0 at 0 to 180 at A, a.s shown -by the inner set of numbers in Fig. 38. 

For^the sake of clearness Fig. 88 shows only the graduations owTe- 
sponding to every five degrees ; hut almost all protractors carry iuter- 
mediate graduations showing degrees, and in some half-degrees are 
also shown. 



Fig. 39. 


Fig. 39 shows the method of measuring an angle 
rst. The protractor is placed in the position repre- 
sented in the diagram, so that the pole 0 lies exactly 
at the angular point s, and the edge OA of the protractor 
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lies along the arm sr of the angle ; the number of 
degrees in the angle is then given by that graduation of 
the protractor which falls on the other arm st. Thus in 
Fig. 39, the protractor shows that the magnitude of the 
angle is 115°. 

If we wish to measure the same angle, using the system of gradua- 
tions wllo^se zero is at D, we should, place the protractor so that the 
pole 0 falls exactly at the angular point s, and the edge OD of the 
protractor lies along the arin at of tlie angle. The number of degrees 
in the angle is then given by that graduation which falls on sr. 

Bx'planation. — In Fig. 38 if we suppose E joined to 0, 
the angles EOA, EOD are both right angles ; if we also 
suppose that each of the division marks along the edges * 
is joined to 0, then each of these right angles will be 
divided into 90 equal jjarts, that is, into degrees. Hence 
the outer number marked on the protractor at any point 
P shows the number of degrees in the angle AOP, or in 
any angle on to which the angle A OP will exactly fit. 

Note 1. — The division-marks along the edges are not placed at 
eq,ual distances, bnt are so placed that the angles formed hy joining 
them to 0 will be eq^ual. 

Note 2. — If the second arm of the angle is too short to project 
beyond the protractor, it must be produced. 

In Fig. 40 we have a line 
OH “ standing upon ” a line 
KOL ; these lines then form 
two angles, viz. HOL and 
H OK. If the protractor A BCD 
is placed in the position 
shown hy the dotted lines, 
it is easily seen that these 
two angles HOL, HOK together make ujj the total number 
of degrees shown on the protractoi*, i. e. 180° or two right 
angles. Hence if one straight line stands upon another 
straight line the two atigles so formed are together equal 
to two right angles. 

DEFHflTION. — If two angles are togetner equal to two 
rigiit angles (i. e. 180 °) they are said to he supplementary. 

* Including the intermediate graduations not shown on the diagram. 
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19. The Ciroular Protractor. — Protractors of the kind described in 
the last article (usually made of wood) are probably the most suitable 
for ordinary purposes. Another common form of protractor is semi- 
circular, and is made of metal (see Fig. 41). The graduations ih this 
case occur at equal distances along the rim ; they are usually harder 
to read and more trying to the eyes than the graduations on a wooden, 
protractor. In a metal protx'actor the position of the pole is often 
inilicated by a notch ; the to2o of the notch should then be taken as 
the pole. 

Circular protractors can also be obtained in celluloid ; these have 
the advantage of being transparent. 



20. On the accurate measurement of angles. — In measuring angles 
the student should try to estimate correctly to tenths of a degree. 
The results may not he as reliable as in the measurement of lines ; but 
it is well to set a high standard of work. Moreover, in practical work 
fractions of any kind should be expressed in decimals. 

Theoretically in measuring an angle we start from the zero gradua- 
tion ; but in practice it will be found better with almost any protractor 
to avoid the zero graduation, as it is very seldom correctly placed with 
regard to the other graduations. 

Thus in measuring the angle rst (Fig, 39) we can set the pole 0 to 
the angular point s, and set (say) the graduation 40 to the arm sr \ it 
will then be found that the arm st coincides with the graduation 155, 
and hence that the magnitude of the angle is 155 ~ 40 degrees, 115®. 

21. On Testing Instruments. 

The Straight Edge * — To test tlie accuracy of a luiler, 
use it twice to rule a line tlirough the same two points ; 
tlie distance "between the two points should he rather 
less than the length of the ruler. In the second ruling 
the same edge must he used as in the first, but the ruler 
must he turned over and must lie on the opposite side 
of the points. If the second ruling of the line coincides 
exactly with the first the edge is accurately straight. 

Compare this test with the third test for a straight line given in § 2. 
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The Set Square . — To test the right angle of a set 
square, use the instrument txciee to rule a line perpen- 
diculfir to a given line AB at a given point 0. In the 
fii’st ruling arrange the work as in Fig. 32, where PQR 
is the angle of the set square to he tested. In the 
second ruling arrange the work as in Fig. 42. If the 
two rulings exactly coincide the right angle is accurate. 



Explanation . — In tlio first case the line ruled makes, laith the line 
CB^ an angle ei|ual to that of the set sfj[xiai’e. In the second case the 
line ruled makes, with the line CA, an angle equal to that of the set 
square. If therefore the angle of the set square is an accurate right 
angle each of these ruled lines will coincide with the true perpen- 
dicular ; hut if not the two ruled lines will lie one on each side of the 
true perpendicular. 

The Protractor . — To test a protractor draw accurately 
an equilateral triangle of convenient size (say each side 
about 3'5 inches). 

Measure one angle with the protractor, (i) using the 
zero graduation of the instrument, (ii) using the gradu- 
ations 10°, 20°, 30°, etc., successively instead of the zero 
graduation (see § 20). 

In each case the result should he 60°'. 

The Compasses.— The possible faults in the compasses 
a»e (i) a had steel poiut, (ii) a loose hinge, (iii) a loose 
grip of the pencil. 
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BXBEOISES Yin. 

Questions 1—10. Drawagaiii the triangles of Exercises lY. ; measure 
the three angles in each triangle, and mark at each angle the number of 
degrees which it contains.* From the results of these measurements 
trj to answer the following questions ; — 

11. What is the total number of degrees in the three angles of any 
triangle % 

12. If you know the magnitudes of the three sides of a triangle, can 
you tell which of its angles will be the greatest and which the 
smallest % 

13. If a triangle has two of its sides equal, can you make any state- 
ment as to its angles ? 

14. If a triangle has all three sides equal, can you make any state- 
ment as to its angles ? 

When you know the correct answers to these four questions commit 
them to memoiy. 

16. Draw any two lines cutting one another ; there will be four 
angles formed at the point of intersection ; measure each of these 
angles. Draw two other pains of intersecting lines in different posi- 
tions, and measure each of the angles in each case. From your results 
try to discover some laws with regard to the four angles formed by any 
two intersecting lines. 



H 



K 


G ML 

Fig. 44. 


16. Draw any triangle 1 (Fig. 43) ; if the triangle contains an 
obtuse angle or a light angle, mark this with the letter A ; draw 
AM X to BG, Now cut the triangle out (with scissors or a shaiq) 
pen-knife), and fold the corners over in such a way that each of the 
angular points falls on the point M, You will then find that the three 


* A good system Cf marking for this exercise will be to give full 
marks ir the error is not greater than *4 degree, and half marks if the 
error is not greater than *8 degree. 

t For convenience in working make the longest side of the triangle 
about four inches long, and do not make any of the angles very small. 
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‘^flaps’’ so formed {i, e. the three paiis which are folded over) will 
between them exactly cover the remainder of the triangle. [The lines 
GHy HK, KL in Fig. 43 show the creases made in folding ; and Fig. 44 
shows the appearance of the triangle when folded.] 

What does this prove with regard to the three ans^les of the original 
triangle, which are now folded over to the point M ? 

17. Draw any four-sided figure. Measure its angles. What is their 
sum 1 

What do you infer about the angles of four-sided figures ? 

22. On tlie construction of angles. — To construct an 
angle (say of 135°) given one aim PQj and tlie angular 
point P ; — place tlie protractor so that 0 falls at P and 
OA lies along PQ (Fig. 45). Then make a pencil mark 
/? on the paper against the mark 135 on the protractor, 
remove the protractor, and join P/?. PPQ is the required 
angle. 

C .R £ B 


Q 


Note 1. — The above construction assumes that we are using that 
system of graduations whose zero is at >f. If we wished to make an 
angle having PQ for one arm and Q for the angular point we should 
set the pole 0 to the point Q, and the edge 00 to the line QP, and we 
should then use the system of graduations whose zero is at D. 

Note 2. — For accurate work it is better, as we have already stated, 
^ avoid the zero gi’aduations. 

Note 3. — The protractor may he used to rule a perpendicular to a 
given line ; set 0 and £ (Fig. 45) on to the given line and rule the 
pex'pendicular along DA, The objection to this method is that it 
assumes the accuracy of the zero graduation. 

Note 4. —Certain angles can he constructed accurately without using 
a protractor. Thus by Problem II. we can construct an angle of 90° at 
the point C (Fig. 33). If in the same figure we bisect the angle FOB 
by aline CO, then z. ^05 = 45% L.00A = ¥y bisecting an angle 

of 45° we can obtain an angle of 22 J°, and so on. 

Again we can construct an eq^uilateral triangle by Problem I., and 
we then obtam an angle of 60° (see Exercises YIIL, Ques. 14). Bisect- 
ing an angle of 60° we obtain an angle of 30°, and so on. 

G. T. P. 



Fig. 45. 



34 


INTRODtrOTOKT COURSE. 


23. On the construction of triangles. — 

Problem VI . — To construct a triangle given two sides 
and the included angle. 

Let us construct a triangle having an angle of 72° 
and the sides containing that angle of lengths 2 and 
3 inches respectively; — 

Construct Z.///4£ = 72° (Fig. 46). Frona 4£ mark off 
45 = 2"; from AH mark off 45 = 3"; join BC. ABC is 
the required triangle. 



Fig. 46 . Fig. 48 . 


Problem TII . — To construct a tria'ngle given two angles 
and the side heiween them. 

Let us construct a triangle whose base is 2 inches, 
having angles of 40° and 55° respectively at the ex- 
tremities of the base ; — 

Draw BC of length 2 inches (Fig. 47). Using the 
protractor, make an angle of 40° at B (viz. OBH), and an 
angle of 55° at C (viz. BCK). 

11 BH and CK intersect at 4, ABO is the required 
triangle. 
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Problem VIII . — To eonsti'uct a triangle given two 
angles and the side opposite to one of them. 

Let us construct a triangle having two angles of 30° 
and 85°, and a side of 2'3 inches opposite to the second 
angle 

It will he convenient first to make a rough sketch of 
the triangle (as in Fig. 48), and mark on the sketch 
the knovrn magnitudes of the two angles and the side. 
It is now obvious that if we knew the number of 
degrees in the angle C we could use the construction of 
Problem VIL 

But the three angles A,B,G are together equal to 180° 
(see Exercises VIII., Quest. 11 and 16) ; hence to find C we 
add 30° to 85° and subtract the result from 180° ; thus C 
is 65°. We can now construct a A on a base 2’3 inches, 
having angles of 30° and 65° at the extremities of the 
base. For this use the method of Problem VII. 


Problem IX . — To eonstruet a triangle given two sides 
and the angle opposite to one of them. 


Let us construct a 
triangle having two 
sides of lengths 1'4 
and 2'4 inches, and 
an angle of 25° 
opposite to the 
shorter side : — 
Construct Z HBK 


H 



Fig. 49. 


= 25° (Fig. 49). 

From BH mark off 54 = 2*4 inches. 


Then A will be the vertex of the triangle, and B 
one end of the base. Also C, the other end of the 
base, lies somewhere along BK. We must now find 
where. 


Since /IC is the side opposite to the Angle 25°, C must 
be 1‘4 inches from A. But all points which are at this 
distance from A lie on a circle whose centre is 4 and 
radius 1‘4 inches. Draw this circle. 
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C lies on tlie circle and also on tlie line; it must 
therefore be one of the points where the circle meets the 
line. But there are two such points, viz. those marked 
C and D in the fipfure. 

Thus either of Ae triangles ABC or ABD may be given 
as the triangle required, 

Note 1. — Notice the use of the circle (or arc) to draw the side AO 
(or AD), "Whenever we wish to draw a line of given length from a given 
point, we may h’aw a circle with the given point as centre and the 
given length as radius. The other extremity of the required line must 
lie somewhere on the circumference of this circle. Compare the use of 
the circles in Problem I. 

Note 2. — The three sides and three angles are sometimes called the 
six elements of a triangle. We cannot construct a triangle ixnless we 
are given three elements, including at least one side. 

Note 3. — In constructing a triangle from any data it is a good 
practice first to sketch the triangle roughly and mark the given mag- 
nitudes, as in Problem VIII, It is then easy to see how to construct 
it accurately with instruments. 

EXERCISES IX A 

1. With a base AB, 2^' long, draw the triangle ABO, whose angles at 
A and B lespectively contain 60® and 30®. Measure the sides AG and 
BO and the angle AGB, 

2. With base AB (3'0 draw the triangle ABO whose angles at A and 
B contain respectively 45® and 75®. Measure the sides and BO and 
the angle at 0, 

Construct triangles ABO from the following data, and in each case 
measure the sides BA, OA and the angle A : — 

3. BC:=V^'\ B=^i0\ 0=65°, 4. BO=2", B = 50°, 0 = 30®. 

5. BC=2'5 cms., B=60°, C=60®. 6 . BC=B cms,,^=72®, C=48®, 

Construct triangles from the following data, and measure the sides 
and angles not given .* — 

7, AC=3 cms., AB = 2 eras., >f = 90®. 

a. PC = 4 cms., >1 = 90®, C = 30°. 

9. BC=B cms , >1=120®, C = 15®. 10 . PC=3", >fC=2", >4 = 70®. 

t The system of marking indicated in previous footnotes may he 
continued throughout the book. Another good system is to give full 
marks when the erreJ? is not greater than 1 per cent., and half-marks 
when it is not greater than 2 per cent. ; hut this method •must never be 
pressed where it involves a greater accuracy than *01 inch, *02 cm., 
or *2 degree, Marks should also he assigned for neatness and shothd 
not exceed one-qnarter of the highest marks assigned for accuracy. 
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11. A0—2> cms., AB^% cms,, >f=36°. 

12- >40 = 4 cms., ^0 = 6 cms,, 0 = 120°. 

13. %C = 2", AC=2-5;', >1=35°. 

14. >40 = 6*6 cms., >40 = 4*4 cms., 0=40°. 


In the next four examples M is the middle point of the side 00. 


15. 00=3 cms., 0 = 50°, >1 = 90° ; measure MA* 

16. 00=3*6 cms., MA=^2 cms., ^AMG =120'' ; measure >40. 

17. 00 = 4 cms., .40 = 2*6 cms., if>4=2‘5 cms. ; find >40 and 0. 

18. BC = 4: cms., AB = 2 cms., MA=2 cms.; find >40, >4 and 0. 

19. Diaw a line >40 of length 2" ; draw >40 x to AB. Use the compasses 
to find a point D on AG whose distance from 0 is 3''. Measure >40. 

20. Draw a line >40 of length 4 cms. On what curved line do all 
the points lie which are 2*5 cms. from >4 ? Ou what curved line do 
all the points lie which are 2*6 cms, from 0 ? Find two points, 0 and 
0, each of which is 2*5 cms. from >4 and 2*5 cms. from 0. Measure 
the distance 00. 

21. Draw a line PQ of length 2%5". Find two points, R and S, each 
of which is 2'^ from P and 1*6" from Q, Measure the distance 00, 

22.. Draw a line HK of length 1*4"; draw HLxtoHK, and on ML find 
a point M whose distance from the point K is 2”. N ext find a point 
which lies on the opposite side of MK to the point //, and which 
is 2'* from each of the points M and K» Measure the distance HH, 


1% the foUoiving c:cerciscs the protractor is not to he used. 

Construct triangles from the following data : — 

23. OC=2*2", Z.O = 45°, ^0 = 45°; measure >40 and >1C. 

24. 0C = 4 eras., X.0 = 60°, Z_C=45°; measure >40. 

25. >4C=3", 0C=1*5", z_C = 60°; measure >40. 

26. >40 = 2'' OC=2-7", Z-O = 30°; measure >40. 

27. BC = 2", X. >4 = 7 5% lC= 46° ; measure A 0. 

28. >40=2*8 cms. >40 = 4 cms., X>4 = 105°; measure 00. 
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24. On the construction of quadrilaterals. — 

DEFUTITIOM". — A figure bounded by four straight 
lines is called a qiutdrilateral. 

For example A BCD (Fig. 50). 

The lines AC and BD whicli join opposite corners are 
called the diagonals. 

It will he found that to construct a quadrilateral we 
must know five elements! (nsing the word “elements” 


A 



to include sides, angles, diagonals, etc.). The problem 
can he set in many different ways, hut at present the 
student may he content with the simpler cases. 

Problem X . — To coiist'mc.t a q'luxdrilaterdL given three 
sides and the two included angles. 

Let us construct a quadrilateral 4 such that AB ~ 
1-4 ins., BC = 2 ins., C£> = -8 ins., 5 = 60% C = 60° 

[If we first make a rough sketch of the quadrilateral 
we can see how to huild it up from the given data. See 
Fig. 50.] 

DrawfiC = 2"; make ZCfi4=50° and armfi>1 = l'4''; 
make /.BCD = 60°, and arm CD = '8". Join AD. 

Problem TL.~To Gomtruct a quadrilateral given the 
four sides and one diagonal. 

Let us construct a quadrilateral A BCD such that AB = 
2 ins., BC = 2'5 ins., CD = 8 ins., DA=8'5 ins., AC = 
2'S ins. : — 

[If we first make a rough sketch as in Fig. 51 we see 
that we can construct As A BG and A DC, as we know the 
three sides of each. Compare Problem I.] 

t The four angles of the quadrilateral must only count as three 
oloiKents. 
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Draw A(j~ 2'5", with centres A and C and radii 2" and 
2'5" respectiyely describe arcs intersecting at B ; with 
centres A and C and radii 3' 5" and B" respectively de- 
scribe arcs intersecting at D. A BCD is the required 
quadrilateral. 



Problem XIL — To eoiistruct a quadrilateral given the 
four sides and one angle. 

Let us construct a quadrilateral given AB = 1 in., 

BC = 1*5 ins., CD = 1’2 ins., DA = 1'2 ins., B = 75° : — 

[See Fig. 52. Imagine AC joined; we can construct 
Z\AB^C by the method of Problem VI., as we know two 
sides and the included angle ; we can then construct 
/\ADC by the method of Problem I.] 

Draw A ABC = 75°, and mark off 
on its arms lengths BA = 1" and 
BC = 1'5". With centres A and C 
and radii 1‘2''' describe arcs inter- 
secting at D. 

The student will be able to 
solve many other simple cases by 
first drawing a rough sketch, and 
finding from it how the figure can 
be built up from the given data. 



Fig. 52. 
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EXERCISES X. 

Construet (inadrilaterals ABOD from the following data : — 

1. AB = BO = I", CD = -3", B = 90°, C = 90° ; measure AQt. 

2. AB = 1-5", BO = 1", CD — I", DA = 2", AC = 2" ; measure BD. 

3. /IB = 5 ciiis., BG == 3 cms., GD = 6 cms., Dy4 = 1 cm., ABC = 
90“ ; measure lA. 

A. DA ^ 2 cms., AB = 4 cms., SC = 4 cms., A = 60“, S = 120“ ; 
measure L C, 

5. AB = d cms., BG = 3*5 cms., GD = 2*5 cms., DA = S cms., BD 
= 4*5 cms. ; measure lB, 

6. DA = 2*1'', AB = l*r, BO = 1", CC = T', = 50“ ; measure >16. 

7. AB = 2'', CC = 1-5", CD = 2*2^', /4C = 2*2", = 2-2^^- 

measure AD. 

8. /&C = 40 mms., ABO = 80“, DBO = 35“, CC^ = 70“, >iCi? = 40“ ; 
measure AD. 

9. BD = 32 mms., DA = 32 mnis., BC = 20 nxnrs., ABD = 30°, DBC 
= 25° ; measure /1C. 

10. AB = 2", BB = 2", OB = 1", /«B0 = 108°, BCD = 108°; 
measure AD and lA, 

11. AB = 45 mms., BC = 89 mms., CD = 25 mms., AG = 42 mms., 
BD — ^ mms. ; measure AD. 

12. AB = 1-5", BD = 2", DO = 2-5" ABD = 90°, BBC = 90°; 
measure 4 0 and lCAB. 



Fig. 53. Fig. 54. Fig. 56. 

25. On parallels. — In Fig. 53 we have two lines wiiicli 
do not meet, but wbicb woxild meet if they were both 
produced far enough to tbe left. We say that these 
hues converge (or run together) on the left, and diverge 
(or run apart) on the right. In Fig. 54 we have two 
lines which diverge on the left, and converge on the 
right. 

In Fig. 55 w® have two lines which do not meet 
however far we produce them in either direction, not 
even if we produce them any distance beyond the page. 
Such lines are called parallel lines. 
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It is not correct to say that any two lines are parallel which would 
not meet if produced ; for example, if a line is drawn on the floor 
pointing north and south, and another is drawn on the table pointing 
east anil west, these two lines would not meet if produced, but we 
should not call them parallel. The full definition of parallel lines ■will 
be given later ; for the present it will be sufficient to say that any two 
lines drawn on tlie, samo flat sheet of paper are parallel if they do not 
meet when produced to any length in either direction. 

Parallel lines are very common and are easily recog- 
nized. The lines on an ordinary sheet of ruled paper 
form a set of parallel lines, as no t-wo of them meet or 
would meet even when produced beyond the paper. The 
top edge of a door is parallel to the bottom edge, and the 
left edge to the right edge. 

Parallel lines point in the same direction. Thus, if 
you turn yom* book round till the lower line in Fig. 55 
points north and south, the upper line in that figure will 
also point north and south. 

We shall use the symbol || for parallel. 



Problem XIII . — To draw a line iliroiujh a given foint 
parallel to a given line. 

Let us draw through P a line I| to AB (Fig. 56) ; — 
First Method. — ^Place one set-square so that one side 
lies along AB, as in the position MCD (Fig. 56). Place 
the other set-square against it, in tho position EFG. 
Iveeping EFG fixed, slide the first set-sqnare along it into 
thfi position KHL, whei-e the side HK is in position to 
rule a line through the point P. Rule the line FPK, 
which will be the required parallel. 
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Kotb 1. — The edge CM nmst not he allowed to cast a shadow. 

Kote 2. — Always make the sliding set-square slide along the longest 
side of the fixed set-square. 

Kote 3. — The arrangement of the set-squares shown in the figure is 
usually the most convenient ; but in some cases it is more convenient 
to apply the set-square EFG to the side DM of the set-square DOM, 
instead of to the side CD ; or to reverse DOM, placing the side DC on 
the right, and to apply EFG to the side DM. 

ITote 4. — The straight-edge may be used instead of the set-square 
EFG. 



Fio. 57. 


Fia. 58. 


Second Method. — Take any convenient point G in 
AB (Fig. 57). Witli centre C and radius CP draw the arc 
PD, cutting A B in D. With centre P and radius PC draw 
the arc C£. From GE cut off OF = DP (measuring with the 
compasses). J oin FP, which will he the required parallel. 

Problem XIV. — To draw a line parallel to a given line 
at a given distance. 

Let us draw a line |i to >45 at a distance of *8'" : — 

First Method. — ^At any point f in >45 (Fig. 58) draw 
EF ± to AB, and of length *8'^ (Problem II.). Through 
F draw CD |1 to 45 (Problem XIII.). CD will be tke 
required parallel. 

Every point in the line OD will he at a distance *8" from the line AB. 
Kote that the distance of a point from a line is mcasm^ed hy the length 
of the perpendimlar drawn from the point to the line or to the Una 
produced. Thus in Fig. 58 the distance of the point Ffrom the line 
AB is measured by the perpendicular FE ; because F is nearer to E than 
to any other point sn AB. 

Again, if in Fig. 58, we are asked to find the distmicmof the point C 
from the line BE, we should measure the perpendicular drawn from G 
to BE produced ; as it is always assumed that we may produce the fine 
in question. 
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“Tate any two points in the line, 
With 


Seooni) Method. 

H and K (Fig. 59). 

centres H and K and radius 
*8'' describe two arcs on 
the same side of the line. 

Draw CD touching each of 
these arcs (as shown in 
the figure). CD will be 
the required parallel. 

The second method is 
more rapid, but is less accurate in the hands of beginners. 


H 


K B 


Fia. 59. 


:bxmrciseb xl 

1. Take a line AB about 2*5^' long. Bisect it at C, Draw lines X to 
AB at the points 4, 0, and B xespectiyelj. Kote that these lines are 
parallel. Join any point H on the Brst perpendicular to any point K 
on the third, and let HK cut the second perpendicular in £. Measure 
HLj LK, What do you infer ? 

2. Take a line AB of length 2*4". Bisect it at G. Constiiict an 
angle BAD =: 40®. Through 0 draw a line CE |[ to AD. From B draw 
a line X to AD meeting AD in f and CE in G. Measure the angles BCE 
and BGEf and the lengths BG, 6E. 

3. _ Draw three parallel lines. Draw a line cutting all three lines and 
making an angle of 50® with one of them. Show that every angle in 
the figure measures cither 50° or 130®. 

4. Draw a line, a second parallel to it, and 1 inch above j a third 
parallel to the second, and 2 inches above. Draw a line making an 
angle of 42® with the lowest line, and cutting the other lines. Measure 
all the angles in the figure. 

What do you notice with regard to any two angles in this figure 1 — ^ 
(i) if both are acute, (ii) if both are obtuse, (iii) if one is acute and the 
other obtuse. 

Commit these facts to memory. 

5. Draw a line, and two other lines parallel to it Draw a line at 
right angles to one of the lines and cutting the other lines, and 
measure all the angles in the figure. 

What general rule is indicated by this example ? 

6. Draw AB length 1*5". Make an angle BAC = 35°, and an 
angle ABD = 35° {AO and BD being on opposite sides of AD). Xote 
that 4 C is II to BD. Make 4C = 5D = 1*7". Join CD, cutting 45 in 0. 
Measure AO, BO^ CO, DO. Note that AB and CD bisect one another. 
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7. Construct an equilateral triangle of side 4 cms. Tiiiougli the 
vertex draw a line !1 to the base. Measure the distance from the base 
of any point on this parallel. 

8. Draw a A of sides 3^ 4, 5 cms. Draw a line 1! to the longest side 
through the opposite vertex. Measure the distance between the parallels. 

9. Dmw A ABC^ whose sides AB, BC, CA are 1*8'^ 2*4", 3" respect- 
ively. Measure the distance of B from the opposite side. 

10. Draw a triangle whose sides are 3, 5, 7 cms. respectively. 
Measure the distance of each vertex from the opposite side. 

11. Draw an equilateral triangle of side 2*5". Take any point within 
the triangle and hnd the sum of its distances from the three sides. 

12. Draw a line AB about 2" in length ; in 4 ^ take any point C. Draw 
another line DE such that every point on DE is at a distance of 1 *2" 
from the line AB (or AB produced). Find two points, Fand G, on DE 
each of which is 1 '5" from G, Measure EG, 

13. Draw A ABC; AB = B cms., BG = 4: cms. , C4 = 5 cms. Draw a line 
EFy between A and BC, such tliat every point on £Fis 2 cms. from BG. 
Find a point G on AG which is 2 cms, from BG, Measure GG* 

14. Draw a line AB, and in it take two points C and Z? one inch 
apart. Find two points £ and F each of which is 1" from the line AB, 
and 1 "4" from the point 0. Measure the distances of £ and £ from D. 

15. Draw an angle BAG of 58^ Find a point D on AB which is 1" 
distant from the line AO, Measure AD. 

16. Draw an angle HKL of 56'". Find a point 0 within the angle 
which is *8" distant from each of the arms of the angle. Measure OK, 

lY. Draw an equilateral triangle ABC of side 2". Find a point D 
within the triangle which is at a distance of *6" from the sides AB 
and Measure the distance of D from A and from the line BO, 

18. Through a given point 0 draw two lines AB and OD, making the 
angle AOG equal to 60®. Draw the two lines on which all the points 
lie wdiose distance from AB is *6". Draw the two linos on which all 
the points lie whose distance from GD is -6". Find four points each 
of which is *6" distant from AB and *6" distant from GD, Measure 
the distance of each of these four points from 0, 

19. Draw two lines AB, GD intersecting at 0 at an angle of 70°. Find 
four points each of which is *8" distant from>f£ and GD, Measure the 
distance of each of the four points from 0, 

20. Draw an angle ABO of 76°. Find a point K within the angle 
whose distance from AB is 1", and from BG is 1 *4". IVJeasure BK, 

21. Draw a triangle ABG having 4£=4*6 cms., £G=6 cms., GA-. 

7 ’5 cms. Find a point within the A whose distance from AB is 2 cms. 
md whose distance from BG is 1 *2 cms. Measure its distance from AC, 
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26. On Parallelograms. — 

DEnNITIOlT. — paraUdof/ram is a quadrilateral in 
■wMch. both, pairs of opposite sides are parallel (see 
Fig. 60). 



Fig. 60. Fig. 61. 


PEEIEITIOET. — A rectangle is a quadrilateral in which 
each of the four angles is a right angle (see F^. 61). 

Tlie rectangle is a very common shape ; a sheet of 
note-paper, the cover of a book, a door — all of these are 
in the shape of rectangles. 

In a rectangle both pairs of opposite sides -will be found 
to be parallel ; hence any rectangle is a parallelogram. 

DEniriTION'. — A rhombus is a quadrilateral in which 
all four sides are equal (see Fig. 62). 

In a rhombus both pairs of opposite sides will be 
found to be parallel ; hence any rhombus is a parallelo- 
gram. 



Fig. 62. Fig. 63. 


DEFINITION. — A square is a quadrilateral in which 
all the four sides are equal and any one angle is a right 
angle (see Fig. 63). 

It will be found that all the angles of a aq^uare right angles. 

A square inay be called a rectangle, a rhombus, or a 
pawUelogram ; as it possesses the distinctive character- 
istics of each type of figure. 
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BXEEGI^M XIL 

1. Draw aBy two pairs of parallel lines sucli as «, and in Fig, 
64 ; produce them till each line in the one pair intersects each line iu 
the other pair. You will thus form a parallelogram such as PQRS. ^ 
Use this method to draw four different parallelograms. Examine 
them, take any rough measurements you think desirable, and see 
whether you can discover any properties of parallelograms with regard 
to (i) the sides, (ii) the angles, (iii) the diagonals. 



p 

Q 


s 

R 


d 




Fic. 65. 


Draw any two parallel lines such as a, h (Fig, 65) and draw any 
two lines at right angles to one of them (and therefore also at right 
angles to the other) sucli as c, d. You will thus form a rectangle such 
as PQRS, 

Use this method to draw four different rectangles. Examine them, 

take any rough measurements you 
think desirable, and see %vhether 
you can discover any properties of 
rectangles with regard to (i) the 
sides, (ii) the diagonals. 

3. Draw any two interseoMng 
lines such as a, h (Fig. 66) ; using 
Piohlem XIV., draw two lines c, d 
parallel to a, h respectively and at 
eqnal distances fiom a, h. You 
will thus form a figure PQRS, 
^Vhat kind of figure is it ^ 

Use this method to draw four 
such figures all different ; examine 
them, take any rrough measure- 
ments you think desirable, and trj 
to discover any of their properties 



Fig. 66. 


with regard to (i) the angles, (ii) the diagonals* 
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4. If you uso tlie construction of Question 3, taking the Une^ a, o at 
right angles, wliat kind of figure do you obtain ? 

Use this method to draw four such figures of difFereut sizes ; takinrr 
any rough measurements you think desirable, try to discover any 
properties with regard to their diagonals. 


27. Problem XV. — To Qomtmet a parallelogram given 
two interseating sides and the meluded angle. 

Let us construct a parallelogram in iviiicli two sides 
measure 1" and 2" and tbe included angle measures 50° 
(see Fig. 67) : — 

Draw AB = 2"; make ^ „ 

Z-fi/4C = 50°; make 
AO — 1". Tbrougb. B 
draw a line |1 to AO, 
and tkrougb. 0 draw a 
line II to v^J 5 ; if tkese 
lines meet at D, ABDO 
will be tbe required 
parallelogram. 



A similar construction enables us to describe a 
rectangle, square, or rhombus, as in all these figures 
opposite sides are parallel. 

In the case of a rectangle or a square the angle at A 
(Fig. 67) must be made equal to 90° ; and in the case of 
a square or a rhombus the sides AB and AO must be 
made equal. 


UXBSCISHS XIII. 

1. Draw a rectangle whose sides measure 3 and 4 cms., and measure 
both diagonals, and the parts into which these divide one another. 
What do you infer? 

2. Draw a rhombus each of whose sides is 2" and whose acute angle 
is 60°. Measure the diagonals, the parts into which they divide one 
another, and the angles at which they intersect. 

3. Draw a parallelogram on a base 2", having the left angle = 50° 
and the adjacent side = 1". Measure the other three angles. 

4. On base I ‘5" describe above it an isosceles triangle, having each 
side 2", and another isosceles tiiangle below it having each side 2‘5", 
and measure the line joining the vertices of the two triangles. Measure 
the parts into which this line divides the base. What do you infer ? 
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5. Draw a S(£iiare of side 2"; measure botli diagonals^ the angles 
whicli they form at their intersection, and the parts into which they 
divide one another. What do you infer ? 

6 . Draw any two straight lines AB and CD which bisect one another 
at a point (?, at any angle. Join AO, CB, BD, and DA. Find the 
sum of the angles DAG, ACS', also of the angles DAO, ADB, 

7. In the last example if AB were 6 cms. and CD 4 cms. and the 
angle GOA 45°, measui‘e all the other lines and angles. 

8. On /I5 2'' long as diagonal draw a parallelogram >4 whose side 

BG is 1*5'" long and whose side AG is 2*5", and measure the angles of 
the parallelogram and those at the intersection of the diagonals. 

9. Construct the quadrilateral whose sides are 1", 1", 1 *5", and 
1", and one of whose diagonals is 1 *7". Measure the other diagonal. 

10. Construct the quadrilateral AB (1") parallel to DO (2") 

at a distance of 1" from one another, the angle BAD being 120° ^ 
measure AG. 

11. Construct a quadrilateral ABCD. AB (1*5") parallel to CD (2"). 
AD being 2", and the diagonal AG S". Measure the angles. 

12. Construct a rectangle A BOD, given diagonal AO 2", and 
:^AGD — 40°. Measure its sides. 

13. Draw two lines of lengths 1*4" and 2*4" bisecting each other at 
right angles. Measure the sides of the quadrilateral of which these 
lines are diagonals. 

14. Draw a circle of radius 1*5". Draw two diameters cutting at an 
angle of 40°. Measure the angles of the quadrilateral of which these 
are the diagonals. 

15. Draw a circle of radius 1*4". Draw two diameters at right 
angles. Measure the sides and ftogles of the quadrilateral of which 
these are the diagonals, 

16. Describe a rectangle in which a diagonal is 2*4", and one side is 
1*2". Measure the longer side. (Start with the given side.) 

17. Knowing that the diagonals of a parallelogram bisect each other, 
construct a parallelogram whose longer side is 3*5 cms., and whose 
diagonals are 5 and 4 cms. respectively. Measure ihe other sides, ^ 

18. Knowing that the diagonals of a square are equal and bisect each 
other at right angles, construct a square of diagonal 4 cms. Measure 
its sides. 

Copy figures 68-73, making the lines and angles of the dimensions 
indicated on the figures. Also make the following measurements from 
your figui'es : — 

19. In your copj of Fig. 68 measure G£, GA, and the angles EAB. 

20. In your copy of Fig. 69 measure the lengths AD^, EB. 

21. In your copy of Fig. 70 measure AB, BO, and l,ABO. 

29. In your copy of Fig, 71 measure AB and lAOG. 
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Fig. 72. Fig. 73. 

23 . In yonr copy of Fig. 72 measure AB. 

24 . In your copy of Fig. 73 measure z.4FCand lADB. 

28. On Symmetry. — Take a skeet of paper and fold it 
in “two keeping it folded, cut it witk tke scissors into 
any shape yon like, witkont cutting away muck of tke 
crease. If you now unfold tke paper and spread it fiat, 
you kave a figure dirided by tke crease into two kalves 
wkick exactly correspond to one anotker. If Fig. 74- 
represents tke skape into wkick tke paper is cut i^keii 
folded, tken Fig. 75 represents tke figure produced wken 
tke paper is unfolded. Suck a figure is called a sym- 
metrical figure, and tke line AB is called tke axis of 
symmetry. One kalf of tke figure is said to be sym- 
metrical to tke otker kalf with respect to tke axis. 

If you draw a Srcle on paper, fold it so that the crease goes through 
the centre, and then cut tho folded paper along the semicircle which 
shows on one side, you will find that your cut also passes along the 
other semicircle. Thus a circle is symmetrical with respect to any-i 
diameter as axis. 
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Problem XVI . — To find a point symmetrical to a given 
point with respect to a given axis. 

Let us find a point symmetrical to tbe point P mtli 
respect to tlie axis AB (Fig. 76) ; — 

Draw PM l.io A B (produced if necessary) and meeting 
AB at M produce PM to N, and from MN cut off MQ 
equal to PM. Then Q will be symmetrical to P with 
respect to AB ■ that is to say, if the figure is folded 
over so that /Ifi is the crease, then the point P will fall 
on the point Q. 


ITote. — If P is on the axis AB it 
is then symmetrical to itself. 

Problem XVII. —To draw 
a l%ne symmetncal to a given 
straight line with respect to 
a given axis. 

Let us draw a line sym- 
metrical to PQ with respect 
to the axis AB (Fig. 77) : — 

Using the preceding 
construction find the point B 
rhioh is symmetrical to the 
point P with respect to the 


A 



ho. 77 . 
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axis AB and the point S wHcli is symmetrical to the 
point Q mth respect to the axis AB, Join RS, which 
will be the required line ; that is to say, if the f gure is 
folded along the crease AB, the line PQ will coincide 
with the line /?S. 

INote 1.— If P lies on AB it is onlj necessary to find the point 8 
which is symmetrical to ^ ; PS will then be symmetrical to PQ, 

Fote 2. — If P and Q lie on opposites sides of the axis ABy then the 
line PQ cuts AB ; the method of finding the symmetrical line RS is the 
same as before. It will be found in this case that PQ and RS intersect 
at a point on AB, 

Note 3. — In Fig. 77 it is worth noting that PQ and RS produced 
would intersect on AB, 

IsTote 4. — In order to draw a figure symmetrical to a given figure, 
we must draw lines and points symmetrical to each of the lines and 
points which make up the given figure. 




In working Exercises XIY. note particularly tliat when a figi-^e is 
symmetrical the one half of the figure is similar to the image of the 
other half which would he formed by a mirror placed at the axis 
of symmetry, and held at right angles to the paper. 


MXERQISBS XIV. 

1. Copy Fig. 7^ to the dimensions ^ven ; complete the figure mak- 
ing it symmetrical to the axis AB, If £ is the point symmetrical to 
C, and F the point symmetrical to D, measure CF and BE. 

% Copy Fig. 79 to the dimensions given ; complete the figur^mak- 
ing it symmetrical to the axis CD, If G is symmetrical to A, and H t(F 
B, measure the distances AH and BG, 
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3. Copy Fig. 79 to the dimensions given ; complete the figure 
making it symmetrical to the axis BD. If P is symmetrical to >1, and 
Q to £?, measure the distances AQ and GP. 

4. Copy Fig. 78 to the dimensions given; complete the figure 
making it symmetrical to £F, If P is the point where AD intersects 
the line symmetrical to PC, and Q the point where BC intersects the 
line symmetrical to AD, measure PQ. 



6. Copy Fig. 80 to the dimensions given ; £ is the centre of the 
circle. Complete the figure making it symmetrical to AB, Measure 
the distance between the two points in which the circle cuts the line 
symmetrical to GG ; also the distance between the two points in which 
GG cuts the circle symmetrical to the given circle, 


6. Copy Fig. 81 to the dimensions 
given; complete the figure making it 
symmetrical to tlie axis AD, In the 
result w^hat point is symmetrical to 
F and wdiat to C? What line is 
symmetrical to F£ and -what line to 
AB^ 

7. (i) What axes of symmetry has a 
rectangle? (ii) Has a parallelogram 
which is not a rectangle any axes of 
symmetry ? 

8. (i) What axes of symmetry has a 
sqitkre ? (ii) Has an ecj^uilateral triangle 
any axes of symmetry ? 


A 
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29. Geometrical Solids. — ^All the geometrical figures 
wHch. we liave meutioned up to the present — circles, 
triangles, rectangles, etc. — have been flat or plane figures. 
Such figures have length and breadth, but no thiehness. 

We shall now learn the names and shapes of the 
simpler solid figures, i. e. figures which are not flat, but 
have length, breadth, and thickness ; for instance, figures 
shaped like a brick, a ball, a round box, or a lead pencil. 



Rectangular Block. Cube. Tetrahedron. Pyramid. 



Wedge. Cylinder. Cone, Sphere, 

Fig. 82 . 


These solid figures caunot he drawn on paper as the 
flat figures have been, and all that can be done is to. 
draw a picture which will suggest their shape. Thus 
the picture of a round ball' is merely a flat circle without 
thickness, and this picture is sometimes shaded to suggest 
the thickness. To represent the solids accurately we 
must make models of them, and we shall therefore sh 9 w 
how to do this.f 

The solids which we shall study are the reetangvlar 
hloek, eiibe, tetrahedron, pyramid, wedge, cylinder, cone 
and sphere. (See Fig. 82.) Note that the tetrahedron 
and pyramid are represented as seen from above. 

t Models of these solids may be made in plasticine or modelling 
clay, or cut out from paper or cardboard according to the instructions 
given. A set in wood may be obtained from Messrs. Clive & Co. , 
48 Southampton Eow, W.C., but it is desirable for the teacher to feave 
one larger set, and for the class to have occasional practice in drawing 
these from various points of view. 
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30. The Eectangular Block.— This is a solid figure in 
the shape of a brick, or an ordinary match-box. A pictm-e 
of this figure is given in Fig. 83. 

To construct a model of a figure of this kind draw 
Fig. 84 accurately to the given dimensions on stiff 
paper or cardboard. (Put the letters in the same 
'positions as in Fig. 84.) 

Now cut the figure out, cutting along the thick lines. 
Fold the figure to make creases at all the thin lines ; if 


S’ 



ca'^dboard is used, first run the point of a penknife along 
the thin lines (taking care not to cut completely through 
the cardboard) so that the cardboard will fold accurately 
at these lines. The various parts of the figure can now 
be bent into position to make the model represented in 
Fig. 83, and fastened by means of gummed paper. 

This model is not accurate in one I'espect, viz. it is 
hollow, whereas the rectangular block should not be 
hollow. 

t &.11 these models of solid, figures should be kept for further use. 
See Chapter I. 
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Fig. 84 consists of six rectangles ; tFese form the six 
faces of the hloet, viz. the top, "bottom, front, hack, 
right side and left side. In Fig. 83, three of these six 
faces are not shown, being “out of sight.” 

The sides of these rectangles are called edges of the 
block. Thus in Fig. 83 AF, AB, and BC are three of the 
edges of the block. 

The points at the ends of these edges are called corners 
of the block. Thus, in Fig. 83, A, B, G, and f are four 
of the corners of the block. 

These tenns — corners, edges, and faces — apply to other 
geometrical solids. Remember that corners are points, 
edges are lines, and faces are planes. 

The rectangular block may be made to any dimensions, but each 
face must be a rectangle, and opposite faces must be equal rectangles. 

Note that in the rectangular block there are many pairs of parallel 
edges ; thus AF and BE are parallel, and AF and C6 are paraUel. 

Again in the rectangular block opposite faces are •parallel planes. 
Thus tlie top and bottom are opposite faces ; and if these two faces are 
produced as planes in all directions they will never meet. 

If the model is correctly constructed from Fig. 84 the three letters 
at any one corner should be the same, e. g. at one corner there should 
be three at another three Fs, and so on. 

31. Tlie Cube. — The cube is a rectangular block in 
which all the edges are equal, and hence all the faces 
are squares. 

To make a model of a cube, draw a figure similar to 
Fig. 84, altering each of the given lengths to 1*5'^. 
Build up the model from this figure as before. 

BXERCISES XV, 

Using the model of the rectangular block made from Fig. 84 : — 

1. Count the number of (i) faces, (ii) edges, (iii) corners. 

2. Name the edges which m^et at the corner (i) Aj (ii) G, (iii) E, 

3. Write down all the edges which are equal to the edge (i) AB. 

(ii)/)//, (iii}£<?. o w . 

4. Write down ail the edges which are parallel to the edge (i) ADj 
(ii) CGj (iii) EF, 

5. If the block is standing on a table, how many edges of the biock 
lie along the table, and how many corners touch the table ? 
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0, Whioli of the other faces is parallel to the left side, and which 
to the hack ? 

7- The figure DHEB is a rectangle which jjasses through the middle 
of the block* Measure DB and BE and hence draw on a piece of paper 
a rectangle exactly equal to the rectangle DHEB, Use this rectangle 
to measure DE and BH (which are two diagonals'^ of the block) and 
the x^arts into which they divide one another, t 

8, Draw on paper a rectangle which is exactly equal to the rect- 
angle DCEF, Use this rectangle to measure the “diagonals” DE and 
CFj and the parts into which they divide one another. 

9, Draw on paj^er a rectangle which is exactly equal to the rect- 
angle DAEG, Use this rectangle to measure the “diagonals” i?£aijd 
AGf and the parts into which they divide one another. 

10. What do you infer (from Questions 7, 8, and 9) with regard to 
the four diagonals of a rectangular block ? Note that the diagonal DE 
occurs in each question. 

11. Working as in Question 7, find the length of a diagonal of the 
cube constructed from the directions given in § 31. 

19. Draw a sketch of a brick standing on one end. 


32. The Tetrahedron. $ — 
This is a figure bounded by 
four faces, each of which is 
a triangle. 

A model of a tetrahedron 
can be constructed from 
Fig. 85. § The middle tri- 
angle forms the bottom or 
base of the tetrahedron, 
and the three outer triangles 
onust be bent over till the 
three points marked A come 
together. Fasten the model 


together 

paper. 


with 


gummed 



t Tie diagonals of the faces, such as >4C and BF, are -not diagonals of 
the block. The former lie entirely on the surface of the block ; the 
latter ‘petss tUrougTh the block. 

X From Greek words meaniiig/owr/aces. 

§ In this and in all similar cases copy all the letters on the figure, 
but none of the mnnbers. 
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Fig. 86 is a picture of tMs tetrahedron held in such 
a position that the three upper faces 
are visible at once. 

If all the faces are equilateral 
triangles the figure is called a 
regular tetrahedron. 

33. The Pyramid. — 

Definition. — a figure liounded toy more than four stralglit 
lines is called a polygon. 

Thus Figs. 68, 69, 71 show polygons with five sides ; Fig. 70 shows 
a polygon with eight sides. 

Imagine any polygon ABCDEF drawn on a table 
(Fig. 87) and imagine some point V (in the air) above 
this polygon ; this polygon we will call the base, and 
this point K we will call the vertex. Now suppose this 
vertex V is joined by straight lines (the dotted lines in 
Fig. 87) to each of the angular points of the base. Then 
the sides of the base and these lines drawn fi-om the 
vertex form the outline of a geometrical solid which is 
called a pyramid. 

Fig. 88 represents a piyramid viewed from a point 



Fig. 86. 





Fig. 87. 



Fig. 88. 


above the vertex. The base of a pyramid may be any 
p)olygon, or a quadrilateral, or a triangle, but the other 
faces of the pyramid (called the sides) are all triangles. 

If the base is a triangle the pyramid is a tetrahedror.. 
Hence a tetrahedron may he called a triangular 'pyramid. 
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In each, of the pyramids of Egypt the base is a 
square, and the vertex is directly above the centre of 
the "base. These pyramids are huge tombs built (in 
stone or brick) by 
various kings of Egypt 
thousands of years ago. 

Some of them are built 
with very great mathe- 
matical accuracy and 
architectural skill. 

An accurate model of 
the G-reat Pyramid! can 
be constructed from 
Fig. 89. The triangles 
must be bent over till 
all the points marked / 
come together. A BCD 
should be a square of 
side 2 ’2", and the re- 
maining sides of the triangles should measure 2T" 
each.! 

34. The Wedge. — Suppose a triangle ABC drawn on 
the table (Fig. 90) ; suppose 
three pins of equal lengths 
(DAj EB, FC) fixed into the table 
in an upright position at the 
angular points of the triangle. 

Now imagine the heads of these 
pins joined by straight lines 
(dotted in Fig. 90) ; these dotted 
lines form a triangle DBF equal 
to the triangle A BC. 

The lines of the whole figure form the outline of a 
geometrical, solid called the wedge (or triangular 

t Built by Khiifu (Cheops) probably about 3900 b.c. The length of 
each side of the base is 250 yards. 

X 2*09" would be more accurate. 
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'pt'istri \ ). Two faces are equal triangles of any sliape ; 
the remaining three faces are rectangles. 

A model of a wedge can he constructed from Fig. 91. 

A piece of clieese is generally cut (roughly) in the shape of a wedge, 
though the surface formed by the rind curves a little. 



EXERGISMB XV L 

1. How many edges and how many corners have the following 
solids? (i) Tetrahedron, (ii) Square ]>yramid, (iii) Pyramid having 
a five-sided polygon as base, (iv) Pyramid having an eight-sided 
polygon as base, (v) Wedge, 

% If a tetrahedron is standing on a table how many corners touch 
the table ? 

3* If a square pyramid is standing, on a table (on its base) how 
many comers touch the table, and how many edges lie along it ? 

4. What is the answer to Question 3 when the xiyraniid is lying 
with one of its sides in contact with the table ? 

5. In the wedge constructed from Pig. 91 : — 

(a) Which two faces are parallel ? 

(^) Mention a set of three parallel edges. 

(o) Mention three other sets of two parallel edges, 

6. Construct the outlines of a tetrahedron by means of lines drawn 
on a sheet of xpaper and three pins. 

7. Construct the outline of a square pyramid by means of lines 
drawn on a sheet of papex', and four pins. 

8 . Measure the height of your model of the Great Pyramid con- 
structed from Pig. 89. [Measure AO \ then draw A AGV on paper. 
Draw VO X to A0\^V0 will he the height of the pyramid.] 


t If a polygon is used instead of the triangle ABOj with equal j)ins 
at each angular point, and so on, the resulting figure is the outlind of 
a pj^lygonal prism. 
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35. TlieCyUnder.— Fig. 92 is a picture of two cylinuers. 
A drum, a round box, an unsbarpened lead-pencil, a roll 
■ ^ and a pile of pennies are all rougbly 

in the shape of cylinders; the lead-pencil is a very tall 
cylinder, a,nd the penny a very short cylinder. 

The easiest way to construct a model of a cylinder is 
to take a long strip of paper (of uniform wddth) and roll 
it up into the shape of a roll of carpet. 

The base of a cylinder is a circle, and the top is an 
equal circle. The remainder of the surface of a cylinder 
is usually called the curved surface; this curved surface 
stretehes from the one circle to the other, and is bounded 
by the circumferences of these two circles. 




Ill the roll-of-paper model of the cylinder this curved surface is 
represented by the outside layer of paper, that is by the portion of 
paper which was last wrapped round the roll. 

Tile line wHck joins tte centre of the top of a cylinder 
to the centre of the base is called the axis of the cylinder. 

The kind of cylinder shown in Fig. 92 is the simplest type of 
cylinder, and should really be called the right circular Gylind&r* 
Fig. 93 shows a skew circular cylimd&r ; in this case the axis of the 
cylinder is on the slant instead of being upright as in Fig, 92 ; but 
the top and base are still equal circles. In this case the curved surface 
slants in the same direction as the axis. If the top and base are not 
circles but other curves then the figure is still called a cylinder, but is 
not a circular cylinder. 

36. The Cone. — Suppose a circle drawn on the table, 
with centre C (Fig. 94) ; this circle is tube called the base. 
Imagine a point V in the air exactly above the centre C ; 
this point V is to be called the vertex. Now imagine 
that V is joined by straight lines to every point on the 
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circunrEerence of the circle ; these straight lines will 
form a curved surface, and the solid figure contained 
between this curved surface and the base is called a 
cone. VC is the axis of the cone. 

Thus the cone, like the cylinder, stands on a circular base ; but the 
cylinder is the same thickness from base to top, whereas tlio cone 
tapers away to a point at the vertex. 

The lower end of a cricket-stump and the sharpened end of a iwneil 
are good examples of cones. 

To construct a model of the cone cut out a piece of 
paper in the shape of Fig. 95, which is a portion of a 
circle whose centre is V. Bend the paper round, fasten- 
ing the edge VA to the edge VB wuth gummed paper ; 



Fig. 94. Fig. 95. 


this will make the curved surface of the cone, V being 
the vertex. A circle of radius one inch will make the 
base, and can be fastened to the curved surface by 
gummed paper. 

Fig. 9_4 represents a right circular cone. If the axis VC were not 
upright it would be a skew circular cone, or oblique ccnc. 

37. The Sphere. — geometrical solid in the shape of 
a perfectly round hall is called a sphere. 

The sphere is hounded by one curved surface. All 
points on^ this surface are at equal distances from a 
certain point wdthin the sphere called its centre. 

Any line joining the centre of a sphere to a point on 
its surface is called a radius. Obviously all radii of a 
sphere are equal. 

Any line passing through the centre of a sphere and 
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terminated at botli extremities by the surface of the 
sphere is called a diameter. Obviously any diameter is 
twice the length of a radius. 

A good model of a spliere can be easily constructed by rolling a lump 
of plasticine or modelling clay between the bands until it is perfectly 
round. For most purposes a round glass marble of large size will serve. 

EXBUGmEH XVIL 

[In these exercises the words cylinder and com denote tlie simple 
forms of these iigures, viz. the riglit circular cylinder and cone.] 

1 . Suppose that the rectangle ABOD (Fig. 96) can swing round the 
side BC like a door round its hinge-line, and imagine the rectangle to 
make one complete revolution. 

(a) AVhat plane figure is traced out by the side AB ? 

{h) "What plane figure is traced out by the side GD ? 

(c) What solid figure is traced out by the whole rectangle? 

(d) What figure is traced out by the side AD? 



Fig. 96. Fig. 97. 


2. Suppose that the right-angled triangle EFD (Fig. 97) can swing 
round the side EF like a door round its hingedine, and imagine the 
triangle to make one complete revolution. 

(а) What plane figure is traced out by the line EG ? 

(б) What solid figure is traced out by the triangle EFG 1 
(c) What figure is traced out by the side EG ? 

3. What solid figure is traced out by a semicircle rotating about the 
diameter which forms its base ? 

4 . A cylinder of wood is cut through so that the cut surface is a 
]>lane parallel to the base of the cylinder. What would you expect the 
shape of the cut surface to he ? 

5. A cone is cut through so that the cut surface is parallel to the base 
of the cone. "What would you expect the shape of the cut surface to be ? 

6. A sphei% is cut through so that the cut surface is a plane. What 
-would you expect the shape of the cut surface to be (a) if tiie cut passes 
tfcough the centre of the sphere, (&) if the cut does not pass through the 
centre? [Imagine a perfectly round turnip sliced through by a knife.] 
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38. In the preceding portion of this hook we have been 
concerned only with accurate and intelligent drawing, 
that is with F radical Geometry. We have learnt several 
easy geometrical constructions — such as how to draw a 
line perpendicular to a given line ; also we have noticed 
several interesting properties of geometrical figures — for 
example, that the three angles of any triangle are together 
equal to two right angles, that the diagonals of a parallel- 
ogram bisect each other, etc. ; but w'e have not tried to 
discover the reasons for these properties or constructions. 

In the remainder of this book we shall learn many 
more constructions and many more properties of geo- 
metrical figures ; but we shall in all cases learn the reasons 
for these constructions and properties. We shall find 
that if a few obvious facts are assumed {i. e. taken for 
granted), it is possible to prove all the known pi’operties of 
geometrical figures by a long series of careful arguments. 

This logical discussion of geometrical properties forms 
tlie Science of Geometry. 

39. Theorems and Problems. — A. theorem is the state- 
ment of some geometrical truth. 

Thus the statement, “ The three angles of any triangle are together 
equal to two right angles ” is a theorem. 

A problem is the statement of some required geo- 
metrical construction, such as : — 

“To draw a line parallel to a given line through a given point.” 

The logical discussion of Geometry consists chiefly of 
a large number of separate sections called Propositions. 

The object of each proposition is either (i) to prove the truth of a 
theorem, or (ii) to state the construction required for a problem, and to 
prove that this construction is correct. 

A corolla^ to a theorem is a second theoa-em whose 
truth is easily deduced from the first. 

t See tlie note on this chapter in the Preface, p, 
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40. Fundamental Concepts. — ^All accurate knowledge is 
based upon certain fundamerital concepts^ that is to say 
upon oertain ideas wbicb. cannot be explained by reference 
to any more simple ideas. 

If a man is asked wliat lie means by a house, he wiE 
describe it as made up of walls, floors, ceilings, windows, 
etc. Thus the idea of a house is not a fundamental 
concept, as it can be explained by reference to other 
more simple ideas. 

If however he is asked what he means by redness, he 
can only say that he knows a red object when he sees it, 
but that he cannot explain his idea of redness by 
reference to any more simple ideas. Thus the idea of 
redness is a fundamental concept. 

41. Space. — The Science of Q-eometry is based npon a 
set of fundamental concepts which may be described as 
ideas of the existence of^ and the nature of^ space. These 
ideas include such concepts as position^ solidity, distance, 
direction, and many others which are more or less closely 
connected with these. 

It must however be admitted that it would be extremely 
difficult to draw up an accurate and complete list f of 
those ideas which should be classed as the fundamental 
concepts of Geometry. We have a number of 

elementary ideas on space which are closely related to 
one another, and many of which can be explained more 
01 less satisfactorily by means of the others, but it is 


+ So f^r as the authois of this book can discover Fxufessoi Bain is 
the only logician who has attempted to deal with this question. In 
Logic, Induction (p. 206) he gives the following list of fundamental 
concepts, with which most mathematicians would probably disagx'ee, 
both as to what it includes and what it omits : — 

Point, line or length, straight (with l)cnt), angle, surface, and solid. 
He adds that the notion of straight is necessarily implied in that of 
length as “it is only the stoight line that is synonymous with length,’* 
and that the ideas of direction and parallelism are implied in that of 
angle. The definitions ordinarily given of line Bud plane he regards as 
“convenient testing peenliarities.'* 

G. T. P. 
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scarcely possible to select from these a group of concepts 
■which can be regarded as essentially simpler than the 
rest, and by means of which the rest can be adequately 
explained. Fortunately the question is not of much 
practical importance. It is important, however, that the 
beginner should realize that Geometry, like any other 
branch of accurate knowledge, is based wpon a eeHain 
growp of ideas loTiieli eannot be explained by reference 
to any simpler ideas, and a knowledge of which must 
therefore be taken for granted.f 

42. Definitions. — By means of the fundamental concepts 
we can explain the meaning of all other geoanetrical 
terms, such as point, line, triangle, etc. 

These tei-ms must be explained as accurately as 
XTOSsible, so that there is no fear of mistaking their 
meaning. For if we are not quite sure of the meaning 
of the terms we are using, our arguments will obviously 
be worthless. 

Th.e explanation of tlie exact meaning^ of any term is called 

a definition. 

Definitions must be complete {i. e. they must contain enougli) and 
must not be redicndant {i, e. they must not contain too much). Dor 
example : — 

The definition ''A triangle is a plane figure contained by three lines 
is incomplete ; for it omits to state that the lines must be straight 
lilies. 

“ A triangle is a plane figure with three angles, contained by three 
straight lines ” is a redundant definition ; for it is unnecessary to 
mention the three angles, since all plane figures contained by tln^ee 
straight lines have three angles. 

A triangle is a plane figure with three angles contained by three 
lines ” is both incomplete and redundant. 


t Note that the young child does not first learn the fundamental 
concepts, and afterwards derive the other concepts from the funda- 
mentals; the process is quite different At first he receives certain 
vague impressions through seeing, handling, and moving objects, and 
through moving himself. After a while, from these impressions he 
obtains faii'Iy accurate ideas of rest, motion, shape, etc. ; and from these 
again, he at last obtains with more or less accuracy the ordinary ideas 
of space. 
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The ^ definitions of the various terms will be given 
from time to time as need arises. In all cases they 
should^ be learnt by heart. The two most elementary 
definitions are those of a point and a line.f 

Definition, a. point has position, but has no parts and 
no magnitude. 

Definition . — a line is the path traced out by a moving 
point j it has length, but no breadth and no thlchness. 

Tliese definitions have already been given (see §§ 1, 2). In the 
Introductoiy Course we were considering only points and lines lying 
on a flat surface, hut these definitions apply equally well to points and 
lines in space. 

43. The Straight Line. — A. straight line can he defined 
in many different ways, and it does not matter very 
mnch which definition is adopted. No one ever learnt 
the meaning of the word “ straight ” from any definition. 

From the logical point of view the best definition will 
be that which is most useful for geometrical argument. 
Now in Theoretical Geometry the most important 
property of straight lines is the fact that any two straight 
lines can be fitted together in such a way that no apace is 
left between them ; or to express the same idea in different 
language, that any straight line can he made to “lie 
along ” any other straight line. This property suggests 
the following 

Definition. — straight lines are Unes sucb that if ANY two 
polxits of one are made to coincide with, two points of 
axfbtiier th.ere is never any space included between the two 
lines.:]: 


t Even if we assume witli Bain that poiTit and line are fundamental 
concepts, it will still be necessary to define them. Our definitions in 
this case must he regarded as statements "whose object is to transform 
the popular concepts of point and line into the more definite concepts 
required in geometrical science. 

X Euclid (the famoiis Greek mathematician who tiught at Alexandria 
in Egypt about SOO b.c.) did not use this property as a definition, but 
embodied it in the axnom (see § 49) ‘‘Two straight lines cannot en- 
clo^ a space.” If any other definition of a straight line is adopted this 
axiom of Euclid’s must be retained. 
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Note that this definition assumes the concept of rigidity ; that is 
to sajj it assumes that lines can be moved about in space without 
change of size or shape. 

Jlhistration. — Fig, 98 shows two straight lines. In Fig. 99 the points 
A and B of the first straight line are made to coincide with the points 
C and D of the second, and there is no syace between the lines. 

A B CD 

i H -f 1 — 

Fig. 98. 

A B 

j ""— 4 « 

C D 

Fig. 99. 

Fig. 100 shows two curved lines. In Fig. 101 the points A and B of the 
first curved line are made to coincide with the points C and Z) of the 
second, and it happens that again there is no space between the lines. 
In order to show that these lines do not satisfy the definition given 
above, reverse one of them, as in Fig. 102 ; the points A and B again 
coincide with the points C and D, but there is now a space between 
them. The last figure shows the importance of the word “never in 
the definition. 



Fig. 100. 



The lines should of course have no thickness. In these figures, in 
order to show the two different lines clearly tliey hare been drawn veiy 
thick; hut it should be noticed that in Figs. 99 and 101 if the lines 
were perfectly thin^tliey would coincide along a certain portion of 
their length. 

Definition. — X iines wMcR are not Strai^nt, or made up of 
strai^lit lines^ are called curved lines or curves. 
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44. Alternative Definitions of tlie Straiglit Line. — The following 
alternative definitions of a straight line are worthy of notice.f 

1. A straight line is the shortest distance between two points. 
(Archimedes’ definition.) 

2. A straight line is a line which lies evenly between its extreme 
Ijoints. (Euclid’s definition.) 

3 A straight line is a line such that all its parts point in the same 
direction. 

4. A straight Ime is such that if its two extremities are fixed and the 
line is turned ’about these two extremities as pivots, no point on the 
line will change its position. 

EXERQIBEB XVJII (Oral). 

1. What is a Geometrical Theorem ? 

2. State any Geometrical Theorems which you know. 

3. What is a Geometrical Prohlem ? 

4. Mention any Geometrical Problems for w’hich you have learned 
the constructions. 

5. What is a Fandamental Concept? 

6. Which of the following are Fandamental Concepts — Parallel- 
ogram, space, quadrilateral, position, triangle, circle, distance? 

7. What is a Definition ? 

8. Define a Point, and a Li7te. 

9- Define a Straight Lim. 

10. Which of the following definitions are redundant and ^vhich 
incomplete ? — 


t The first definition is based on the principle of the stretched-thread 
test fox sti-aightiiess given in the Introductory Course (§2). It is 
obvious that the stretched thread gives the line of shortest distance 
between its extremities. This is an elementaiy and important property 
of 'the straight line, but it is not of such fundamental importance in 
Theoretical Geometry as the ‘‘coincidence” property. 

The second definition either has no very accurate meaning, or else 
means that if a straight line is viewed from one end it appears to be a 
point (compare the second test for straightness given in the Introductory 
Course). This ultimately reduces to the statement that a straight 
line is the path of a ray of light — which is not necessarily^ true, and in 
any case is not suitable for a definition. 

The third definition may appear satisfactory, if we regard direction 
as a fundamental concept ; but the concept of directxou is itself vague 
and incomplete without the concept of straightness. 

The fourth definition is based on the principle of the third test for 
straightness given in the Introductory Course (§ 2). 
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(«) A circle is a plane figure bounded by one curved line. 

(b) A quadrilateral is a plane figure with four angles bounded by- 
four straight lines. 

(c) A diameter of a circle is a straight line passing through the 
centre terminated at both ends by the circumference and equal in 
length to two radii. 

(d) A rhombus is a plane figure bounded by four equal lines. 

H. Show that each of the following definitions is incorrect : — 

(a) A point is a veiy small particle. 

\b) A line is the path traced out by a moving particle. 

(c) A point is that which has position. 

(d) A line is a row of points. 

(c) A line is that which has length. 

(/) A curved line is a line which is not straight. 



Pro. 103. 


45. Surface. — The surface of a solid means the bound- 
ary -which separates the solid from the space outside it. 

Fig. 103 represents a brick (or a rectangular block). 

The surface of the brick consists of six parts, which may 
be described as the top, the bottom, 
the front, the back, the right side, and 
the left side. In Fig. 103 the bottom, 
the back, and the left side are out of 
sight. These six parts of the surface 
are sometimes called the six faces of 
the brick ; and it may be noted that 
each face is a rectangle f (see § 26). At present, however, 
the important point is that these six faces form the 
boundary which separates the material of the brick 
from the air outside it. 

The six faces of a brick are all flat ; Knt 
the surface of a round box (or cylinder ; 
see § 35) consists of two flat faces, the top 
and the bottom, and one curved portion 
(see Fig. 104). The surface of a ball (or 
sphere ; see § 37) is entirely curved. 



Fig. 104. 


t If we raeasure^the angles ABC, GBC in Fig. 103 we shall find that 
they are not yight_ angles. Thus it is quite obvious that the figures 
ABOD, BGEG in this diagram are not rectangles ; they merely represent 
rectangles as seen “in perspective.” We ean-not use the picture of a 
solid body to measure the angles and lines of the solid body itself. 
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The surface of a solid lias no thickness. Thus if a 
point in the solid is ouly one-thousandth of an inch from 
the space outside the sohd, we should say that it is not 
on the surface, but one-thousandth of an inch inside it. 

A surface need not completely enclose a space. Thus 
we may conceive of a surface dividing a room into two 
parts, like an exceedingly thin wall ; note too that such 
a surface could be of various shapes, fiat or otherwise. 

Definition. — surface t is tlie boundary between two 
reg-ions of space | it bas lengrtb and breadtb, but no 
tbiclmess. 

The boundary of a suvfaee is always a Une, or a series 
of lines. Thus the front of the brick in Fig. 103 is a 
rectangle, and this rectangle is bounded by the four 
lines DF, FE, EC, CD. The boundary of the top of a 
round box is the circumference of a circle (see § 35). 

The surface of a ball is not divided into different 
parts, but any portion of it would be regarded as a 
surface in the geometrical sense of the word, and any 
portion would be bounded by a line or a series of lines. 

The extremities {or boundaries) of a line are 2 )oints. 
Thus the “ edge ” DC of the brick is a line, and the 
extremities of this line are the points D, C, which are 
“ corners ” of the brick. 

Greometry may be defined as tbe Science wbicb studies tbe 
relations and properties of points, lines, surfaces, and solids. 

46. Dimensions. — A line is said to have 07ie dimension, 
viz. length. A surface is said to have two dimensions, 
viz. length and breadth. A solid is said to have three 
dimensions, viz. length, breadth, and thickness. 

A moTing point traces a line. 

A moving line will in general trace a surface. 

A moving surface will in general trace a solid. 

47. The Plane. — ^It is not possible to draw a straight 
line on the surface of a ball. The straight line which 
loins any two points on the sui'face of a ball necessarily 
pssses inside the surface. 

t Anotlier name for surface is mperficies. 
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It is possilDle to draw a straiglit line on the cnrved 
surface of a round box (or cylinder). If the box is 
standing upright in the usual manner and if twc^ points 
are taken on the curved surface such that one is directly 
below the other, the straight line joining these points 
will lie entirely on the surface (see Ihg. 104). With this 
exception the straight line joining any two points on the 
curved surface of the round box will pass inside it. 

If however we take any two points on the top surface 
of the round box, the straight line joining these two 
points lies entirely on the surface. Such a surface we 
call flat, or, in geometrical language, plane. 

Definition. — ^A. plaue surface (or plane) is a surface sucti 
that the straight line which joins any two points upon it lies 
entirely on the surface. 

To test wlietlier any surface is an esact plane, see wlietlier the 
straight edge will fit accurately to the surface at every part. Note that 
this test is a direct application of the definition. 

48. Intersections. — Two lines when they cross one 
another do so at points. These points are called the 
crosses or intersections of the lines. 

If both lines are straight they can only meet in one 
point. If either line (or both) is not straight they may 
intersect in more than one point. (See § 4). 

If two straight lines do not meet, the point at which 
they would meet if produced (i. e. lengthened) may still 
be called the cross of the lines. 

The straight line joining two points A and B is called 
the “join of A and B.” 

The intersections of a line and a surface are points. 

A piece of paper pierced by a thin wire gives a good illustration of a 
surface (viz. the paper) intersected by a line (viz. the wire). The 
holes which the wire makes in the paper represent the points of 
intersection. 

If the line is straight and the surface is a plane they 
can intersect in one point only. Otherwise they may 
intersect in more than one point. 

If the wire or the paper may be bent, it is possible to pierce «^he 
paper several times with the one wire. 
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The intersections of two surfaces are lines. 

A strip of paper pushed through one or more slits in another piece 
of paper gives a good illustration of two intersecting surfaces. The 
slits represent the lines of intersection* 

If both, surfaces are plane they can intersect only in 
one straight line. 

One flat piece of thin metal cannot be pushed through a slit in 
another flat piece of thin metal (without bending either piece of metal) 
unless the slit is straight. Also the first piece of metal cannot be 
pushed through more than one slit in the second piece at the same 
time without bending it. 

In Fig. 103 the top and front are two planes whose intersection is the 
edge DO ; the front and right side are two planes whose intersection 
is the edge OE. 

49. Axioms. — 

Definition. — A n axiom is a trae statement wliose trutli 
cannot "be proved by reference to any simpler statement. 

The two simplest axioms | in Geometry are : — 

(1) Thmgs equal to the same thing are equal to one 
another, 

(2) If equals he added to equals the xoholes are equal, 

Note the following illustration of Axioms (1) and (2). 

(1) A, B, C are three boys. If A is the same height as C, and B 
is the same height as C, then the first axiom states that A is the same 
height as B, 

(2) If, in a year’s time, it is found that these boys have grown 
exactly one inch each, the second axiom states that they are still the 
same height. 

(3) A third axiom is required in the theory of parallels. 
We shall adopt Playfair's Axiomf (see § 64). 

From the first two axioms other statements can be 
deduced which are usually given as independent axioms. 
Such are — 

(4) If equals he taken from equals the remainders are 
equal, 

t Mathematicians differ in regard to the fundamental axioms just as 
the differ in regard to the fundamental concepts (§ 40). The whole 
question is fully discussed in Russell’s Fmndatiom of Geometry, 
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(5) If equals he added to unequals the wholes are 
unequal. 

(6) If equals he tahen from unequaZs the rerFcainders 
are unequal. 

(7) Things which are doubles of the same thing or of 
equal things are equal. 

(8) Things which are halves of the same thioig or of 
equal things are equal. 

One other statement is frequently included in the 
list of axioms : — 

(9) The same two points cannot he joined hy txoo 
different straight lines; i.e. two straight lines cannot 
enclose a space. 

This last Axiom is directly dei'ivable from tlie Definition of a straight 
line (given in § 43). If Definition 1 (of § 44) be adopted it means that a 
string tightly stretched between two points oan follow one track only, 
presuming that there is no obstacle between the points. 

We shall use these Axioms in the coarse of this hook 
(without attempting to prove them). 

In addition to these, there are many Axiomatic 
Theorems f which will he employed. A theorem, or 
statement, is described as Axiomatic when its truth is 
so obvious that it need not he proved.^ 

Of these theorems the most important is : — 

(10) That any figure § in a plane may he moved from 
one part of the plane to another, or turned over and 
replaced in the plane without any change of shape. 

This axiomatic theorem assumes the concept of rigidity (see p. 68, 
lines 1-8), and states tivo fundamental properties of tJie jdane, which 
are not stated in but are deducible from the definition of a plane. The 
proof by which these proi>erties are deduced is, however, best deferred 
until a later stage, when the properties of the plane as a w'hole are 
studied. 

The following are other instances of the Axiomatic 
Theorems which will be used in the logical course : — 

t Properly Axioms 4-8 are Axiomatic Theorems. 

+ The exact logical proof of such is often far from easy. 

§■ Ag. a triangle or quadrilateral. 
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(11) 11 A>B and B>G, then A>C.f 

(12) 11 A>B, B>G, and G>Df then A >D. 

(13) li A>B, B = C, and G>D, then A >D. 

These theorems can all be proved, but proof is not 
necessary. 

A re-statementj in other words, of a definition or of the idea involved 
in a fundamental concept must not be confused with an axiom. Thus 
the statement Things which coincide or exotcUg fill the same boicmdarp 
are equal is not an axiom but merely a very incomplete definition of 
equality. So also The whole 'is greater than its part merely restates the 
fundamental ideas underlying the words whole widiparL 

Do not confuse Axioms with Fundamental Concepts. Axioms are 
statements ; Concepts are ideas (such as position, length, distance, etc.). 

We use Axioms in argibing about Ooiieepts ; the axioms are used as 
steps in the argument. The axioms are the tools, the concepts the 
material worked upon. 


EXERCISES XIX. 

Qiccstions 1-14 should he worked orally with the class. 

In Questions 1-10 use the models of geometrical solids constructed 
when working through §§ 30-86. J 

1. Which of the following solids are entirely bounded by plane 
sux’faces ? — Eectangular block, cube, tetrahedron, pyramid, wedge, 
cylinder, cone,' sphere. 

2. Which of these solids possess curved surfaces on which straight 
lines can be drawn ? 

3. Ill the rectangular block name the lines which are the inter- 
sections of the following pairs of plane surfaces : — {a) Top and left 
side ; {b) right side and front ; [c) left side and back. 

4. In the square pyramid name the lines which are the intersections of 
the follo\^ing pairs of plane surfaces: — [a) VAB, VBO; {b) ABGD, VAD. 

3. In the rectangular block name all the edges and all the faces 
which meet at the corner F, 

6. In the tetrahedron how many edges and how many faces meet at 
any one corner ? 

7. In the square pyramid how many edges intersect at the vertex, 
and how many faces intersect at the vertex 1 

8. In the wedge name all the edges which intersect at the corner £; 
also the faces which intersect at the comer £ / also the faces whose 
intersection is the edge AD. 


t The sign > denotes greater than or is greater than ; the sign < 
derfcites less than or is less than. 

t Students who have not constructed these models will have to omit 
questions 3, 4, 5, 8* 
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9. Ill tHe cylinder wliat is tlie shape of the intersection of the top 
face with the cnryed surface ? 

10. In the cone what is the shape of the intersection of the base with 
the curved surface ? 

11. The surface of still water is a plane. Given a basin of water 
and a thin sheet of metal, show how to illustrate : — 

(i) That the intersection of two planes is always a straight line. 

(ii) That the intersection of a curved surface and a plane may or 
may not he a straight line. 

12. If a hrielr is partly immersed in still water, what will he the 
shape of the “ water-line ” on each face ? 

13. Why are the following definitions unsatisfactory ? 

(i) The surface of a solid is the outermost layer of the solid. 

(ii) A plane surface is one on which straight lines can he drawn. 

(iii) A straight line is a boundary of a plane surface. 

(iv) A straight line is a line such that any portion of it can be made 
to coincide e.xactly vuth any other portion of equal length. 

14. What relation between >4 and £ can be derived from each of the 
following groups of statements ? t 

(i) C=i£. 

(ii) 

(iii) /^ = 2£, £=20, C=£. 

(iv) A>B, 

(v) A^B, B<G, D<E, 

(Vi) A>B, B^G, C<E. 

15. Draw (from a model) a sketch of a straight piece of thin wire 
passing through a fiat piece of thin cardboard. Indicate that portion 
of the wire which is hidden by the cardboard by means of a dotted 
line, and mark with a cross the point where the wire ])ierces the 
cardboard. 

16. Draw (from a model) a sketch of a ring of thin wire passing 
twice through a flat piece of thin cardboard. Indicate the hidden 
portion of the wire by a dotted line and mark with crosses the poKts 
where the wire pierces the cardboard. 

17. Draw (from a model) a sketch of a thin flat strip of metal 
passing through a thin flat sheet of cardboard, marking the straight 
line where the metal passes through the caidboard. 

18. Draw (from a model) a sketch of a thin flat strip of metal passing 
twice through the curved surface of a cylinder and meeting the surface 
in a straight line at each intersection. 


t Illustrate each set of statements by straight lines representing 
AjB^C^ etc. The lines for each set should be drawn by a pupil. 
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50. Angles, Straight Angles, and Eight Angles.— 

Definition. — a straight line turning in a plane about one 
erstremity is said to descri'be an angle^ 

If a straight line turn from the position OA (Fig. 105) 
into the position OB it describes the angle AOB. 


The two lines which indicate the B 

initial and final position of the re- 
Tolving line are called the arms of the 

angle, and the point about which the ; 

revolving line turns is called the ^ ^ ^ 

angular point. 


Definition. — if the two arms of an angle lie in a straight 
line and are on opposite sides of the angular point, then the 
angle is called a straight angle or flat angle. ■ 

Thus in Fig. 106 l AOB and jlOQD are straight angles. 

All straight angles are equal. 

For if >105 and CQD are two 
straight angles, it is possible to / \ 

apply the plane of the angle A OB ^ ' o ' B 

to the plane of the angle CQ5 in 
such a way that the point 0 falls 
on the point Q and the line >15 / \ 

lies along the line CD. The two c D 

stimight angles now coincide and jog, 

are therefore equal. 


DeF. — T he half of a straight angle is called a right angle. 

Q If one ^raight line landing upon 

another mokes the adjacent angles 
equal, each of these is a right angle. 

S' Thus in Fig. 107 if the line GT 

£ -T ' * F standing on EF makes the adjacent 

Fig. 107. angles ETG and FTG equal, then each 
is a right angle ; for each is half of 
the straight angle ETF. 


TI 
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These angles will be equal if they can be made to coincide, for 
instance by tolding the figure over the line GT as crease. Compare the 
l^aper folding methods of obtaining a right angle given in § 16. 

If two lines form a riglit angle they are saia to he 
perpendicular to each other. Thus in Fig. 107 6T is 
said to be perpendicular to TF and to TE (or to EE), 

It is obvious that the halves of equal things are them- 
selves equal. But all straight angles are equal ; hence 
it follows that all right atigles are equal. 

The symbol R will he used in this hook to denote a 
right angle. Thus a straight angle is equal to 2R. 

As indicated in § 18 angles are measured in degrees, ninety of which 
make a right angle. Throughout this book numerical measurements 
are given in degrees and the decimal of a degree. 

Two angles are called supplementary if their sum is 
equal to two right angles, e. g. 40° and 140° ; or comple- 
mentary if their sum is equal to one right angle, e. g. 35° 
and 55°. 

If in Fig. 106 a line rotates about the point Oj starting 
from the position OB turning in the direction indicated 
by the arrow, passing through the position OAj and 
returning to the position OBj it will then have made a 
complete revolution. But in tLis operation it will have 
described two straight angles, viz. one in turning from 
OB to OA, and another in turning from OA to OB. 

Thus in Tnaking a complete revolution a line describes 
two straight angles, i.e. four right angles, or 360°. 


Acute, Obtuse, and Re-entrant Angles. — ^Aii angle 
^ which is less than, a right 

angle is called acute ; an angle 
which is greater than, a right 
angle hut less than a straight 

— 7-' angle is called obtuse. Thus 

in Fig. 22 (Introd. Course) 
Fici. 108. the first three angles are acute, 

the last obtuse. 


An angle which is greater than a straight angle but 
less than two straight angles is called re-entrant. 

In Fig. 108 the two lines HK, HL are drawn from the 
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point H, ISTow a line in tKe position HK can tnm into 
tlie position HL either by a comparatively small tnm in 
the direcition indicated by the single arrow, or by a large 
turn in the direction indicated - by the double arrows. 
In the first case it describes the angle a ; f in the second 
case it describes the angle /?. The angle is called the 
“ re-entrant angle KHL ” to distinguish it from the angle 
a which is simply called “ the angle KHL.” Thus two 
lines drawn from a point form two angles, of which the 
larger is called the re-entrant angle. 

52. Clockwise and Counter-clockwise Eotations. — If a 

line is rotating in a plane there are two different direc- 
tions of turning possible, which are conveniently distin- 
guished by the terms clockwise and counter-clockwise. 

Thus in Fig. 108 the arrow-heads represent the angle B as deseribed 
by a line turning in the same way as the hands of a clock, l e. by a 
clockwise rotation ; and the angle a as desjribed counter-clockwise, 

58.* The Definition of an Angle. — No definition of an angle can be 
perfectly satisfactory, for the idea is really a fimdimental concept 
(§ 40) implied in the general concept of direction, and an angle merely 
measures the difference of direction of tw’o lines drawn from a point. 
But angles so conceived are necessarily less than two right angles, and 
since angles greater than two right angles enter into our thoughts 
directly we add together three right angles, for instance, we are bound 
to adopt a wider basis for the definitiou of an angle than that of 
direction. The rotation of a line is suggested, because this is a con- 
tinual change of its direction, which can be carried on indefinitely. 

Euclid's definition — the inelmation of two Ivies which meet at a 
point — is really no definition at all, for the idea of indmation or (slope) 
is at least as difficult as that of angle. 

An angle is not a figure traced by a revolving line,'^ for this is a 
sector of a circle (§ 184), nor is it “ the space between two intersecting 
lines,” for it cannot be measured insquai’e inches or square centimetres 
(§ 130) ; nor is it, primarily, the amount of turning or rotation of a 
revolving line.” It is something described by a straight line when 
turning. Two angles are equal, not when the lines which describe 
them have turned through equal amounts (for this we have no means 
of testing), but when one can be exactly fitted on the other (§ 14). 
Thus angles are not measured by rotations, but rotations are measured 
by means of angles, just as lines are not measured by iTistauces travelled, 
but distances travelled are measured by lines. 

t Stee page xii for the names of the Greek letters used in this book. 

* Articles and Exercises marked wUh an asterisk may be omitted in 
the first reading of the book. 
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64- Points of the Compass.—Sailors indicate geogi-apliical directions 
by tbe points of the compass. The four cardiiml joints, Korth, East, 

South, West, represent 
yV directions at right angles ; 

AOVfV' ^ NNE they are shown by the 

\ ^ T . _ letters E, S, W on the 

N. \ / y The directions which 

WNW \ / / ENE midway between tbe 

N. \ / / cardinal points are called 

/ y North-east, South-east, 
South-west, North-west; 

shown on the 
figure as N.Ej S,£, S, W, 

/ \ 

iA^w y / \ Other intermediate di- 

y j \ rections are indicated by 

^ j \ \| various combinations of 

SW j \ SE these names, some of which 

/ '' are shown on the figure. 

^ SSE These are however of little 

_ importance to the student, 

hiG. 109. and are now discarded by 

sailors for purposes of accurate calculation. 

A better method of representing geographical direction is by 
measuring the angle between the 
given direction and the nearest ^ 

cardinal point. Thus in Eig. 110 the A jt 

direction OC is 27° from West ; also \ 

OC is on the south side of West. \ 

Thus OC is described as 27° S. R 

of W. i V' 

Example, — Find the angle between ■— y 

two lines which point respectively 

32° W. of N, and 23° N, of E n 

OA and OB are the two given lines C'^ x. 

(Fig. 110). \ 

A AOE = A>IOyV -t- A NOE = 32° 4- /> 

90°=: 122°. ^ 

Subtract lBOE, Thus a >105 = ^ 

122° - 23° = 99°, Fig. 110. 


t Sailors usually reckon from North or South, not from East or West 
Thus 00 would be 63° W, of 5, Many sailors prefer in comx>lt'^ate( 
calculations to reckon every direction Eastwards from North. Thu 
00 would be 243° E. of N, 
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EXERCISES XX, {CalcuMions.) 

1. Exjtress in degrees (i) (iii) IL (iv) -J J K. 

2. A line is revolving in a plane. Wliat angles does it describe in 
turning tlirougli (i) a complete revolution, {ii)one-sistli of a revolution, 
(iii) two revolutions, (iv) *4 revolution, (v) 1*4 revolutions, (vi) 2*5 
levoliitions ? Give the answers (a) in right angles, (b) in degrees. 

3. How many times must a line describe an angle of (i) 40°, (ii) 72°, 
(iii) 120°, in order to complete one revolution 1 

4. Using Fig. 110 find in degrees the angle described by a line in 
rotating (i) clockwise from OD to OW, (ii) counter- clockwise from OD 
to OW, (iii) clockwise from OG to ON, (iv) counter-clockwise from OG 
to ODj (v) counter-clockwise from OS to OA, (vi) counter-clockwise 
from OE to OG. 

5. Using Fig. 110 find the final j^osition of a line : — (i) w’hich starts 
from ON and turns through 3R in the clockwise direction, (ii) wiiich 
starts from ON and turns through 2'5R in the counter-clockwise 
direction, (iii) which starts from OD and turns through 1‘5R in the 
counter-clockwise direction, (iv) which starts from OE and describe an 
angle of 270° in the clockwise direction, (v) which starts from OW and 
describes an angle of 360° in the counter-clockwise direction, (vi) w*hich 
starts from OD and describes an angle of 180° clockwise, (vii) 'which 
starts from OE and describes an angle of 8R clockwise, (viii) ■which 
starts from OS and describes an angle of HR counter-clockwise. 

6. Find the angle between the following pairs of directions : — 

(i) N., 20° S. of £. (ii) 20° W. of N., 25° S of E, (iii) 12° W. ofS., 20° 

E.ofN. (iv)24° of5„ 24°£. (v) 30° of E, 30° M of 

7. A line points north. If it revolves clockwise through an angle 
3R in which direction will it then point ? 

8. A line points north. If it performs a connter-clockwise rotation 
of 110° in which direction will it then point ? 

9 A line points 30° W. of S. If it performs a clockwise rotation of 
130° in w^hich direction will it then point 1 

ID. What is the angle between the hands of a clock at (i) 12 a* clock, 

(ii) 6 o’clock, (iii) 3 o’clock, (iv) 9 o’clock, (v) 5 o’clock, (vi) 8 o’clock ? 
Give the answers in right angles. 

11 . What is the angle between the hands of a clock at (i) 
three, (ii) half-past eight, (iii) half-past twelve, (iv) half-i 
Give the answers in degrees. 

12, What angle does the minute hand of a clock describe 
minutes, (ii) 15 seconds ? 

55. Propositions. — We now enter upon tlie hiudu 
port"Ant part of onr work, tlie study of Propositions. In 
learning any propositiOR it is first necessary that tlier 

G. T. p. " G 
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student slioiild see tlie reason for every step in tlie 
argument, and the teacher must make certain of this by 
constant cross-questioning. 

Whenever a step depends uioon a previous proposition 
a reference to that pi-oposition is given in the margin.f 
These references must not he reproduced when the pro- 
position is written out for e’xamination, hut the authors 
advocate that they should he learnt and used in class 
worh. The meaning of any marginal reference can be 
found from the index at the end of the hook. Whether 
these marginal references are learnt or not, the student 
must always he able to quote (not necessarily in the 
words of the hook) any previous proposition upon which 
a step in the argument may depezrd. 

Each proposition must he thoroughly coviniitted to 
memoT'y hut never learnt hy heart. To assist in this the 
teacher must go over the argument (1) using different 
lettering, (2) with the figures in a different position, 
e. g. upside dowai or sideways, (3) mentally, with no 
visible figure at alLJ In jprivate study, the student 
should adopt a similar course, (1) read the propo- 
sition through in the hook, (2) repeat it with a figure 
drawn in a difi’erent position and differently lettered, 
(3) run over it mentally without looking at a figure. 

In reproducing the proposition the student need not 
trouble to use the exact words of the hook, nor need he 
study to avoid them. Whether the marginal references 
are inserted or not, the proj^osition must he so worded 
that the argument is complete without them. The figure 
need not be the same as in the hook so long as it 
expresses the data.§ The arguments need not he in 
the same order so long as the reasoning is sound. The 
chief purpose of Geometry is to teach sound reasoning. 

t See for instance the marginal references on p. 93. 

J We commend this last method to the attention of teachers. It is 
possible, even with a middle school class, to go over the whole argu- 
ment of Euclid I. 47 without a figure, and, of course, in the ^eater 
part of this work the figures are much less complicated. 

§ That is tliP' faft ot dfpnm'i nf ATTk <1 -OesMTIVl ao 
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5G. Theorem [A.l].t — The two angles whicli one 

straigliirliiie makes wifh anotker straigkt line on one side 
of it are together equal to two right angles. 

In Fig. Ill 

Given that CBD is a straight line, 

Bequired to •prove that y 

L. ABD+ L ABC — 211. 

Proof . — Suppose a straight / y' V\ 

line to rotate ^ ^ — £ ' ' ^ 

(i) fifom the position BD to Fig. ill. 

the position BA, and 

(ii) from the position BA to the position BG. 

This line will then describe the two angles ABD, ABC. 
But it wdll rotate from the position BD to the position 
BC ; hence it will describe the straight angle DBG. 

Thus lABD^ rABG= ^DBG. 


Also i-DBG = 2'R.X 

Hence § lABD+ lABC = 2'R. Axiomi. 


COBOLLABY 1. — If one of the angles formed "by two inter- 
secting straight lines is a right angle so 
are all the others. 

For suppose that, in Fig. 112, a a = R. 

By this proposition a a + a ^ = 2E, 
and A a 4" a S = 2R ; 

henceAyS=R, and a8=R. 

Also a;8+A7=2R; hence Ay=R. 




A-' 

■■'vOf 

r- 


JlG. 

112. 


This proposition (and any of its corollaries) will be referred to in 
this hook by the abbreviation contained in the square brackets, ■which 
stands for the first proposition on angles.” 

t See the Definition of a Eight Angle. 

§ The word Hence (or its eqnivaleut) in dark type at the beginning 
of a statement is ’nsed in this book to indicate that this statement 
contains a part of, or the whole of, the required result. In writing out 
propositions such statements should be doubly underlined. 

IF Full references to Definitions, Axioms, Hypothesis, and Construc- 
tion axe given in the first four propositions only. In later propo- 
sitions such references are occasionally inserted for the sake of clearness. 
It ii however advisable for the teacher frequently to question the 
class as to the reason of any step which depends on any of these, 
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Pig. ns. 


B 


CoFvOLXATiT 2.— If in a plane any number of straigJit lines 
are drawn on tlxe same side of a given straight line and from 
the same point in that line, then the sum 
of the consecutive angles so formed is 
equal to two right angles. 

For in the accompanying figure the 
sum of the angles BOO, 00 D, DOE, EOA 
is the straight angle BOA, which is 
equal to tAVo right angles. 

CouoLLAEY S. — If in a plane any number of straight lines 
are drawn from the same point, then the sum of the consecu- 
tive angles so formed is equal to four 
right angles. 

For if OA, OB, 00, OD, OE, be the 
straight lines, and ii AO he produced 
to P, then the sum of the angles AOB, 
BOG, COD, DOE, EOA is equal to the 
sum of two straight angles AOP, POA, 
AArhich is equal to four right angles. 



57. Hypothesis and Conclusion. — 

Definition. — in the proof of any theorem a certain, fact 
or group of facts is assumed, i.e. tahen for granted; and a 
certaiu fact or group of facts is theu proved, i.e. shown to 
follow as a consequence. The fact or group of facts which 
is assumed is called the hypothesis (or the data)} the fact or 
group of facts which is proved is called the conclicsion. 

Thus in the preceding theorem (A. 1) the fact assumed 
is that CBD is a straight line ; this is the hypothesis. The 
fact Ayhich is proA’-ed is that lABD+ l ABC = 2R; this is 
the conclusion. 

Note that in this book the hypothesis is ahvays intro- 
duced by the words “ Given that ” ; and the conclusion 
by the words “ Heguired to 'prove that.” 

58. Theorem [A..1c.]] — if at a point in a straight line, 
two other straight lines on opposite sides of it mahe the 
adjacent angles ’’together equal to two right angles, these 
two straight lines shall be in the same straight line. 

In Fig. 115: — Given that l ABD -h l ABC 
'Required to prove that CBD is a straight line. 
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Oons.'f — 

-Produce CB to any point f.J 


Proof . — 

CBE is a straight line, 

Com. 


i-ABE->r lABC = 2'R. 

A.I. 

But 

lABD+ lABC=:2'R. 

Hyp. h 


/-ABE+ lABC= L.ABD-i- lABC. 

Axiom 1. 

From each, of these equals take lABG, 



lABE^ l-ABD. 

Axiom 4. 

Hence 

BE and BD must coincide. 


But 

CBE is a straight line ; 

Cons. 

hence 

CBD is a straight line. 



59. Converse Theorems. — ^It is obvious that the two 
theorems which we have 
now proved are related. 

The hypothesis of the 
first theorem, viz. that 
CBD is 2 i straight line, 
is the contlusion of the 
second theorem ; an d 
the concltision of the 
first, viz. that lABD + 

L, ABC = 2Ii, is the 
hypothesis of the second. 

When two theorems are related in this way the second 
is called the converse of the first. 



The designation of the second theorem, viz. A.lc., is an abbreviation 
for “the converse of the first proposition on angles.” 

];t is possible for a theorem to be true and its converse untrue. To 
take a simple illustration, it is true that ^ a man is dead he cannot 
move Ms artas ; but the converse statement is not true, viz. that if a 
man cannot move his arins he is dead. 

ISTote that the statement if a man is not dead he can move Jiis ai'ms 
is not the converse of the original statement. 

60. Vertically Opposite Angles. — The two intersecting 
lines in Fig. 116 form four angles a, /3, y, S. Of these 
a, y are called vertically opposite, as they are on opposite 
sides of their vertex. So also jS and S are vertically opposite. 

t The abbreviations Cons, and will be used for the words 

Construction and JSypotliesis. 

X Do not aissnnie either that BE does coincide with BD or that it 
does not. 
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Theorem [A..23. "{■ — Each, of the angles formed by two 
intersecting straiglit lines is equal to ttie vertically opposite 
angle. 

In Fig. 116 : — Given that PQ, ST are straight lines, 
jReguired to 'prove that l. a ~ L.y and z* /3 = n S. 



Proof , — PQ is a straight line, iiyp, 

/. Z- a.+ Z- /?= 2R. A.l. 

SP is a straight line, Hyp. 

Z-y+Z-^ = 2R. A.l. 

Hence Aa-j- A^= Ay-j- ^ fS, Axiom 1. 

From each of these equals take a /3 ; 
hence Aa= Ay, Axiom 4:, 


By an exactly similar argument wo can show that 
A a+ ^ /3= A a+ A 8 ; whence A a 8. 


EXERCISES XXL 
{Qv>estioiis 1-7 hy Calculation.) 

1. In Fig. Ill if A zl 50 = 38" find jlABG. 

2. In Fig. Ill if /.ABC, find /.ABD, 

3. Four lines OA^ OB, 00, OD are drawn from a point in the order 
here given. If a405 = 30% a 5(?C = 100°, Af?0/) = S5", find L.DOA. 

4. If in Fig. 116 Aa = 55", find the magnitudes of the angles j3, j, S. 

5. If the angle between two- lines is 150®, find the magnitude of the 
re-entrant angle formed by the same two lines. 

6. If in Fig. 116 Aa=| AjS, find in degrees the magnitude of each 
of the angles in the figure. 

7. If in Fig. Ill A >155 = 40", calc%c2atc the angle between the two 
lines which bisect the angles ABG, ABD respectively. 

^ 8 . Draw any figure of the type of-Fig. 111. Bisect each of the angles 
HBC, ABD, and measure the angle between the bisectors. 

+ As an introduction to this theorem, revise Ex. YU I., Ques. 15. 
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61. Tile “ Transversal ” Diagram. — Fig. 117 represents 
a straight line PQ, intersecting two straight lines >45, CD. 
Eight angles are formed at the two intersections, viz. 

A y? A A, fi, a-. This figure is very important in 
connection with propositions on parallels. 

For convenience of reference — 

(i) a, are called a pair of adjacent angles. So also 
Ay; <r ; a-, 9, etc. Adjacent angles are supplementary. 

(ii) a, 7 are called a pair of vertically opposite angles. 
So also B; 9, {i ; X, a-. 

(iii) a, p, }j, cr are called exterior angles. 

(iv) S, 7 , X, 9, are called interior angles. 

(v) B is called the angle alternate to X, and vice 
versa; y is called alternate to 9, and vice versdu. 

The line PQ is called a transversal (literally a crosdng 
line) because it runs across the two lines AB, CD, 


B 


D 


Fig. 117. 

We shall use the abbreviation trv. for the word tramvcrsaZ. 

Note that we have proved already [A.l, A.2] that o=y, 3=5, 8=/t, 
A = cr ; a + 3 = 2 R= 7 + 3 =A + e=iU + <r=a + 5=3 + 7 = 8 +<r=A + y«. 

Definition. — two straight Uues in the saTue flctne which 
will not meet, however far they may be prodttced in either 
direction, are called parallel. 

Eevise § 25. Also Ex. XI., Ques. 4. 

62. The next proposition offers considerable difficulty 
to beginners. The following Preliminary Exercise will 
afiSord the student valuable help. (In this exercise the 
teacher and the class should work together.) 
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Trel* Ex . — Draw two lines AS, CD and a transversal PQ as in Fig, 
118, making eacli of the angles a, ^ exactly 65^ 

(i) Calculate the si2:e of the angles 7, 

(ii) Take an accurate tracing (bhkd) of the figure BHKD, ^urn this 
tracing round (as shown in Fig. 118) and apply it to the figure OK HA 
so that hk coincides with KH. What do you notice with regard to hb 
and kd ? Can you explain why this happens ^ 

(iii) If HA and KC would meet when produced through /I and C, what 
would you infer about kd and hb, and what about KD and HB "I XtHA 
and KO would not meet when produced through A and G, what would 
yon infer? Hence show thatv4i5 and OD must be parallel. 



Theorem [P.l]/}*— if a straight Ime meeting two other 
straight lines in the same plane makes two alternate angles 
egnal to one another, these two straight lines shall he parallel. 

The st. line PQ (Fig. 118) meets the two st. lines AB, CD. 

Given that z. a = i. B, 

B.equired to 'prove that AB \\ CD. 

Proof. — (i) To prove that L.y= z.S: — 

^5 is a st. line, .'. ca+ n-y=2R. A,l. 

CD is a st. line, .'. n ^8+ z. S = 2R. A.i . 

Hence z.a+ L.y= z.^4" nS. .Axiom 1 . 

From these equals take the equal angles d and B > 
thus i.y— /. S. udxiom 4. 

t The abbreviation P. 1. denotes the first theorem on Parallels. 
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(ii) To show the relation between the figures BHKD and 
CKHA 

Suppnse that we take an exact duplicate of the figure 
BHKD and turn it round as represented in the figure. 
[See the arrow-heads and shaded diagrams.] 

Let the points b, h, k, d, he the duplicates respectively 
of the points B, H Kj D. 

Then the angles at h, k are equal to the angles y, B 
respectively. 

Now apply bhkd to the original figure, placing the 
point k on the point H, and the line kh along the line HK. 

[Axiom 10. 

kh = HK, the point h will fall on the point K. 
/. j8 (at A’) is equal to a a (at H), Eyp. 

kd will lie along HA. 

A y (at /?) is equal to A S (at /f) Proved. 

.'. hb -will lie along KO. 

(hi) To 'prove that AB\\CD : — 

It follows from (ii) that, if HA and KC meet when 
produced through A and C, 

then kd and hb meet when produced through d and b, 

i.e. KD and HB meet when jaroduced through D andfi ; 

but, if HA and KC do not meet when produced through 
A and C, 

then kd and hb do not meet when produced through 
d and b, 

i. e. KD and HB do not meet when produced through D 
anti B. 

Thus the lines AB and CD either* meet when produced 
on both sides of PQ. or do not meet on either side. 

But the straight lines AB and CD cannot meet on both 
sides of PQ, for if they have two points in common there 
can be no space between them. Iief. of st. line. 

Hence A B and CD do not meet when produced in either 
direction, i. e. they are parallel. 

t Foi’ instance by tracing-paper. 
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63. ThEOEEM [P.2]. — if a strai^litlixxe, meeting two otlier 
strai^Kt lines, maltes an exterior angle equal to the interior 
and opposite angle on the same side of the line j or if it 
mahes the two interior angles on the same side together 
equal to two right angles ; then the two straight lines shall 
be parallel. 

TJie straight line PQ (Fig. 119) meets the two straight 
lines AB, CD : — 

Give^i that ^ a=- z-/3, (Case I) 

or jl /3 = 2R, (Case II) 

Bequired to prove that AB\\ CD. 



Proof . — 

Case I, — ^Becaxise AB and PQ are intersecting st. lines, 



.'. A a= A 8. 

A.2. 

Also 

A a = A yS. 

Jhjf. 

Thus 

L/3. 


Hence (using PQ as trv.)t AB \\ CD. 

P.I. 

Case II. — AB is 

a straight line. 


• 

Ay+ aS = 2R. 

A.l. 

Also 

Ay+ Ay8 = 2R. 

Hyp. 


A.y+AS=Ay+i-)S. 

From each of these equals take l y ; 
thus aS= a/3. 

Hence (using PQ as try.) j| CD. p.i. 

t When applying any of the theorems P.1, P 2, P.lo, or P.2o, the 
student should always mention tha IvM which if used as the iraTisversal. 
The value of this rule will become obvious when it is applied to more 
^.omplicated figures. 
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64. It is DOW necessary to introduce a new axiom 
known as Playfair’s Axiom. 

Axiom (4). — it is not possible tbat tbere sbonld be two 
different straig'bt Hues drawn tbrou^b tbe same point and 
parallel to tbe same line. 

This statement is an Axiom, for it cannot he formally 
proved. It is at least in agreement with common 
experience which represents parallel lines as lines in the 
same direction, and decides that through a given point 
there is one and only one line in a given direction.f 

Note the close relation between this axiom and Theorem P.3, § 68. 

65. Theorem [P.lc.].— If a 

straight line meets two parallel 
straight lines ^ it shall make the 
alternate angles eq.ual to one 
another. 

The straight line PQ (Fig. 

120) meets the straight lines 

AB, CD. 

Given that 45 1| CD, 120. 

Required to 'prove that l. A HK —La. and n y = a S. 

Cons. — Let EH he a, line drawn if; through H such that 
£ and D are on opposite sides of PQ and l EHK = La, 



t It is possible to avoid the use of this axiom, by changing the order 
in wliick the propositions are proved, and by assuming (or implying) 
some other axiom* Euclid used the following axiom : — 

If a straight line falling on two other straight lines makes the two 
in^rior angles on '-the same side of it together less than two right angles,, 
then these ttoo straight lines will oneet if contimtally proditced on thM side 
on which the angles are together less than ttco right angles. 

The truth of this axiom is not at all obvious. Euedid, however, 
succeeded in proving the converse statement, viz. that if the Ums meet 
on one side of the transversal, then the two angles on that side of tbe 
transversal are less than two right angles (see JSnclid^ I. 17). Thus 
Euclid’s axiom practically states that the converse of his 17tk proposi- 
tion cannot be proved but is obviously true. 

J If there is no such line the whole argument breaks down ; but it 
is obvious that a trace of the angle a could be applied to the figure with 
its werfcex at Hj one arm lying along HK, and the other arm on the 
opposite side of HK to the jioizit D ; this second arm will then indicate 
the position of the req^uired line EH. 



angles AN’D parallels. 


Proof . — 

\‘^EHK= La, 

(using PQ as trv.) EH |1 CD. 

Cons. 

P.l. 

Also 

AB i| CD. 

Syf. 

But two different lines cannot be drawn throu. 

gb tbe 


same point H parallel to tlie same line CD ; 

hence AB and EH are the same line. 

Thus ^AHK=lEHK. 

But jLa~ L EHK. Cons, 

Heace lAHK^ La. 

Similarly we can prove 
that : — 

If a line FH be drawn 
throngb. sncli tbat F and C 
are on opposite sides of PQ^ 
and L FHK = ^ 8 ; 

then >45 and //Fare the same line ; whence z. y = lZ. 

66. Hypothetical Constructions. — In the preceding 
proposition a “hypothetical construction ” was used ; that 
is to say we supposed that a certain line (viz. EH) was 
drawn to_ satisfy a certain condition (viz. to make l EHK 
= L a) without proving, and without having proved in a 
previous proposition, that such a line could be drawn. 
This particular construction was justified in a footnote. 

A hypothetical construction should not be used where 
it can be reasonably avoided, and must never be used 
unless it can be fully justified. It is illogical to suppose 
a line or^ point drawn so as to satisfy certain conditions 
unless it is certain that such a line or point exists, 

67. Theorem [P.2c]. — if a straight ime meets two 
parallel straight lines^ it sUaU make each, exterior angle 
e^ual to the interior and opposite angle on the same side of 
the line, and each pair of interior angles on the same side of 
the line together equal to two right angles. 

The st. line P^Q (Fig. 121) meets the st. lines >45, CD, 

Given that >15 || 55, 

Required to prove that 

(i) L a= L &, L ^ — L. L <r=^ L S) L u= L y : and 
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Proof. — (i) Because AB and PQ are two intersecting 
straight lines, 

La.— L-y. A.2. 

AB W CD, (using PQ as trv.) lO— lj. p.le. 

Hence Aa= l6. 

Similarly we can show 
that : — i.y8=A8=AA.; A 

L (1= l6= Ay; 

Lcr== Z.S. 

(ii) AB ]| CD, /. (using 
PQ as trv.) Ld= Ly. p.ic. 

To each of these equals Fig. 121 . 

add L S ; 

thus lQ-v _S= Ay + A 8. 

/IS is a straight line, Ay+ _? = 2R. A.i. 

Hence l.6+ ^8 = 2^,. 

Similarly we can show that ; — 

i-y+ L\— A^*f* A A ” 2R. 



68. Theorem [P. 3). if two straight Uues are paraUel 

to the same straight line they 
are paraUel to one another. 


In Fig. 122 ; — Given that 
AB 11 EF, and 
CD 1( EF, 


-B 

■£> 


'Required to prove 
■ AB II CD. 


that ^ 


F 


Fig. 122. 


Proof . — For ii AB and CD are not parallel they will 
intersect if produced at some point K. 

Thus through the point K, two clifferent lines AB, CD 
have heen drawn both parallel to EF. 

But this is impossible by Playfair’s Axiom. 

Hence AB \\ CD. 
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69. The two “ Senses ” of a Straight Line. — It is obvio\is 
that we can travel along a straight line in either of two 
opposite directions, viz. from 4 to 5 (Fig. 123) or from B 
to A. In some problems it is important to distinguish 
between these two directions or “senses” in a straight 
line ; and we can do this most conveniently by the order 
of the letters used in naming the line. Thus AB and BA 
would represent the two oj^posite senses of the line in 
Fig. 123 ; the order of the letters AB indicates that the 
line is to be regarded as described or drawn from A to B 
and vice versd. 

Similarly PO and PB are lines of opposite sense, while 
BP, OA, PA are all of the sctme 



sense. 

Again, if it is requii'ed to draw 
a line from P parallel to DC (Fig. 
123), then either of the lines PA or 
PB may be drawn. But if it is 
reqxdred to draw a line from P 
j)arallel to and in the same sense 


as DC, then PA is the line requii-ed. 
Similarly AO and CD are parallel lines taken in the 
same sense ; BP and CD are parallel lines taken in 


opposite senses. 


70. TiIEOEEM [)P.4J. — If the two arms of one angle are 
respectively paraUel to the two arms of another, tnen the 
angles are eitlier equal or supplementary. 

There are three cases which differ according to ^ihe 
senses in which the lines are drawn. 

Case I. — ^In Figs. 124 and 125 ; — 

Given that 

OA and PC are || hues drawn in the same sense, 

and OB and PD are || lines drawn in the same sense ; 
Required to prove that 

A a= A j8. 

Qons. — ^If necessary produce PC to meet OB, 



ANGLES AND PARALLELS. 


9 /> 



Proof . — In eitlier figure, "[■ 

OA It PC, (using OB as trv.) La— Ly. P.2c. 

OB II PD, (tising PC as tr\\) L jS— Ly. p.2c. 

Hence La= Lj3. 


Case II.— In Fig. 126 
Given tliat 

OA and PC are j] lines drawn in opposite senses, 
and OB and PD are |1 lines drawn in opposite senses ; 


Hequired to pi'ove that 
La= L B- 

Cons . — ^Produce CP and 
DP to E and F. 

Proof . — *.■ OA, PE are 
II lines drawn in the same 
sehse, 

and OB, PF are !| lines 
draAvn in the same sense, 

.'.La— Ly. Case I. 



Fie. 126. 


CE and DF are intersecting straight lines, 

.'. L B— ^y A.2. 


Hence 


L a= L B. 


t The validity of the argument depends entirely on the fact that no 
other type of figure is possible for Case I. 
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Case III.— In Fig. 127 
Qwen tFat 

OA and PC are || lines drawn in the same sQ,nse, 
and OB and PD are H lines drawn in opposite senses ; 

Required to prove that 

A A ^ “ 2F. 

Cons. — Produce DP to F. 
Proof . — 

0 A and PC are |1 lines 
drawn in the same sense, 
and OB and PF are || lines 
Fie. 127. drawn in the same sense, 

^ a = Ly. Case I. 

DF is a straight line, .'. A 7 + = 2R. A. 1 . 

Hence Aa+A/3=2R. 

Summarizing these results : — 

(i) the angles are equal if the pairs of parallel arms are 
either hath dra^vn in the same sense from the angular 
points or iDoth drawn in opposite senses ; but 

(ii) the angles are supplementary if one pair of parallel 
arms is drawn in the same sense from the angular points, 
and the other pair in opposite senses. 

EXERCISES XXII. 

{Questions 8 and 9 should he taken as oral questions.) 

1. In Fig. 121, write down all the angles wliicli are equal toLp: 

2. Ill Fig. 121, write down all the angles which axe supplementary 
toZ-cr, 

3. If in Fig. 121 = 72°, write down in degrees the magnitude 

of each of the other angles. 

4. If in Fig. 121 z. a= J z. A, write down the magnitude of angles <r. 

5. PQ/?S is a quadrilateral having PQ || SP. If z_P=:100°, z. /?=50°, 

calculate z. 0 and z. [Use both PS and QP as transversals.] 

6. /ISO is a triangle and a line Dj4£ is drawn through A || PO^ /? and 
B being on the same side of AG. Given ths^t L DAB=4S°, and /^£A0=: 
62°, calculate the magnitude of each angle of A ABC* [Use both AB 
and AG as transversals.] 
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7. Give a list of all the angles in Fig. 121 which have 

(i) both arms parallel to and in the same sense as the arms of the 
angle y ; 

(ii) boi^i arms parallel to and in the opposite sense to the arms of 
the angle y ; 

(iii) both arms parallel to the ai'ins of the angle y, one arm being in 
the same sense and the other in the opposite sense. 

In each case state whether the angle is equal to or supplemen- 
tary to y, 

8. Why are the following definitions incorrect ? — 

(i) If the arms of an angle lie in the same straight line, the angle is 
called a straight angle, or flat angle. 

(ii) If the arms of an angle are perpendicular, the angle is called a 
right angle. 

(iii) Straight lines which do not intersect are called parallel. 

9. What are the converses of the following statements 1 Are they 
true ? 

(i) If a man is rich he can benefit others. 

(ii) If a line is bout, it is not straight. 

(hi) If the night is cloudy, the moon cannot be seen# 

(iv) If a man has made a century” in a first-class match, he is a 
good cricketer. 

(v) If two lines meet, they form an angle. 

71. Greometrical Argument — The student has now com- 
mitted to memory a sufficient number of Propositions to 
understand the nature of the course of logical argument 
which forms the most important featnre of the science 
of Geometry. 

This course of argument deals with geometrical figures 
which are accurately described by definitions ; the 
definitions are based directly or indirectly on funda- 
mental concepts. The various steps in the argument 
are obtained by the use of axioms, or axiomatic theorems, 
or propositions previously proved. 

Thus the logical course consists entirely of funda- 
mentoL concepts^ definitions, axioms, axiomatic theorems, 
and propositions. All other matter which this book 
contains is intended chiefly to explain or illustrate the 
logical course, and does not form an essential part of 
this course. 

A complete Index to the Definitions and list of the 
Propositions is given at the end of the book. 

G. T. n. 


H 
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Ill Practical Gcometiy and in Calculations we use units of length 
such as the inch and centimetre, and units of angle such as the degree. 
In the logical course of Theoretical Geometry, however, we avoid! 
(wherever possible) the use of any unit of length or of angles; where a 
unit of angle cannot he avoided we use the right angle. 

It is difficult for the beginner fully to understand the reason for this j 
but we may state that there are lengths which cannot be measured in 
inches or centimetres or exact fractions of these units, and angles which 
cannot be measured in degrees or right angles or exact fractions of these 
units. Whenever therefore any argument involves the use of units, 
there is a danger that it may apply only to such quantities as can be 
measured exactly in terms of certain units, instead of to all possible 
quantities. 

The student must now learn to apply the methods of 
geometrical argument in proving easy propositions for 
himself. Geometrical exercises of this type are called 
riders ; f they often require considerable ingenuity and 
form a most valuable mental exercise. In proving 
riders the student should as far as possible set out his 
arguments on the model of the propositions proved in 
the hook. 

EXEROISSS XXIIl {Ridersyt 

1 . If two straight lines are parallel and a transversal is drawn 

X to one of them, it will also be X to the other. Use P.2c. 

2. Prove that straight lines which are x to the same straight lino 

are parallel to one another. Use P.2. 

3. One straight line standing upon another forms two angles. 
Prove that the bisectors of these two angles are perpendicular. Use A. 1 . 

4. In a quadrilateral ABCD given that X>4+ xR=:2R, prove that 

A/? = 2R. Use P.2, and P.2c. 

6. Prove that the opposite angles of a parallelogram are equal to 
one another. Usetp.4. 

6. If a quadrilateral have two oj)posite sides parallel, the sum of its 

angles is 4R. Use 

7. ABO is a tiiangle and through A a line DAE is drawn parallel to 

BO. Use this figure to prove that the three angles of the triangle are 
together equal to two right angles. Use P.lc. and A.l. 

8. [A. 2c.] If be a straight line and if two other straight 

lines PO, QO meeMt on opposite sides making lPOA = x QOB^ prove 
that POQ is a straight line. Use A.l. and A Ic. 

+ 111 training a class in riders it is sometimes a valuable exercise for 
the teacher not to use the black-board, but to make each student draw 
his own figure from a verbal description. 
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9. [A.2e.]i‘ If four straight lines drawn from a point form four 
angles each of which is eq^ual to the vertically opposite angle, then 
shall these four lines form two intersecting straight lines. 

Use A.l and A,lc. 

10. A OB is any angle, and OP and OQ are drawn respectively X to 
OA^ OB ; prove that lPOQ is either e(iual or supplementary to lAOB* 

Use Axiom 5 and A.l. 

11. lAOB is any angle, C is any point, and CP and CQ are drawn 
respectively X to OA and OB ( produced if necessary) ; prove that A PC^ 
is either equal or supplementary to I.A0B. Use Ques. 10 and P.4. 

12. Each of the four angles formed hy two intersecting lines is 
bisected. Prove that the bisectors form two perpendicular lines. 
(Prove that consecutive bisectors are perpendicular by A.1- Then 
prove that opposite bisectors are in the same line by A.lc.) 

13. Prove that there is only one bisector of a given angle. (Prove 
that if one line is a bisector, no other line can be.) 

14. Prove the validity of the construction given in §26 for drawing a 

parallel by means of the set square. Use P.2. 

15. Prove the validity of the construction given in § 17 for drawing a 

perpendicular by means of the set square. Use P.2, and P.2C. 

72. Oa Parallelism . — Parallel Imes drawn in the same 
seyise may he regarded as pointing in the same direction. 

In favour of tMs we may advauce the following 
arguments : — 

(1) The difference of direction between two lines is 
measured by the angle at their intersection. Now lines 
which are very nearly parallel form a very small angle 
where they intersect ; that is to say they point in 
nearly ihe same direction. Thus it is natural to regard 
parallel lines as forming a zero angle, and pointing in 
the same direction. 

(2) If OA and PB are the parallel lines, and OPC a 

transversal (Fig. 128), then La~LP. (P.2c.) 

. Now the lines OP and PO point in the same direction, 
and the directions of OA and PB differ from the 
direction OPG by the eq%bal angles a and Hence it 
is natural to regard OA and PB as pointing in the same direction. 



f Eiders 8 and 9 and all riders printed in dark type ai'e results 
which should be remembered by the student. Eiders 8 and 9 are lettered 
''A.2c,” (and may be subsequently quoted by these letters) because they 
are both converses of A. 2. 
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IlltLstratiojis. — The following are important illustra- 
tions of the principle that parallel lines drawn in the 
same sense may he regarded as pointing in tlfe same 
direction. 

(a) In the plan of a field all lines 'pointing due north 
are parallel to one another and drawn in the same sense ; 
similarly all lines pointing due east ai’e parallel and in 
the same sense ; and so on. 



Thus, suppose that A, B, G, D (Fig. 129) is a plan of a field, and that 
the thia lines through 0 show the north, south, east, and west direetJbns 
at 0; then parallel lines drawn through A, B, C, and D show the north, 
south, east, and west directions at these comers. 

Thus, if the various angles are measured, the directions of the sides of 
the field can now he read off from the figure ; e.g. BG points 30' W. 
of S., GB points 30° E. of N., GD points 25° hT. of W. ; and so on. 

(&) If a drawing is made on the face of a wall all 
vertical lines on the drawing are parallel to one another. 

Suppose that ABC (Fig. 130) represents a ti-iangle drawn on the 
face of a wall, and suppose that a weight P hangs by a string from a 
Bail N, forming a plumb line/' The direction NP is called the 
downward vertical^ and the direction PN the u^pward verticaZu 
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The directions of the sides of the triangle can then be determined hj 
drawing parallels to NP. Thus AC points to the right of the down- 
ward vertical, CB points 80*^ to the left of the upward vertical, and 
so on. 



Lines drawn at right angles to NP are called horizonial^ and the two 
senses of these lines may he distinguished as the right horizontal and 
the left horizontal respectively. Using such lines the directions of the 
sides of the triangle may be measured from the horizontals instead of 
from the verticals- 

78. Difference of direction. — We can now compare the directions 
of any two lines. 

If the two lines are drawn from the same point the difference of 
direction is measured by the 
angle between them. Thus in 
Fig. 131 the difference of Q 
direction for the tw’o lines AO ^ 

and OB (note that the senses are 
both. from 0) is measured by the 
aiigle AOB, 

If the two lines are drawn 
from two different points, draw Q 

from some one point lines 
parallel to and in the same Fig. 131. 

sense as each of the given 

lines ; the resulting angle measures the required difference of direction. 
Thus the difference of direction for the two lines PC and QD is measured 
by the angle AOB ; for OA, OB are parallel to and in the same sense 
as PC> QD respectively. 

Kote that the difference of direction for the two lines AO and OB 
is not the angle AOB (for AO and OB are not both dimvn from 0), 
hut the angle KOB, For OK is in the same direction as and is 
drawn from 0. 
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74. On Diagrams drawn to scale. — Every student under- 
stands rouglily tlie nature of a mci]) of a town, of a 'plan 
of a field, or a plan of the floor of a room ; all tli^se are 
instances of diagrams drawn to scale. For tlie purpose 
of using sucli diagrams note carefully the following 
points : — 

(i) If we knoio the scale ’’ of this plan we can deter-- 
mine the actual Icfigth of any distance which is repre- 
sented on the plan. 

If a plan of a Held is drawn to a scale of xwv) then any distance on 
the plan is x-jjVtF the corresponding distance on the field. Suppose 
that we wish to find the distance between two opposite corners of the 
field; we measure this distance on the plan (say S’96") 5 then the 
actual distance on the field wEl be 1000 x 3*96'^, i. e. 110 yards. 

(ii) A7iy angle on the plan is equal to the angle which 
it represe^its. \ 

Thus if one corner of the field is a right angle, it will be represented 
by a right angle on the plan. 

Similarly in drawing a diagram to scale, we make all 
angles egual to the angles which they represent, and all 
lines proportional to the lines which they represent, i. e. 
for the lines we use some fixed scale of representation. 

We shall prove in Part II. of this book that it is possible in this way 
to represent accurately any plane figure by means of a diagram drawn 
to scale ; but for the piesent the student must assume this without 
proof and must he content to understand how to use these diagrams. 
Their properties will not be used in proving any Propositions, as it would 
be logically wrong to base a proof upon any properties which are not 
regarded as axioms and which have not yet been previously proved. 

Example . — There are three towns. A, B, and C. The road from A to 
B is 14 miles long and its bearing is 20° E. of N. ; the road from B to 
0 is 22 miles long and its hearing is 26'" N. of E. Find the length aird 
direction of the road from A to 0. 

We must first choose a convenient scale of representation, say 10 
miles to the inch. On this scale a length of 14 miles is representeci by 
1*4 and a length of 22 miles by 2*2". 

Take any point ^J[Fig. 132) to represent the position of the town. 
Draw AN to represent the north direction at A. 

Draw >1^ 1*4'^ long in the direction 20° E. of N. 

Draw Bn 1] AN ; then Bn represents the north direction at B. 

Draw BC long in the direction 25° N. of E., i.e. 65° E. of N. 
The figure now shows the relative positions of the three towns A, B, 0. 
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Join>fC; measure y4C and lNAO, V rt 
AG will be found to measure 3*34", 
and theiefore represents a distance of 
33 '4 miles. The angle NAG will he 
found to measure 47 '7'". 

Thus the road AG measures 33*4 
miles and its bearing is 477'^ E. of 
K, Le, 42*3" N. of E. 


EXERCISES XXIV. 

{Scale diagranns.) 

1 . A triangular field has two of its 
sides each 200 yards long, and the Fig, 132. 

included angle is 73°. Find, by 

means of a diagram drawn to scale, the length of the third side. 



2. If a tiiangle is drawn having a base of 39 cms. and base angles 
of 40° and 61° respectively, find the lengths of the sides. 

3. Find the distance between two opposite corners of a door which 
is 3 ft. 8 in. wide and 6 ft. 5 in. high. [Scale 11 in. to 1 cm.] 

4. A street is 35 ft. bioad. Find by means of a diagram drawn to 
scale the length of a ladder wdiich will reach from the ground on one 
side of the street to a window at a height of 46 ft. on the opposite side 
of the street. 


5. A ship sails for 140 miles N.E., and then for 100 miles in a 
direction 5° N. of How far and in what direction must it now sail 
to return to the starting-point ? 

6. A triangle PQff is drawn on a vertical wall. PQ is 80 inches long 
and slopes 18° to tiie left of the upward vertical ; Pff is 30 inches long 
and slopes 50° to the right of the upiward vertical. By how many 
degrees does QR slope from the downward vertical and on which side 1 

7. HKLM is a four-sided field. KH measures 100 yards and points 
30° E. of F. ; KL measures 200 yards and points E. ; LM measures 200 
yards and points 30° E. of K". In what direction does MH point I 

8. X and Y are two vessels. At noon Y is 26 miles E. of A. X is 
sailing due NT, at the rate of 3 miles an hour, and Y is steaming 30° E. 
of N. at the rate of 12 miles an hour. How far is Y from X, and in 
what direction, at 5 o’clock ? 

9. A lighthouse-keeper sees a vessel 20 miles away in the direction 
S.W. How far must the vessel travel due 8. before its bearing from 
the lighthouse is 30° W. of S. 1 
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75. In tills cliapter we shall ' discuss the elemeutary 
properties of triangles. The student must first revise 
|§ 11, 12, 23 of the Introductory Course, and then commit 
to memory the following additional 

Definitions : — (1) An equilateral tiiangle is a triangle 
which has three equal sides. 

In Fig, 153 ABC is an eq^nilateral triangle. 

(2) An isosceles triangle is a triangle which has tw'o 
equal sides. 



Fig. 133. 


lu Fig. 133 GKH is an isosceles triangle, since tlie sides GK and GH 
are equal. The unequal side KH is usually called the lase, and the 
cross of the equal sides (S) is usually called the vertex. In short, we 
usually regard an isosceles triangle as “standing upon^' the unequal side. 

(3) A scalene triangle is a triangle which has three 
unequal sides. 

In Fig. 133 each of the DBF, LMN is a scalene triangle. 

(4) An obtuse-angled triangle is a triangle in Avhich 
one angle is obtuse. 

In Fig. 183 LMN is an obtuse-angled A, since ^ A/ is obtuse. 

(5) A right-angled triangle is a triangle in which one 
angle is a right^angle. 

In Fig. 133 OFF is a right-angled A, since /.£ is a right angle. 

(6) An acute-angled triangle is a triangle in which all 
three angles are acute angles. 

T .1 Ficf 1S.3 each of the As ABC, GKH is an aoute-anglcd A* 
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(7) In a rigiit-angled triangle the' side opposite to the 
right angle is called the hypotenuse. 

In Fig. 133, OF is the hypotenuse of ^DEF. 

76. Revise Ques. 2, 3. 6, 11 in Ex.TIII (Introd. CouKe). 

Theorem CT.IJ.'I' if any side of a triangle is produced, 
the exterior angle so formed is eq.nad to the sum of the two 
interior and opposite angles : also, the three angles of a 
triangle are together equal to two right angles. 

In A ABC, the side BO is ptodueed to D (Fig. 134). 

Required to prove that (i) lACD= /.A-j- z. B. 

(ii) z. A -j- z. B -f- z. y=2R. 

Cons . — Let C£ be 11 and lie on the same side of 
BD as A. 



Fig. 134. 

Proof.— {i) Since CE H BA, 

(using AC SjS trv.) La.— l. A, P.lc. 

and (using BD as trv.) lP= l B. £.2c. 

Adding the equals, l a+ L^— lA-\~ lB ; 
hence lA0D—lA-\-lB. 

(ii) To each of these equals add l y ; 
thus L ACD -\- Ly— L'A -f- L B Ly. 

But since BCD is a, straight line, 

LACD+Ly=2'R. A.i. 

Hence l A + lB + Ly=2'R. 

t .This abbreviation denotes the first theorem on triangles, 
i Another Hypothetical Constrv£tion (see p. 92). It is assumed that 
irough any point a line can be drawn parallel to a given line. 
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CoilOLLAEY 1. — If one side of a triaiigle is produced tlie 
exterior an^Ie is neater tlxam either of the interior and 
opposite angles j also any two angles of a triangle are 
together less than two right angles. 

For, since tlie exterior angle is equal to tlie sum o£ 
the two interior and opposite angles it is greater than 
either one of them. 

And, since the three interior angles are together equal 
to two right angles, any two of these angles are together 
less than two right angles. 

ConoLLAEY 2 [ET.lj.f — In. a right-angled triangle the two 
acute angles are together equal to one right angle. 

For the two acute angles togethei with the right angle 
are equal to two right angles. 

OoKOLLAUT 3. — A triangle cannot contain more than one 
angle which is a right angle or an ototnse angle. 

For otherwise the sum of the three angles could be 
greater than two right angles. 


COEOLLAKY 4. — In any quadrilateral the sum of the four 
angles is together equal to four right angles. 

For the sum of the four angles of 
the quadrilateral A BCD (Fig. 135) is 
equal to the sum of the six angles of 
the two triangles ABO, ADC. Also the 
sum of the three angles of each tri- 
angle is equal to two right angles. 

77*. The following alternative proof of 
Theorem T.l (due to John Playfair, 1813) is of 
great interest. Many mathematicians regar^^ it 
as preferable to the proof already given ; and all are agreed that it is 
valuable as an illustralion of the geometrical concept of direction. 



Theorem [T.l]*. — if one side of any triangle be produced 
tbe exterior an^le so formed is equal to tbe sum of tbe two 
interior and opposite angles j also tbe three angles of any 
triangle are together equal to two right angles. 

In A ABG (Fig. ).36), the side BO is produced to D : — 

Meqtcired to prove- that (i) A. A = j8. (ii) ^^9 + Z_y=2B. 


t This abbreviation denotes tke first tJieore7n on right-angled As, 

* Articles and Exercises marked with an asterisk may be omitted 
in a first reading. 
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(i) Produce BA, CA, to £,F. 

Suppose til at a line is moved about on tbe figure in the manner 
described below. (The various positions of the line are indicated on the 
figure by slftrt thick arrows, numbered 1, 2, 3, 4, 5, fi, 7.)t 



The line starts in position 1 ; it is made to slide hack to position 2 ; 
it is rotated into position 3 ; it is made to slide forward into position 
4 ; it is rotated into position 5 ; it is made to slide back into position 6. 

Proof. — In passing from position 1 to position 2, the line does not 
rotate ; i. e, its direction is unaltered. 

In passing to position 3 it rotates through i, j8. 

In passing to position 4 it does not rotate. 

In passing to position 5 it rotates through zl /i. 

In passing to position 6 it does not rotate. 

Each rotation prcduces a change of direction; moreover, each rotation 
is counter-clockwise. 

Hence the total change of direction in passing from position 1 to 
position 6 is found by adding the two rotations ; 

i.e, the total change of direction is a counter-clockwise rotation 
through j8 + 

But the total change of direction in passing from position 1 to 
position 6 can he accomplished by a counter-clockwise rotation (about C) 
through LX, 

Hence iLX= Z.J3-P L/t. 

Because BE, OF are st. lines , \ Lfi^ La, A. 2, 

hence ^x = LB'^ L\^. 


t In each position one end of the line is supposed to be at an angular 
|)oint of the triangle, but in the figure (for the sake of distinctness) the 
arrows are shghtly separated from the angular points. 
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(ii) Cons , — SnjDpose the moving line to rotate from tlie position 6 to 
tlie position 7. 

Proof. — In passing from position 1 to position 6 tlie change of direction 
is a connter-cfofekwise rotation through z. /8 + A a. ^ [Proved, 

In passing from position 6 to position 7 the change of direction is a 
counter-clockwise rotation through Z. y. 

Hence the total change of direction in passing from position 1 to 
position 7 is a counter-clockwise rotation through Aa-f Ly, 

But the line can pass from position 1 to position 7 by a counter- 
clockwise rotation (about C) through 211. 

Hence Z.a.-P Z_'y = 2K..t 

78^*. Legendre’s Proof. — ‘A'very ^remarkable proof of Theorem T. 1 
which is altogether independent of the theory of parallels was given by 
Legendre. A sketch of this proof is as follows ; — 

Let ABO be a A of which BO is the greatest side (Fig, 137). ^ Bisect 
AO in D. Join BD and produce it to A^ so that DAj = BD, Join AiC, 
Prove that A ADB^^CDAj [A.2, C.l]. Deduce that sum of angles of 
;4x5(?=sum of angles of ABO, Further BO > BA^ , \ BO > GAi^ 
therefore Z-E-4iC> Z. lABD^ lOBD, CBD is less 
than half Z. B, Again *. ’ BQ is the greatest side of £^ABC^ 1.A is the 

t This rotation proof of Theorem T. 1 As usually put forward as a 
proof independent of the theory of parallels; from which the theory of 
parallels can afterwards be deduced ; and it is claimed that this method 
dispenses with the necessity of any axiom such as Playfair’s Axiom> 

If, however, we examine this proof it is obvious that we obtain the 
result by comparing the directions of three lines which do oiot meet in 
a point, vi 2 . the three sides of the triangle. We are really therefore, in 
this proof, employing the concept of direction as applied to all lines in 
a plane, and not merely to lines radiating from a point, an extension 
of the concept which implicitly involves the theory of parallels ; and 
we are also assuming that, in dealing with the directions involved in 
this concept, we may combine differences of direction by the simple 
process of addition. 

Hence this rotation proof cannot rightly be regarded as independent 
of the theory of parallels for two reasons ; — (i) It is not possible to give 
any logical account of the concept of direction as applied to all lines 
in a plane without the use of parallels (see § 73).' (ii) It is again 
necessary to use the theory of parallels in order to prove that differences 
of dheetion may be combined by the process of addition. 

It is well known that the rotation-proof as above stated applies to 
spherical triangles, and that the result to which it leads is not time 
for spherical triangles. This should warn ns that some property of the 
plane, other than’^is covered by our definition of a plane, is involved 
in this proof, and since this property- cannot- be deduced -from the 
definition we are compelled to assume an axiom just as much in this 
proof as in the other. 

** Very difficult. 

J It must be noted that Theorem T.3 can ho proveci w'^imoLiu 
the theory of parallels. See Euclid’s order of proof. 
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gi'eatest angle [T. 3], lA > lB, But lBOA-^ 1.BBAj 

is the greatest angle in A BCA^ and BA^ the greatest side. We have 
now replaced A ABO by A AiBC with following properties : — 

(1) The sum of its angles is the 
same as the sum of the angles 
of the original triangle. 

(2) The two base angles (i. e, the 
two angles adjacent to the 
greatest side) are together 
equal to one of the base angles 
of the original. 

(3) L AiBC is less than J L ABC. 

Repeat this process continually, at each step using the greatest side 

as base ; after n repetitions we shall reach a triangle having the same 
sum for its angles^ as the original triangle, and having one angle at its 
base< B/2^. This angle will be the sum of the two ba«e angles of the 
next tiiangle of the series, and if n be infinitely gieat it ultimately 
becomes infinitely small. The “limit ” of the vertical angle is there- 
fore a flat angle, and the sum of the three angles of this, and therefore 
of every member of the series, is 2R,t 

79. Definition. — a figtire wnicJa. is bounded by more 

is called a polygon. 

A 


tbau four straight lines 

If a polygon lias 
all its sides equal and 
all its angles equal, it 
is called a regular 
The names 

HEXAGON, 


polygon. 

PENTAGON, 

heptagon, 
nonag on, 
dodecagon, 


OCTAGON, 

decagon, 

quinde- 




cagip7i, are used for polygons contained by 5, 6, 7, 8, 9, 
10, 12, and 15 side s res pectively . 


t At first sight it would appear as if in this proof we had a basis for 
a Theory of Parallels independent of any axiom whatever. For we 
might now define Parallel lines as lines equally inclined in the same 
sense to a transversal ; then deduce, easily, by means of T.l, that two 
lines which w^'ere equally inclined to one transversal were equally in- 
clined to every other ; then deduce as in P.1, that two such lines never 
nteet, and thus complete the Theory of Parallels. 

Underlying Legendre’s proof, there are however axioms essentially 
of the same nature as Playfair’s, and in any case the proof is so dififieult 
that it could not be made, for beginners, the basis of a system of 
geometrical reasoning. See Cajori’s History of Elementary Math^' 
matics, pp. 271-275. 
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If aU tlie interior angles of a polygon are less than 
straight angles the polygon is called convex. Thus the 
polygon in Fig. 138 is convex; but the polygon in 
Fig. 139 is not convex, because the interior angle at F 
is a re-entrant angle. 

A point can travel round the sides of a polygon in either of two 
directions : (i) counter-clockwise as indicated by the arrows in Fig. 
138, or (ii) clockwise. 

80. FreL ASr.t — In Fig. 140 Of, Og, Oh, Ok, 01, are respectivelv 
parallel to and drawn in the same sense as the sides EAj ABj BCj CD, D£ 
of the pentagon ABODE. 

(i) Mark all the pairs of equal angles in the figure, (ii) Prove that 
the exterior angles of the pentagon together make up 4R. (iii) Prove 
that the interior angles of the pentagon together make up 6R. 

Theorem [Fn.l]. — if aU the sides of a convex polygon 
be produced in tbe same direction round tbe polygon, tlie 
exterior angfles so formed are together equal to four right 
angles ) and in any convex polygon the sum of the interior 
ang:les^ togrethcr with four right angles^ is equal to twice as 
many rig^ht angles as the figure has sides. 

(i) In Fig. 140 
ABCD ... is a con- 
vex polygon, J eacli 
of wliose sides is 
produced in the 
direction indicated 
by travelling coun- 
ter-clockwise round 
the polygon. 

Bequired to prom that ^a-f- L L.y-\- . . .=4R. 

Cons . — Let the lines Of, 0^, Oh, ... be drawn from 
any point 0, parallel to and in the same sense as the 
sides EA, AB, BO, . . . respectively. 



+ These PrelimiBary Exercises are usually riders which the teacher 
should take orally with, the class as a suitable introduction to the 
proposition. 

t The polygon in the figure contains only five sides, but tho argumeni 
is so worded as to apply to a polygon containing any number of sides. 
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Proof. — Of, Og are dra-\m parallel to and in tlie 
same sense as /If, AB respectively, 

.\La~LfOg; P.4 

go, Oh are drawn parallel to and in the same sense 
as BG, BC respectively, 

.\/.B=^iOh. P.4. 

Similarly Ly~ l hOk, Lh- l kOf, and so on. 

Hence 

•Ly+ . . . = i-fOg-\- L.gOh-{- L.hOk-\- . . . 

Since the angles fOg, gOh, hOk, ... are the consecn- 
tive angles formed at 0 by the lines Of, Og, Oh, . . 

:.LfOg+ LgOh+ ^hOk+ . . . =4R. A.i. 

Hence La+ i. -y-[- . . . =4R. 

(ii) If the polygon A BCD . . . has n sides, 

Required to prove that 

sum of all the interior angles of polygon+4R = 2?iR. 

Proof. — At the angular point A there are two angles, 
viz. lEAB (one of the interior angles of the polygon), 
and L. a (one of the exterior angles of the polygon). 

Because EAF is a straight line, the sum of these two 
angles is 2R. A.l. 

Similarly at any other angular point there are two 
angles, one interior and one exterior, whose sum is 2R. 

But the polygon has n angular points. 

Hence sum of all the interior angles 

+sum of all the exterior angles =nx2R. 

= 2'tiR. 

But sum of all the exterior angles = 4R. [Part (i). 

Hence sum of all the interior angles + 4R = 2 rR. 

Hote*. — I n this Proposition, Part (i) may be proved by a rotation 
method, similar to that used in § 77 for Theorem T.l. Suppose a line 
to start in position lEA and to be moved successively into the positions 
AF, AS, BGj BO, GH, OD, DK, BE, EL, EA. Total change of direction 
= etc. Also total change of direction is eq[uivalent 

to OTie compute revohdion^ i.e. to a rotation 4R ; for the line has 
retiTxned to its original position and sense. Hence the result follows. 
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EXERCISES XXV. 

Calculations. 

1. Two angles of a triangle measure 50'' and 65° respectively. 
Calculate the third angle. 

2. One angle of a triangle measures 46°. If the other two angles are 
equal, calculate their magnitudes. 

3. The three angles of a triangle are equal. Calculate the magnitude 
of each. 

4 . Two angles of a triangle are equal, and the third angle exceeds 
either of them by 30". Calculate all three angles, 

5. Each of the angles at the base of a triangle is double of the 
vertical angle. Calculate all three angles. 

6. Use Theorem Pn.l to find the sum of the interior angles of a 
quadrilateral. 

7. Find the sum of the interior angles of a polygon of (i) 5, (ii) 6, 
(hi) 7, (iv) 8 sides. 

8. If all the interior angles of a five-sided figure are equal, calculate 
(i) the exterior angle, (ii) the interior angle, at any angular point. 

9. Calculate the magnitude of any interior angle in a regular octagon. 

Eiders. 

10. Two angles of one triangle are respectively equal to* tw’o angles 
of a second triangle. Prove that the third angles are also equal. 

[Use T.l. 

11. In a quadrilateral ABCD^ the sides AB and DG will meet when 
produced through B and C. Prove that the sum of the exterior angles 
at B and 0 is equal to the sum of the interior angles at A and D. 

[Use T.L 

12. By dividing a pentagon into three triangles, prove that the sum 
of its interior angles is equal to six right angles. 

13. The two sides of a triangle are produced below the base. Prove 

that the sum of the two exterior angles is greater than two right 
angles. [Use^.l. 

81 , Congruence. — 

Definition. — if two geometrical ngures are such, tnat 
one of tUem may be made to coincide witu the otber^ line for 
line and point for point, witbont any alteration in shape or 
size, the two figures are said to be congruent. 

Ilhistration . — If the same figure is printed on two pieces of paper, 
we obtaio two congi’uent figures. If one of the printings is on tracing 
paper, we could show this by placing the one figure over the other in 
such a way that the two figures coincide in all particulars. Similarly 
in all the copies of this book the triangles ABC in Fig. 141 are congruent 
with one another. 
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In the above definition note the importance of the 
words “ without alteration in shape or size.” The plan 
of a field has the same shape as the field ; but it is not 
congruent to the field since it is not the same size. 
Again, if we draw a square and a 
rhombus (Introd. Course, § 26), 
each figure haring each side 1" 
long, the two figures are not con- 
gruent ; for they could not be 
supposed to coincide without an 
alteration in shape. 

To test whether two given figures are congruent, take 
a tracing of the one figure and try to fit it on to the 
other. It may be necessary to turn the tracing over in 
order to fit one figure on to the other ; for example, the 
two triangles ABC, DEF (Fig. 141) are congruent, but if 
we take a trace oi ^ ABC we shall have to turn it over 
(so that the right side becomes the left) before we can 
fit the trace on to A DEF. 

We shall use the symbol = to denote congruence ; 
thus /\ABD=^ DEF 

means that /\ABC is congruent to A DEF. 

The process of applying one figui'e to another to test 
for congruence is called superposition. 

EXERCISES XXri.\ 

[Introductory to Theorem C.I.] 

Sketch tlie following triangles withoat using ruler, scale, or pro- 
tractor ; mark the given lengths and angles on your sketehess 

1. ABC ; given, left side /IB =2”, right side 4C=1”,' i.^ = 50°. 

2. DEF; given, left sideBf=2", right side 1 ", LD—Z(f. 

3. HKL; given, left side 1", right side //I = 2", _//=50°. 

4. MNO; given, left sideAfA^=2", right sideAfO = l", i.W=40“. 

5. PQR ; given, left side f’Q = l~7'',rightsidePB = l", LP=E(f . 

t The teacher may prefer to sketch the triangles in Ques. 1-7 on the 
board, using feet or decimetres instead of inches, and then take Ques. 
8-15 orally. Otherwise the examples should be taken partly as an 
exercise in freehand drawing, and marks given for neatness and 
approximate accuracy. 

G. T. P. 



Fig. 141. 
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6. STV; giveB, left side 57=2", right side '5l'=l", A 7=50 . 

7. XYZ ; given, left side XY = 1", base KZ=2", L. K=50°. 

If the triangles in Questions 1-7 were all drawn accurately, would 
you expect the following paii’s of triangles to be congruent or not ? If 
'not, why not \ 

8. ABO, DEF. 9. ABC, HKL 10. ABO, MNO. 11. ABC, PQR. 

12. HKL, PQR. 13. ABC, STV. 14. ABC, XYZ. 

15. What test for the congrimice of two triangles is suggested by the 
Receding qiiestioTis t 




82, Theorem [0.1], — if two triangles liave two side^s and 
tlie included an^le in tlxe one respectively equal to two sides 
and tlie included B.ngle in th.e otlier, tlien slxall these triang^les 
toe congruent* 

Li As ABC, DEF (Fig. 142 or 143) 

r AB= DE, 

Given that *| AD— DF, 

* [i.A^i.D, 

Required to prove that A ^BC = A DEF, 
and hence that BC = EF, lB = lE, ^C=cF. 

Gone . — ^Apply A ABC to A DEF, so that 
the point flails on the point D, 
the line AB lies along the line DE, and 
As ABC, DEF lie on the same side f of AB, DE. 

t In Pig. 143 the triangle ABC must be reversed. See Axiom 10. 
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Proof. — AB = DE, B falls on E. 

lA = l D, AC lies along DF. 

V AC = DF, CfaUsonF. 

B falls on E, and G on F, 

the st. lines EF coincide. Def. ofst. line. 

Thns As ABC, DEF coincide in all particulars. 

Hence A ABC DEF ; 

also BC = EF, lB= lE, and lC = i.F. 

ISfOTE 1, — Tlie angles which are given equal must be indicdcd, between 
the sides which are given equal in both triangles.^ otherwise the triangles 
are not necessarily eongmeiit. 

!Note 2. — In congruent triangles, eqiml angles are opposite to equal 
sides. Thus the equal angles B, E are opposite to the equal sides AC^ 
DF respectively ; and so on. This rule is often useful when applying 
the congruence of triangles in later theorems. 

EKEECISES XXVIL 

[Rideus on Tueoebm O.I.] 

1. ABC is an isosceles triangle, having AB = AC, f, E are the middle 
points of AB, AO respectivel 3 % If BE and OF are joined, prove that BE 
=: CFand lABE — lACF, [Compare the triangles ABE, A0FS\ 

2, HKL is an isosceles triangle, having HK ^ HL The sides HK, HL 
are produced to M, N also KM = LN, Join KN, LM, and prove that 
jLM =: aN. [Compare the triangles HML, HNK,] 

3* PQRS is a quadrilateral, having PS = QR and lSPQ = aRQP. 
Prove that the diagonals PR, QS are equal, and that angles QPR, PQS 
are equal. [Compare the triangles PQR, QPS,\ 

4. ABODE is a regular pentagon. Prove that the lines AO, BD, OE, 
DA, EB are all equal, 

6. ABO is an isosceles triangle having AB = AC, and P is any point 
on th| line bisecting A A, Prove that PBO is an isosceles triangle. 

6. ABODEF is a regular hexagon. Prove that ACE, BDF are both 
equilateral triangles. 


EXERCISES XXVIIL‘\ 

[iNTROntJOTOBY TO THEOREM C.2.] 

Sketch the following triangles without the use of ruler, scale, or 
protractor ; mark the given lengths and angles on your sketches : — 

1. ; base 2", R = 35® (at left extremity ot base), A 0= 65“. 

2. DE F ; base £F= 2'', aE~ 65® (at left extremity of base), A F=S5°, 

3. HKL; left side //>f=2^ 35® (at vertex), /,/f=65®. 


t See footnote on Exercises xxvi. 
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4. MNO ; base A/0 A/ = 35° (at left extremity of base), = 

5. PQR ; base QR = 2", 1. 0 = 35° (at left extremity of base), A /? = 60°. 

If the tiiangles in Questions 1-5 were all drawn accin^tely, would 
you exj)ect tlie following i;)airs of triangles to be congruent or not ? If 
not, why not ? 

6 . ABC, DEF. 7. ABO, HKL 8 . ABC, MNO. 9. ABC, PQR, 

10 . IVJiat test for the congruence of two triangles is suggested hy the 
f receding giiestiom ? 

IL Sketch two triangles 8TV, XYZ, given that base 
_7’=:45°(at left extremity of baseX l.S-55'^, base KZ=1*5", aK = 
45° (at left extremity of base), ^.^ = 55°. If drawn accurately would 
these two triangles be necessarily congruent ? 

13 . TF/iat test for the congruence of two triangles is sicggestcd hy 
Question 11 ? 

83. Theorem [0.2]. — if two triangles liave two angles and 
one side in the one triangle respectively equal to two angles 
and the corresponding side in the other triangle, then the 
two triangles shall he congruent. 

I. — When the given angles are adjacent to the 
given side. 



Fig. 144. 

In As ABC, DEF (Fig. 144) 

( i.B= lE, 

Given that l.C= lF, 
i BC= EF, 

Required to 'prove that A = A DEF ; 
and hence that AB = DE, AC = DF, i.A— lD, 

Cons . — Snpipose that Z\ ABC is applied to A DEF, ir 
such a way that 

B falls on E, BG lies along EF, and 
As ABC, DEF lie on the same side of BC, EF. 
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Proof. — -: BC= EF, C falls on F. 

j-E, BA lies along ED. 

^C= L.F, CA lies along FD. 

BA lies along ED, and CA lies along FD, 
tlie cross of BA and CA falls on the cross of ED and FD, 
i.e. A falls on D. 

Thus the two triangles coincide in all particulars. 

Hence A = A DEF, 

SilBo AB = DE, AC^DF, lA=i.D. 

Case IL — ^When the given sides are opposite to one 
pair of given angles. 



'Fig. 146. 


In As ABC, DEF (Fig. 14o) 
i^A^^D, 

Given that \ l B=^ i. E, 
i BC=EF, 

Reguired to -prove that A = A DEF ; 

also AB — DE, AC — DF, a C = a F, 

Proof . — In A ABC, l A — B lC — 2Ri ; T. i. 

also in A DEF, lDA-lE+ l F = 2R. T.l. 

L. A -j- A B “f- L. G ~ C- D A. E "h A F. 

But a>I+aB==a£>+a£. Ruf- 

Take the equals from the equals ; thus lC= a F. 

In A s ABC, DEF,'\ 


tuerefoxe A DEF ; 

also ABr=^DE, AC:=DF. 


t ITote this method of setting out the proof of a congruence. The 
three magnitudes below ABG belong to the trianglo ABCj and the three 
below DEF belong to the triangle DEF, 
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EXERCISES XXIX. 

[Eidurs ok Theorem C.2.] 

1. AD is a line bisecting the angle BAG, From any point D on this 
line DBf DC are drawn to meet AB, and such that LBDA= lODA, 
Prove that DB — DG, 

2. ABC is a triangle, having AB=AO. BD iB drawn perpendicular to 
AOr and GE perpendicular to AB. Prove that BD = GE. 

3* FGH is a triangle, having F6=Fff. GK is drawn X FG to 
meet FH produced at K, and HL is drawn X FH to meet FG produced 
at L Prove that GL = HK. [First prove that Ft = FK,} 

4. PQR is a triangle, having lPQR^ lPRQ. QS is a line bisecting 
lPQR and meeting at 5 ; PTis a line bisecting lPRQ and meeting 
PO at f; ST is joined. Prove that A QRT ^ A RQSj and hence that 
A0rS=A^Sr. [Use a 1 also.] 


84. Freh Ex, (Prad. ).— 'Draw any isosceles A ABG, having AB=AG\ 
bisect by a line which meets BG at D, Cut the triangle out, and 
show by folding that the figure is sym- 
metrical t about the axis AD. 

What do you infer (i) with regard to the 
jLb Bj Of (ii) with regard to Xs ADBj ADO ? 

Theorem [T. 2.] — if two sides of 

a triangle are equal; then sliall the 
angles opposite to tliese sides be 
equal. 

la the triangle (Fig. 14Q) : — 
Given that kB—kC, 

Beqidred to 'prove that lG— lB. 

Gons. — Let the line kO bisect 
z. BkC,iand let kD meet BG at D, 



t See Introductory Course, § 28. 

X hypothetical Constritdion, If a line AX revolves from the position 
AB to the position AQ, then L.BAX increases continuously from the 
value zero to the value BAG. Hence there must be one position ip 
- which lBAX=^^jlBAC^ Xc. there must be one line which bisects 
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Proof. — ^In As ABD, AGO 
( AG, 

• ' AD= AD, 

^BAD= lGAD, 

A ABD=/x ADD, whence lB~ i-G. c.i. 

COROLLABY 1. — The line which bisects the vertical an^le of 
an. isosceles triangle^ also bisects the base at ri^ht angles, 

A ADC=A ADB, 

DG=DB. 

also lADG= lADB, 

/. AD±BG, 

* ConoLLART 2. — If a trian^rle is sq^lateral it is also equi- 
ang^ular. 

For if also BG=AB (Fig. 146), then a. 4= lD. 
Therefore i.s A, B, C are all equal. 

85. Theorem [)T.2c. 3 — if two angles ofa triangle are eqxial 
then, the sides opposite to these ani^les are also equal. 

la A ABG (Fig. 147) 

Given that lB= lC, 

Bequired to prove that AG = AB. 

Cons. — Let the line AD bisect 
i-BAG, and let AD meet BC at the 
XDoint D, 

Proof. — In As ABD, ADD, 
f L.B — i-C, 

V J J.BAD== i-CAD, 

[ AD=AD, B 

A ABD = A AGD, Fig. 147. 

whence AB= AC. c. 2 . 

CoRoi/LART. — If a triangle is equiangnlar^lt is also equi- 
lateral. 

For if also lA= lB, (Fig. 147) then BC=AC. 
Therefore the sides BC, AC, ‘SAB, are all equal. 
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JSXEMOISES XXX. 

[Riders on Theorems T.2 and T.2fi.] 

1. If tlie sides of an isosceles triangle are produced belo;r the base 
prove that the exterior angles so formed are ecjual. 

2. ABC is an isosceles triangle, having AB = ACs The angles at B 
and C are bisected by lines which meet at D, Prove that DB — DO* 

3. In the preceding question prove that AD bisects lBAC, 

4. In A PQDf PQ=PR ; also a line parallel to QB meets PQ^ PR in 
S, L Prove that PS^PL [Use T.2 ; P,2c ; T.2c.] 

5. In the figure of Question 4, if ^7^ RS intersect in 0, then OQRf 

OST are both isosceles triangles. C.l ; T.2c. 

6. In Question 4, prove that QT=RS, and lRSP= lQTP, C.l. 

86. Prd. Ex. — (i) ABOD is a convex quadrilateral in which AB — BC^ 
AD=^DG. Draw the two diagonals and prove (by means of T.2) that 
lBAD^ lBCD. Hence prove that A ABD = A OBD. 

(ii) ABCD is a quadrilateral having a re-entrant angle at D, in whicli 
AB^BO, AD — DC. Join AGj BD, and prove (by means of T,2) that 
lBADz^ lBGD. Hence prove that A ABD ^ A CBD, 

. 86. Theorem [^0.3]. — if tlie ttr^e sides of one triangle are 
respectively equal to the three sides of another triangle^ the 
two triangles shall toe congruent. 



Required to 'prove that /x ABC ~ DEFj 
and hencedliat lA — lD^ lB=^ lE^ lF. 

Coils . — ^Ajjply A ABC to A DBF, so that 

BC coiniHdes -with. EF (B falling on £), and 
A and D fall on opposite sides of EF. 

Let. A CEF represent tlie new position of A ABC. 
Join D6. 
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Case I. — Wlien DG cuts EF (Fig. 149). 

Case II. — WteD. DG does not meet EF (Fig. 150). 

Case III. — WFeii DG passes titrouffli one extremity 
of EF (Fig. 151). 



Proof. — Cases I. and II. 

In A EDG, •.• ED = EG, i.EGD= lEDG. t.2. 

In A FDG, •.• FD = FG, ^FGD=l FDG. t.2. 

In Case I. add the equal angles; in Case II. 
subtract them. Thus in either case lEGF= lEDF. 

Case 111.— In El EDG, •.■ ED = EG , .'. a EGF= a EDF. t.2. 

Thus in all three eases l EGF= l. EDF, 
that is (Fig. 148) a 4 = a /?, 

In As4fiC, DEF, 
r AB = DE, 
because - AC = DF, 

I a4= aA 

therefore /iABG = /iDEF, 

also lB—lE, i.C — F. C.i. 

EXERCISES XXXL 
[Riders on Theorem C.3.] 

1. In a quadrilateral AB6D, given that AD=:BG, AG=BD, prove that 
/^DAB= 1.CBA, and l ADG = lBGD, 

2. In a quadrilateral each side is equal to the ojiqiosite side ; prove 
that each angle is equal to the opposite angle. 

3. Prove that the diagonals of a rhombus bisect its angles. 

4. Prove that the diagonals of a rhombus intersect at right angles. 

0.3; 0.1 
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87. Theorem [C/*4].t — the hypotenuse and one 
side of one right-angled triangle are respectively equal to 
the hypotenuse and one side of another right-angled triangle, 
tben tbe two triangles sball be congruent. 



Fig. 152. 

In As ABC, DBF (Fig. 152) 

[aC= z.f=R, 

Given til at ^ AB = DE, 

[ AC=DF, 

Required to prove that ls.AB0^/\DEF, 

Cons. — Apply A ABC to A DBF, so that 

A C coincides with DF (A falling on D), and 
B and £ fall on opposite sides of DF. 

Let A DBF represent the new position of A ABC. 

Proof.— : L. DFE = R, and l DFG (i. e.L.C) = R, 
:.lDFE+ lDFG = 2'R. 

Hence EFG is a straight line. Kllc. 

Ed. A deg, DE~DG, :. lG= L E, i.e. lB— i.E. T.2. 

In As ABO, DBF, 
lE, 

V ] lC^^lF, 

i AB = DE, 

therefore AABC^A DEF. C. 2 . 

t Teachers who prefer to do so may follow this proposition by 
C.6 (§ 91), and thus complete the theory of the congruence of triangles ; 
but in this case the corollaiy to C.5 must be deferred. 
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EXERCISES XXXIL 
[Introductory to Theorem T.3.] 

1. In fl ABGj if AB^AGi what do you know about m^BfGl 

2. In the same triangle imagine AB lengthened, so that AB is now 
>A0, Would you expect A C to be greater or less than before ^ Wofild 
you expect to be greater or less than before ? [Use T.L] 

3. If in A ABGj side >f^>side AG, which of the angles B^C would 
you expect to be the greater ? 

4. In a scalene triangle, which angle would you expect to be the 
largest and which the smallest ? 


88. Theorem [T.3]. — if one side of a triangle is neater 
tlian anotlxer, tliexi tlte an&le opposite to the first side shall 
be greater than the angle opposite to the second. 


In A ABC (Fig. 153):— 
Given that AB>AC, 

Required to prove that 
i.ACB > lB, 

Cons. — From. AB cut off a 
part A D eqnal to C. J oin CD. 

Proof . — ^In A ADC, ■: AD = 
AC, .\lACD= i-ADC. T.2. 


A 



L ADC is an ext. L.oiABDG, lADC > lB, t.i. 


{lACB> lACD]^ 

1 l.ACD= i-ADC\ therefore/. /I C/B> lB. 
{lADC>l.B J 


89. Theorem [T.3c]. — ir one an^le of a triangle is 

greater than another, then the side opposite to the first an^Xe 
shall be neater than the side opposite to the second. 


In A (Fig. 154):— 

Given that i.B> lC, 
Required to prove that AC>AB. 
Proof — 

A C cannot he less than A B, 
for if it were, i- B wonld he 
less than z. C, T.3. 

which is not the case. 


A 



Fig. 154. 
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AC cannot he equal to ABj 

for if it were, a B would "be equal to l Cj T.2. 

which is not the case. 

Hence AC must greater than AB, 


90. Theorem [T.4]. — ^Any two sides of a triangle are 
together greater than tne tnird, 

,D In A ABC (Fig. 155):— 
Required to prove that 
AB AC'> BC, 

Cons , — ^Produce BA to Dj 
making AD — AC, Join DC, 

Proof , — ^In AADCj 
AD=^AC^ :.lACD=^ l D, t.2. 
But lBCD> uAGD) 
hence lBCD> lD, 

Jjij^BCD, lBGD> ^D, :,BD>BC, T.3a 

Now AC — AD; to each add AB ; thus AB’tAC = BD, 

But BD>BC] hence AB+AG>BC, 



Fig, 155. 


EXERCISES XXXIIL 
[Riders on Theorems T.8, T.3c, and T.4d 

1. The angles at C oi a ABO are bisected by lines meeting at D. 
If AB>'A0y prove that DB->DQ, 

2. In a right-angled triangle the hypotennse is the greatest side. (T. 1, ) 

3. In a quadrilateral ABODj /IR is the least and OD the greatest of 
the side.s. Prove that lA > lG, and lB> lD, 

4- The difference of any two sides of a triangle is less than the 
third side. 

5. In an isosceles triangle either of the equal sides is greater than 
half the base. 

6. If ABO be a triangle and D lie in BC^ AD is less than half the 
sum of the three sides. 

7. If ABO be a triangle and P any point, then P/f + PR + > half 
the sum of the three sides. 

8. If ABGD be a quadrilateral and P any point, then the sum of 
either pair of opposite sides or of the diagonals <P>I -f-PR + PC-fP^, 

93. Before reading this Theorem revise Broh, JX, 
hj^trod. Go'urse^ § 2S, 
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Theorem [0.5]. — if two sides of one triangle are re- 
spectively egual to two sides of another, and if tlie angles 
opposite to one pair of equal sides are equal; tlien skaU ike 
angles •pposite to tke otker pair of equal sides toe eittoer 
equal or supplementary. 


In As ABC, DBF (Fig. 15C or 157) 
f AB = DE, ^ 

Given AC = DF, 

/ \ 

Hequh'ed to -pt'oee \ > 

that either = l. F, ^ I— \ 

or Z- C-f Af ==2R. Fig. 156. 


Case I. — When l 
= i.D (Fig. 156). 

Proof . — 

InAs^^C; BEF, 
f AB = DE, 
■: J AG = DF, 



Fig. 157. 


therefore A ^ = A BEF, and cC — s.F. C.i. 


Case II. — When s.A4= ^B (Fig. 157). 

Go 71 s . — Since a -4 4= cB, one of them must he the greater. 
Suppose A D> A /I ; and let a line BG he drawn so that 
A EB6— A A, Let BG meet EF at G. 

Proof. — In As ABC, BEG, 

f AB = BE, 

V ]A5=Af, 

(^A=^EDG, 

/, AG = BG, and ^ C = .L BGE. 0.2. 

Buti4C = £lf, .-. BF=BG; 

hence in A DGF, a BGF = a F. T.2. 

*,* EGF is a st. line, .'. a BGE-\- ^ BGF=2R. A.i. 

But A BGE — L.C and a BGF= a F ; 
hence z C-jr aF=2R. 
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COBOLLAIIY. — In tMs Theorem, if in each triangle the given 
side which is opposite to the given angle is not less than the 
other given side, the triangles shall he congruent. 

In As ABC, DEF (Fig. 156) 

Give^i the same facts as above, and in addition that 
>5 C is not less than A B, 

Required to 'prove that A = A DEF. 

Proof, — If possible suppose that angles C and F are 
unequal; then they are supplementary (proved), and 
therefore one of them (say G) is obtuse. 

But y4C^/l5 L.BAr.L0. T.2, aadT.S. 

Hence /-B is also obtuse, 
i.6. angles B and C are both obtuse. 

But this is impossible. T.l. 

Hence angles C and F are not unequal, 
i.e, lC = L F, 

hxA^ABC, DEF, 

{ AB = DE, 

\lB=lE, 
iAC= aF, 

therefore A A BC^ A DEF. 0 . 2 . 

Note 1. — In this Corollary we prove that lO = LFhj showing that 
any other supposition leads to an impossible result. This method of 
proof is called reductio ad abmrdr/m. and is often very useful. 

Note 2. — Theorem C.4 is a special case of this Corollary ; for by 
T.Sc in a right-angled triangle the hypotenuse is the greatest side. 

92. Congruent Triangles. — rThe following summary 
of the results which we have now obtained with regard 
to the congruence of triangles should be carefully 
studied : — 

There are sis elements in a triangle, viz. three sides 
and three angles. 

The various tCfets for the congruence of two triangles 
all require that three elements in the one triangle should 
be respectively equal to the eoimesponding elements in 
the other triangle. 
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Note the importance of the word ‘'corresponding.’’ The three 
elements in the second triangle must he in the same position with 
regard to cm another as the three elements in tlie first triangle. 
Corresponding angles are opposite to corresponding sides (and are included 
between pairs of corresponding sides). 

Any set of three elements may he used in the test for 
congruence excepting (i) thi-ee angles and (ii) two sides 
and the angle opposite to the shoi'ter side. Here follows 
a list of the various cases : — 

The triangles are congruent if the following three 
elements in the one are respectively equal to the corre- 
sponding elements in the other : — 


I. Three sides (C.3). 


II. Two sides and the in- 
cluded angle (0.1). 


^ m. Two sides arid the angle 
opposite to one of them, unless 
this one is shorter than the 
other (0.4, 0.5), 


rV. One side and the two 
adjacent angles (0.2). 


V. One side, the opposite 
angle, and one adjacent angle 
( 0 . 2 ). 
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The triangles are not necessarily eongrnent if the 
following three elements in the one are respectively 
equal to the corresijonding elements in the other : — 



VI. Two sides and the angle 
opposite to the shorter side (C.o). 



In Case VIL the triangles will always be the same shape, but need 
not be the same size. This ease will be treated in Part II. 

Kote. — C ompare the vaiious cases of congruence with the various 
cases of constructing a triangle from three given elements, viz. 
Problems 1, YI, YJI, VIII, IX (Introductory Course). Problem IX 
corresponds to Cases III and VI (above) ; in Case YI the two triangles 
may not be congraent and accordingly in Problem IX it may be 
possible to construct two different triangles with the given elements. 


93. Theorem [T.5J. — THe sliortest Une wliich. can be drawn 
from a ^iven point to a given line is the line which is per- 
pendictilar to the given line ; and of any other two lines drawn 
from the given point to the given line on one side of the 
perpendicular^ that which is nearer to the perpendicular is 
less than that which is more remote. 



o 


In A ADE, •/ A S > A 


In Fig. 158, A is tlie gh'-en 
point, BC the given line : — 
Given that AD xBC, 
Required to 'prorce that 
(i) AD<AE or AF, 
{x\)AE<AF. 

Proof . — 

(i) In A ADE, •.• z. S = R, 

.*. Z-y<R. T.l. 

y (Proved), AE>AD ; T.Sc. 


that IS AD<AE. 

Similarly z.S> La, and hence AD<AF. 
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(ii) f£jD is a str. line, .’./.jS-j- ^y=2B. 

Blit A y<R (Proved) ; hence z.y8>R. 

InA.^f, '.'^/3>R, i.a<R. T.l. 

In A /l£f, '.• /./?> A. a, AF>AE ; tliat is AE<AF. i.Bc. 


Definition. — The distance of a given point from a given 
line is tlie lengtli of tlie perpendicular drawn from tlie given 
point to tlie given line (produced if necessary). 

94. Frel. Hx.—ln Fig. 159, XC —-4^ and > 4 // bisects /lGAC, Prove 
that HG=HG, and hence that BC>B6, 

Theorem [T.6]. — if the two sides of one triangle are 
respectively equal to tlie two sides of anotlier, and if tlie 
vertical angle of the first triangle is greater than the vertical 
angle of the second triangle; then the base of the first 
triangle shall be greater than the base of the second. 


InAs/lfiC, DEF 
(Fig. 159) 

Given tliat 
{AB = DE, 

\ag=df, 

[i.A > lD, 
Required to 
vrove tkat 
BC>Ef 



Cons . — Apply A DFF to A ABO, so tkat 

DE coincides Tvitk AB (D falling on A), 
and F and 0 fall on tke same side of AB. 

BAG represent tke new position of A DEF. 

Let tke line AH bisect l GAG, and let AH meet BC at H. 


Join GH, 


Proof . — In As AGH, AGH, 

[ AG = AG, 

\ AH^AH, 

[lHAG= lHAG, 

A AGH = A AGH, and HC^HG. 

C.l. 

To eack add BH ; .'. BG = BH +HG. 

But, in A BHG, BH-\-HG >BG, 

BG >BG, that is BG >EF. 

T.4. 

G. T. P. 

K 


^30 


TRIANGLES. 


95. Theorem [T.Cc]. — if the two sides of one trian&le 
are respectively equal to the two sides of another, and if the 
hase of the first triangle is greater than the base of Jfhe second 
triangle; then the vertical angle of the first triangle shall be 
greater than the vertical angle of the second. 

In As ABC, DEFCFig. IGO):— 

!AB = DE, 

Given tliat -( /! C = DF, 

{bo>ef, 

liequired to prove that l. A >■ i.D, 


A D 



Proof . — L. A i,s not equal to i. D ; 
for, if it were, then we should have in As ABC, DEF, 

( AB = DE, 

4 AC=^DF, 

{i.A= lD, 

whence BC would he equal to EF ; C.l. 

which is not the case. 

Again l. A is not less than n Z? ; 
for, if it were, then we should have in As ABC, DEF, 

[ AB = DE, 

- AC = DF, 

[i,A< lD, 

whence BC would he less than EF ; T.6. 

which is not the case. 

is neither equal to nor less than aD, 
therefore L,A> .^D. 

STotb. — T his method of proof is called the method of eschamtion: 

see alt>o § 89. 
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96. Angles of Elevation and Depression,. — 

Definition. — ^A ny Ime Whlcnis parallel to a “plTimb-line” 
is called Vertical, Any line wliicli is at riglit angles to a ver- 
tical t line is called liorizontah 

Any body TFbich. is falling freely moves vertically 
doivnvvards. 

Any line drawn on a “ level ” floor is liorizontal. Any 
line lying in the surface of still water is liorizontal. 

In many problems a horizontal line is a convenient 
reference line from which to measure directions. In 
such cases angles measured abo\-e the horizontal arc 
called angles of elevation, and angles measured lielow 
the horizontal are called angles of depression. 

If a man is looking from a \^in(low 
W (Mg. 161) iiis natural line of sight 
is the horizontal line WH. To look 
at an object D in the street below he 
must depressing line of sight through 
the angle HWD. Hence the angle 
HWD is called the depression of the 
point £) at the point W. 

To look at an object £ at a higher 
level than the window hemust(?Za'£Z^ 
his line of sight throngli the angle 
HWE. Hence the angle HWE is 
called the elevation of the point £ 
at the point W, 

Example.— A man is standing at the top of a cliff 150 ft, high. If the 
angle of depression of a boat on the sea is 2b°, determine the distance 
of the boat from the foot of the cliff. 

A j^nvenient scale of representation will 
be 100 ft. to 1 inch. 

Let A represent the foot of the cliff, and 
AX the sui'face of the sea (Fig, 162). 

A height of 150 ft. will be represented 
bjl’5''; draw AB X AX of length 1'5'h 
Then 8 represents the top of the cliff. 

Draw BH [j AX ; then BH represents the horizontal through B. 

Draw a line BG, making il//£C= 25% meeting MC at C. Then 0 
represents the position of the boat. 

By measuring we find yf0 = 3*22^^ ; hence AG represents a distance of 
3*22 X 100, or 322 ft. 

Horn — In solving this problem squared paper can be used with 
advantage. ABj AX, and BH will then lie along ruled lines. 


B H 



A C X 

Fia. 1G2. 




EXERCISES XXXIV. 

Calculations. 

1. Find tlie magnitude of each acute angle iu a right-angled isosceles 
triangle. 

2. The angles at the base of a triangle are 35“ and 65° respectively. 
If the vertical angle is bisected calculate the angles which the bisector 
makes with the base. 

3. In the preceding triangle a line is drawn from the vertex perpen- 
dicular to the base. Calculate the angles between this line and the 
sides of the original triangle. 

4. If two angles of a triangle are together equal to the third, calculate 
the third. 

5. The base angles of a triangle are 30° and 45° respectively. Two 
lines drawn from the vertex to the base divide the veitical angle into 
three equal parts. Calculate the angles of the triangle formed by these 
two lines and the base. 

6. The two sides of a triangle are produced below the base. If the 
two exterior angles so formed measure 120° and 85° respectively, calculate 
the vertical angle of the triangle. 

7- The interior angles of a six-sided figure are all equal. Calculate 
their magnitude. 

8. In a quadrilateral three angles are respectively twice, three times, 
and four times as great as the fourth angle. Calculate the angles. 

9. Each of the exterior angles of a regular polygon is 45°. Calculate 
the number of sides in the polygon. 

10. The exterior angles of a polygon are alternately 60° and 30°. 
Find the number of sides. 

11. If a line points at an angle of 20° below the horizontal, find the 
angle w'hieh it makes with the upward vertical. 

12. A line makes an angle of 115° with the downward vertical ; find 
its angle of elevation or depression. 

13. A line originally points vertically up. Find its angle of eleva- 
tion or depression after rotating through an angle of 800°. 

Scale Diagrams. 

14 . The angle of elevation of the top of a vertical pole at a point on 
the ground 30 ft. away from its foot is 38°. Find the height of the pole. 

15. A lighthouse is 70 ft. high, and the angle of depression of a 
floating buoy when seen from the top of the lighthouse is 15°. Find 
the distance of the buoy from the top of the lighthouse. 

16. Find the eTJ^vation of the top of a church -spire 100 ft, high at 

point on the ground 350 ft. from the church. 

17. At a distance of 100 ft. from the wall of a house the elevation 
of tlie top of the wall is 25°, Find the length of a ladder which wdll 
just reach to the top of the house from a point on the ground 25 ft 
from the house. 
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18. The elevation of the top of a high rock at a certain point is 20' ; 
the observer^ walks on level ground 50 yards towaid the rock, and then 
tinds that the elevation is 45^ Find the height of the rock. 

19. At % distance of 50 ft. from a flagstaff the elevation of the top is 
82°, How far must the observer walk toward the flagstaff before tlie 
elevation of the top is 55° ? 

20. Two large stones are placed on the ground at a distance of 50 ft., 
each lying due H. of a tower. Find the height of the tower if the 
angles of depiession of the stones at the top of the tower are 80® and 
65^ respectively. 

21. A balloon is seen from two stations at the same moment. At 
the one station, due east of the balloon, its elevation is 50° ; at the 
other station due west of the balloon its elevation is 22 ° ; the stations 
are one mile apart. Find in yards the actual distance of the balloon 
from the first station. 


Eiders. 

(In Qu€siio7is 22~ZQ the references mdieaie Blithe ^^roposUmis req^tired 
in the ^roof . ) 

s 22. The line AB is bisected at right angles by the line OD, Prove 
that any point on OD is equidistant from the points A and B. C.l. 

23. The angle ABO is bisected by the line BD. Prove that any point 

on BD is equidistant from the lines AB and BO, C.2. 

24. The point P lies within the angle ABO and is equidistant from 

AB and BO, Prove that PB bisects the angle ABO. C.4. 

25. [T.2.] The join of the vertejc of an isosceles triangle 
and the middle of its base bisects the vertical angle. C.B. 

26. [T.2.] The line from the verte:^ of an isosceles triangle 

perpendicnlar to the base bisects the base and the vertical 
an^le. C.4< 

27. Prove that, if a straight line is drawn from an angular point of 

an equilateral triangle to any point in the opposite side, then this line 
is linger than either of the parts into which the side is divided, but 
shorter than their sum. T.l, T.2, T.3<r. 

28. ABC is an isosceles triangle, having the side4i5 equal to the side 
AO \ the side BA is produced to D, and the exterior angle OAD is 
bisected by the straight line AX. Prove that AX is parallel to BO* 

P.1, T.l, T,2. 

29. If the straight line which bisects an exterior angle of a triangle 

is parallel to the base of the triangle, prove tiat the triangle is 
isosceles. P.lc, F.2c, T.2c- 

30. The bisectors of the angles at the base of a triangle meet at a 
point within the triangle ; prove that this point is equidistant from 
the three sides of the triangle. 
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SI. If two circles intersect, tlie join of their centres 
hisects at ri^Ut angles the straight line joining their points 
of intersection- C!.l, C,3. 

32 In the trian^cle ABO the angle ABC is bisected by the straight 
line BD meeting AC in D. Piove that AB is greater than AD and OB 
than CD. T.l, T.3c. 


33. ABC is an aente-angled triangle^ and 0 is a point within it, such 
that OAf OB, and 00 are all e<inaL Prove that the angle BOO is double 
the angle BAG. Pi’odiice AO : T. 1, T.2. 

34 In a right-angled triangle if one acute angle be double the other 
acute angle, the hypotenuse will be double one of the sides. (Show 
that the figuie is half of an equilateral triangle.) A.l, C.l, T.2c. 

I '35. If 0 is any point within a triangle ABO^ prove that angle 
BOO is greater than angle BAG. [Produce BO to meet AG ; use 
T.l twice.] 

36. In the fignre of Question 36, prove that OB -f 00 is less 
than AB~hAO. [Produce BO to meet AO ; use T.4 twice.] 


I/t QifeMmifi 37-47 the references indicate some of the jpropositions 
required in the iiroof. 

37. In the triangle ABO join the vertex A to M the middle point of 

the base BOf and prove that the angle AMB is greater than, equal to, 
or less than the angle AMO according as AB is greater than, equal to, 
or less than AG. T.6c. 

38. A and B are two points on the same side of the straight line CD. 

From A draw AP perpendicular to CD, ami produce AP to Ej making 
PE equal to AP. Join BE, cutting OD in X ; join AX. Prove that the 
angle AXO is equal to the angle BXD. A. 2. 

39. ABO is any tiiangle and the angles at B and 0 are bisected by 

the straight lines B/ and 0/, meeting at / within the triangle ABC ; 
through / a straight line P/Q is drawn parallel to BO and meeting the 
aides AB and AGin P and Q respectively; prove that BP and GQ are 
together equal to PQ. 2.1c. 

40. ABO is an isosceles triangle ;> /?£F is a straight line perpendicular 

to the base BOf meeting AB in E and GA produced in F ; show thalf the 
triangle AEF is isosceles. T.l. 

41. Given a convex polygon, join each angular point to a point 
within the polygon. Use this construction to prove that the sum of 
the interior angles of the polygon is equal to (2?i - 4) right angles. T.l. 

42. In the triangle ABO, AB—AO. Prove that aG= lB, by compar- 
ing the triangles ABC, ACB. C.l. 

43. Ill the triande ABO, lB= lO. Prove that AO = A B, by compar- 
ing the triangles ABU^ AOB. C.2. 

AB is given line and C? is a given point without AB. Prove that 
it is not possible to draw three equal straight lines from 0 to AB. T.6. 

45. If the base BO of a triangle ABO be produced to D, the angle 
between the bisectors of the angles ABC, AOD is equal to half the angle 
BAG. ^ 
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46. If the sides AB^ AG b. trirangle AEG be procliiecd to D aitd £, 
and the bisectors of the angles CBD^ BOB meet in /, ]iroTe that the 
angle BIG is equal to half the sum of the angles ABGf AGB, A.l, T.l. 

47. Shoijf how to divide a right-angled tiiangle into two isosceles 

triangles, and hence prove that the straight line drawn from the middle 
point of the hypotenuse to the right angle is equal to half the 
hypotenuse. T. 1, 

48. If two quadrilaterals have three sides of the one equal to three 
sides of the other, each to each, and have also the angles contained by 
those sides equal, each to each, then the quadrilaterals shall be equal 
in all respects. 

49. If two convex quadrilaterals have the four sides of the one 
respectively equal to the corresponding sides of the other, and also one 
angle in the one equal to the corresponding angle in the other, the 
quadrilaterals are congruent. 

50. ABC is a tidangle, and the sides AB and AC are produced to D 
and E. If the angle BBC is equal to the angle EGB, prove that AB is 
equal to AC, 

51. ABC an isosceles tiiangle having the side AB e(|nal to the side 
AG, Bisect the angles ABC, ACB by the straight lines BY, CZ 
which meet AG and AB in Y and Z respectively. Prove that the 
triangles YBG, ZGB axe equal in all respects. 

52. Prove that the triangle formed by joining the three middle 
points of the three sides of an isosceles triangle is isosceles. 

53. In a right-angled triangle a line is drawn from the vertex of the 
right angle perpendicular to the opposite side. Prove that each of 
the smaller triangles into which the original triangle is divided is 
equiangular to the original triangle. 

54. A is the vertex of an isosceles triangle ABC, and BA^ one of the 
equal sides, is produced to D, so that AD is equal to AB ox AO ; join DG 
and show that is at right angles to BO, 

55. Prove that if the exterior angles DBG, ECB of the triangle ABG, 
made by producing AB and AG to D and E, be bisected by the straight 
lines BO and CO meeting in 0, then 0 is equidistant from AD, BO, AE, 

3k, The straight line which joins the vertices of two isosceles 
triangles drawn on opposite sides of the same base, is perpendicular to 
the base. 

57*. A circle cannot ent a straight line in more than two points. 

68*. In Fig. 117 given that A 7+ l.A<:2R, prove that -4R and CD 
meet when produced through B and D, 

[Prove (i) that AB is uofc j^arallel to CD ; (ii) that AB and OD do not 
meet when produced through A and f?.] 

59*. In the same figure, given that Z-7+iLA:>2R, prove that AB 
and OD meet when produced through A andC. 

[Prove (i) that AB is not parallel to CD ; (ii) that AB and GD do 
not meet when produced through B and D,} 

60*. Prove that the three straight lines which bisect the three angles 
of an equilateral triangle meet in a point. 



CHAPTER IV. 

FAEALLELOaEAMS. 

97. Learn the definitions of Parallelogram, Rectangle, f 
Ehomhns, and Square given in § 26. 

The symhol H® will be used for the word parallelogram. 
The abbreviations reet., rliom., and sq. will be used for 
the words rectangle, rhombus, and square respectively. 

Revise Exercises XII, p. 46. 

Theorem [Pm- 1], — la any parallelogram, opposite sides 
are eqnal, and opposite angles are eqinal ; also eacb. diagonal 
divides tbe parallelogram into two congruent triangles. 



Given that 

ABCD is a 11“ (Fig. 163), 
Bequired to prove that 
AB = DC, AD = BG-, 
lA= lO, lABD= lADG ; 
A^ABD=ACDB, 
AABC^ACDA. 


Proof . — 

*.* AB II DC (Def.), .'. (using BD astrv.) l 6= L<f> ; p.ic. 

AD II BC (Def.), (using BD as tiw.) l.X= a ju. P.ic. 

Add these equals ; thus ABC = i-ADf^- 

[Le= ^4>'\ 

Til A^ ABD, CDBj ’.■{ Aya= a A I 
{BD = DB j 

therefore AABD~ACDB ; C. 2 . 

hence AB = DC, AD=BC, and n 4 = lC. 

Similarly, if AC be joined, it can be proved that 

*^aabc=acda. 

t Strictly speaking a rectangle should be defined as a quadrilateral 
in which three angles are right angles. Then, since the four angles 
are together equal to four right angles (T.l), the fourth angle of the 
rectangle must also be a right angle. It will be proved in | 98 that a 
rectangle is a parallelogram. 
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98. Theorem [^Pm.lcJ. — ~(i) xt tte opposite sides of a 

quadrilateral are equal, It is a parallelogram ; also, (ii) if tbe 
apposite angles of a quadrilateral are equal, it is a parallel- 
Qgram. 

(i) In tlie quadrilateral kBCD (Fig. 163) : — 

Given tliat AB — DC, and AD=^BC, 

Required to pi'ove that ABCD is a jj™. 

Cons. — Join BD. 

Proof. — In As ABD, CDB, 

(AB = CD\ 

\AD==CB\ .-.I^^ABD^ACDB; c.3. 

wd^^db] 

i.e. .l 6— L<p, i-X. 

A. 6 = n <^, (using BD as trv'.) AB [j CD ; p,i 

ind n/A= i. A,, .'. (using BD as trv.) AD || BC, p.l. 

AB II CD and AD [j BC, therefore ABCD is a U'". Def. 

(ii) In the quadrilateral ABCD (Fig. 103) : — 

Given that /.A — L.C, and lB— .lD, 

Required to prove that ABCD is a |!"’. 

Proof. — i. A — L.G, and i.B= j.D, 

jl A “h L. B ~{- .L G d" L. D '='2i L, A — B . 

But, in quad. ABCD, lA-{-l.B-\-^C-{-i.D = IR. t.i. 

.'. 2z. J+2i.B = 4:R, 
i.e. lA + lB = 2R, ; 

.'. (using JR as trv.) AD || BC. 

Similarly it can be proved that 

L. A ~{~ D ~ 2R, 
and .’. JR II DC. 

•.•JR Ii BC, and JR j] DC, therefore JRCR is a li“. Def. 

CoEOLLARY 1. — A rbombus is a parallelogram ; and a square 
is a parallelogram. 

For in either a rhombus or a square opposite sides axe 
equal. 

CoKOLliAET 2. — A rectangrle is a parallelogram. 

For in a rectangle opposite angles are equal. 
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99, ThEOEEM [Pm.2]. — if m a quadrilateral two opposite 
sides are equal and parallel, tlien tlie quadrilateral Is a 
paraUelogram, and the other two sides are also equal and 
parallel. 

Given that AB=^D0f and AB\\DC, 163), 

Meqiiired to prove that 

A BOD is n ir, AD = BC, and AD H BC. 

Cons . — Join BD. 



P.lc. 


1vl/\sABD, CDB, 

{AB = CD ] 

V \ BD==DB ^ 

[ ^ 6 = i. <f> j 

therefore AD = BC and i. /x. = z. A. , C. 1 . 

Lfi— Z-X, (using BD as trv.) AD |i BC. P.l. 

AB Ij DC, and AD || BG, therefore ABCD is a ||“ 

100. ThEOEEM £Piii, 3]]. — if one angle of a parallelogram 
is a right angle, so are all the others. 


Given that ABCD 
and 



Fig. 


Hence 


is a ir (Fig. 164), 

Z.4 =E, 

Required to prove that 
l.B= ^C= nZ? = E. 

Proof. — AD 11 BC, .'. (using AB 
as trv.) <^-4+ z.fl = 2E. P.2c. 

But z.4=E; hencez.6 = E. 

In \r ABCD, ^C= lA, 
and l.D= j- B. Pm.l. 

L. C = i- D = E. 


Coiioi,i.AiiT. — All the angles of a square are right angles. 

For hy Pm.le. \Gor. 1], a sguai’e is a parallelogram. 
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EXERCISES XXXV (Riders). 

1. If the opposite angles of a quadrilateral are equal, the opposite 
sides are alj|o equal. 

2. Prove that any straight line drawn througli the middle point M 
of the diagonal of a parallelogram and terminated by opposite sides of 
the parallelogram is bisected at M, 

3. The diagonals of a square divide it into four congruent triangles, 

4. If one angle of one parallelogram is equal to one angle of another 
parallelogram, the remaining angles in the first parallelogram are 
respectively equal to the remainmg angles in the second. 

101. ThEOEEM [PlXL.4j, — Th.e diagonals of a paralXelograna 

bisect eacb other. 



Given that A BCD is a 11“ (Fig. 165), 

Itequired to •pvove that AO = 00, 00 = BO, 

Proof. — In 11“ ABCD, AD = BC. rm.i. 

‘.'AD II BO, (using /K? as trv.) i.0= Lcj}, p.lc. 

and (using BO as trv.) i.X= L[i.. p.lc. 

f AD = CB i 

In As AOD, COB, l. 6= ^4>f 

therefore AO = 00, and 00 = BO. C.2. 

Corollary. — The diagonals of a rhombus^ square or rect- 
angle, bisect each other. 

102i ThEOEEM [Pni.5]. — The diagonals of a rhombus or 
square bisect its angles and are perpend! culShr to each other. 

Given that /I BCD is a rhombus or square (Fig. 166), 

Required to prove that A, B, 0, 0, are bisected by 
the diagonals, and that AO i. BO. 
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In As ADC, ABC, 
iAD^AB] 

\-\cd = cb\ 

[AC^AC] 

L CAD = A CAB, 


and 


c 

Fin. 166. 


^ACD=i.ACB; C.s. 

that is A s /I and C are 
bisected by diag. AC. 

Similarly it can be proved that A ABD = /S.CBD, and 
hence that l s B and D are bisected by diag. BD. 

f AD=AB ] 

A0=:A0 ^ 

l±OAD= ^OAB] 
l.A0D=lA0B. c.i. 

But these are adjacent angles ; hence AC ± DB. 


In As A CD, AOB, 


103. ThEOBEM [Pm.Gj. — The diagronals of a rectang-le or 


sqtxare are equal. 



Given that ABCD is a rectangle or 
square (Fig. 167), 

Required to prove that AC = BD. 

Proof. — •.■/45C/) is a 11“ Pm.ic. 

.".AD = BC, Pm.i. 

ABCD is a rect., .'. lADC=^ i-BCD. 


In As ADC, BCD, 
therefore 


( DA=^CB ] 
4 DC=^CD h 
[lADC= lBCD} 
DB = CA. 


c.i. 


EXERCISES XXX VI {Riders). 

1. In any parallelogram the diagonal which joins the angular points 
of the olituse angles is shorter than the other diagonal. 

2. If tlie diagonals of a quadrilateral bisect eacb other the 
quadrilateral is^ parallelo^am. 

3. If the diagonals of a quadrilateral biseet each other and are equal 
the quadrilateral is a rectangle. 

4. If the diagonals of a quadrilateral bisect each other at right angles 
the quadrilateral is a rhombus. 
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104. Theorem [Pm. t ]. — if two parallelog^rams liave two 
adjacent sides of tlie one respectively egnal to two adjacent 
sides of tlie otlier, and liave also the angrles incinded between 
those siSes equal, then the. two parallelo^ams shall he 
congruent. 

In Fig. 168, A BCD, HKLM are two parallelograms: — 



Fig. 168. 

Given tliat AB — HK, BC = KL, B= ~ K, 

Required to prove that jj” BD = ;i“ KM. 

Qons . — Join AC, HL. 

Proof . — In As ABC, HKL, 
i AB = HK ] 

BC = LK \ 

[^B= ^Kj 

A ABC=AHKL C.i. 

In lj“= BD and KM, 

A CDA = A ABC, andA LMH = A HKL. Pm.i. 

Bat AABG =AHKL; 

hence A CDA ^ A CM H. 

Since As ABC, CDA are respectively congruent to As 
HKL, LMH, 

and since the relative position of the first pair of As 
in 11“ BD is the same as the relative position of the second 
pair in |1“ KM, 

therefore jj“ BD = ||“ KM. 

Corollary 1. — if two rectangles have two^adjacent sides of 
the one respectively equal to two adjacent sides of the other, 
then the rectangles are congruent. 

Corollary 2. — if two squares are constructed on equal sides 
they are congruent. 
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105. Prel. Sx.—ln Kg. 169, HK=KL, HX li KY, and KX || L Y. Prove 
t\ia.tHX=KY. 

Theorem [P. 5]. — if tbere are three or moi^ parallel 
straight lines and if the intercepts made hy them on any one 
transversal are equal, then the intercepts made hy them on 
any other transversal are eqnal. 

Given that a,h,e,. . . 
are parallel lines (Fig. 
169), and tliat tlie inter- 
cepts //A', KL, . . . wliich. 
they make on the trans- 
vei’sal / are all eqnal ; 

Req^dred to qyt'ove 
that the intercepts PQ^, 
QR, . . . which they 
make on any other 
transversal g are all 
equal. 

Cons, t — Through H 
and K let HX and KY he drawn each parallel to g. 


Proof.— HX II g and KY |! g, HX || KY ; P.3, 

hence (using / as trv.) na= Ly. P.2e. 

KX II LY, (using f as trv.) lZ. P.2c. 

( HK = KL 1 

In A s HKX, KLY, \ na= nyl.*. HX = KY. c.2. 

U/3=/-Sj 

HP II XQ, and HX \\ PQ, HPQX is a 11“ ; 
hence HX — PQ. PifS.l. 

Similarly it can he proved that KY = QR. 

But HX = KY; hence PQ = QR. 


Similarly it can be proved that PQ is equal to any 
other of the intercepts made by the parallel lines on the 
transversal g. 

106. Frel. Ex.- In Pig. 170 AB and GE bisect each other at F. 
{a) Prove that AE, GB are equal and parallel. Hence (6) Given that E 
bisects AO, prove that EE is parallel to BG ; and conversely (tf) given 
that EE is parallel to BC, prove that E bisects AO. 

t Hyyotlyitical eonstnietion. See footnote on p. 105. 
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Theorem [T.7J. — (i) Tlie Ime wMcIi Soikxb the middle 
points of the sides of a triangrle is parallel to, and half the 
length of^ the base ; and (ii) the line drawn parallel to the 
base, from the middle point of one side, bisects the other side 
and is half the length of the base. 

Tjo. ABC (Fig. 170), F bisects . 

tlie side AB. 

(i) Given tbat"£ bisects AC, 

Itequired to 'prove tbat 

FE\\BC,&ndFE = ^BC. ^ 

(ii) Given tbat FE (| BC, 

Itequired to prove tbat 

E bisects AC, and FE — WC, _ 

B c 

Cons . — Produce EF to G, i;()_ 

mating FG = FE. Join BG. 

Proof. AB and EG are st. lines, .lX= l a a 2 
{ AF = BF ■] n . . 

In A&AFE, BFG, -.-i EF = GF I 

L.a.= A S_j_and AE = BG, C.i. 

Aa= aS, (using AB as trv.) AC ]] BG. p.l. 

(i) BG = AE (Proved), and AE^ CE (Hyp.), .'. BG = CE. 

In quad. GBCE, BG = CE and BG |[ CE, 

.■.GE\\BC and GE = BC. Pm.2. 

Hence FE 1| BC, and FE = hBC. 

(ii) •.• BG II CE (Proved), and GE \\BC (Hyp .) ; 

.'. BGEC is j|“, whence BG — CE, and GE=BC. Pm.l. 

BG = CE, and BG=AE, therefore AE = EC, 
GE=BC, and FE=^GE, therefore FE^^BG. 

Kote. — The firi3t portion of Part (ii) of this theorem can be proved 
at once from Theorem P,5, For if AX be drawn li BG (Fig, 170), 
then AXf FEj BO are parallels ; alsoAF — FB. Hence AE=:EGj by F.5. 

Definition. — in any triangle any straight line which 
joins the middle point of a side to the opposite vertex is 
called a median. ^ 

Tiixis in Fig, 170 tlie lines BE, CF would be medians 
of tlie triangle ABC. 


t The first portion of the jPraof applies both to Part (i) and Pai't (ii] 
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EXBItCISMS XXXVIL 
Eibees. 

{In Questions 1-4 the references indicate all ike jrroposiwns 7^eg^'ic'orece 
in the proof) 

1. In the quadrilateral ABGDj AB is parallel to CD. Prove that the 

line drawn through the middle point of AD parallel to AB bisects the 
opposite side and both diagonals. P. 5. 

2. In the quadrilateral ABCDj AB is parallel to ODj and the sides 
AD, BO are bisected at the points //, K. Prove that HK is parallel to 
AB or CD, and equal to J {AB^ CD). Playfair's Axiom ; P.5.; T.7- 

3* Straight lines bisecting two adjacent angles of a parallelogram 
intersect at right angles. P.2c ; T.l. 

4. Straight lines bisecting two opposite angles of a parallelogram are 

either coincident or parallel. P.lc.; Pm. 1; P.2. 

5. If the straight line, joining two opposite angles of a parallelogram, 

bisects the angles, the parallelogram is a rhombus. P.lc; T.2c, 

6. ABGD is a parallelogram and BD is a diagonal. Prove that the 

perpendiculars from A and 0 on BD are equal. C. 2. 

7. Prove that if two lines are parallel^ the distance from 

either line of any point on the other line is constant^ im e, is 
the same for all points on these lines. f P.2. ; P.2c. 

8. In a rhombus the distance between one pair of parallel sides is * 
equal to the distance between the other pair of parallel sides. C. 2. 

9. If Dy £, F are the^ middle points of the sides of an equilateral 
triangle prove that the triangle DEF is equilateral. 

10. If £>, E, F are the middle points of the sides BG, GA, AB of o. 
triangle ABC, the tnangles DEF, AEF, BFD, CDE are all congruent. 

11. ABGD is a parallelogi^am ; BK, DL are tw^o parallel lines meeting 
the diagonal AC in K and L; prove that AK—CL, AD AGBK, 

12. In the quadrilateral ABGD, AB is parallel to DC ; also AD is 
trisected at E, F, and BG at H, K. Prove that EH is parallel to 

13- If D be the middle point of the base BG of an isosceles triangle 
ABO, and £ and F be the middle points of the sides, prove that AD is 
perpendicular to EF, bisects it, and is bisected by it. 

14, If the angle between two adjacent sides of a parallelogram be 
increased, while their lengths do not alter, the diagonal through the 
point of intersection vill decrease. 

16* ABGD is a j^rallelogram, and E, F, G, H are the middle points 
Df the sides AB, BO, CD, DA respectively. Prove that EG and FH are 
parallel to BG and CD respectively, and that EFGH is a parallelogram. 
'Prove and use the converse of Pm. 4.) 

t This distance is called the distance between the parallel lines. 
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Ufi 

, In the pieccdiii^ tpiestion if ABCD i« a rliondais then EF€H h a 
rectangle and irrsd ; and if ABCD is a sf|naro, then EFGH Ls a 
square. (Prove and use the converses of Pm. 5 and Pm 6.) 

lY*. In %iiy parallelogram the distance between the longer sides is 
less than the distance between the shorter sides. (Cut off a rhombus 
whoso sides are equal to the shorter side of the parallelogram.) 

18*. In a quadrilateral L.A— ^0=^D, Prove that .45 

is parallel to CD^ and AD equal to BO. 

19*. In a quadrilateral two opposite sides arc equal, and the other 
two opposite sides are parallel. Prove that opposite angles are either 
equal or supplementary. 


Problems in Practical Geometry. 

2Q. Construct a parallelogram in which two adjacent sides measure 
8*6 and 4*8 fins, respectively, and one diagonal measures 6 cms. 
Measure the other diagonal. 

21. Construct a triangle ABC, given >l5 = l’S'h 50=8'", g.5 = 6d^ 
Complete the parallelogram ABCD having ABf BC for adjacent sides. 
Measure the diagonal BD. 

22. Consti’uct a parallel ogi’am in which one side measures 5 cms. and 
the two diagonals measure 6 and 10 cms. respectively. Measure the 
other sides. 

23. Construct a parallelogram in which the diagonals measure 6 cms, 
and 10 cms. respectively and are inclined to one another at an angle 
of 60'*. Measure the distance between the longer sides. 

24. Construct a parallelogram in which two adjacent sides measure 
l'5"and 2*5", and the distance between the pair of longer sides is 
1 *2". Measure the distance between the other pair of sides. 

25. Construct a parallelogram in which two adjacent sides measure 
5 and 5 cms., and the distance between the pair of longer sides is as 
great as possible. Measure the two diagonals. 

26. Construct a rectangle having one side of length 1*5" and a 
iiagSnal of length 2*4". Measure the angle between the diagonal and 
the longer side. 

27. Construct a rhombus having each side and ore diagonal 1" in 
length. Measure the other diagonal. 

28. Construct a rhombus whose diagonals measure S and 5 cms. 
Measure the distance between either pair of opposite sides, and also 
the acute angle of the rhombus. 

29. Construct a rhombus in which the longer diagonal measures 
f cms. and the acute angle measures 50°. Measiue the other diagonal. 

30* Construct a rhombus each of whose sides measures 6 cms., and 
in which opposite sides are at a distance of 4 cms. from each other. 
Measure the obtuse angle, 

G. T. P. 


L 
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31. Construct a square whose diagonals measure 4 cms. and measure 
the sides. 

82. State the converse of Theorem P,5. Draw a figure showing 
clearly that the converse does not hold. '' 


A 



B L M N C 

Fig. 17L 


33. Copy Fig. 171 accurately to the gken dimensions. ABC is an 
equilateral triangle ; DC, EH, FK are all || BG; ON, EM, FL are ally 
AC. Join GL, HM, KN. The figure should now be accurately divided 
into 16 equilateral triangles of sides ‘5", • 


A -s' f ‘Jt" F -a" ft 



Fig. 172. 

accurately to the given dimensions. ABis l AD ; 
EKf FLf BO are all || ADj GMf HN, DC are all [! AB. The fiOTte 
now consrs^te of 9 equal squares Join f 0, FH, BD, MK, NL, HK,GL, 
Ab, tN, tM. Ihe figure should now be accurately divided into 36 
e(iual right-angled isosceles triangles. 


CHAPTER V. 

PROBLEMS. 

107, The Propositions in this chapter are all Problems, 
that is to say their object is to establish the validity of 
certain geometrical constructions. Most of these con- 
structions have already been, given in the Introdnctory 
Course ; but for the student’s convenience tlieso are 
usually rejicated here in connection with the formal 
proof which justifies them. 

Revise § 10 of the Iiitioductoiy Course 10, 11), and commit the 
definitions to memory. 

Note that the statement that all radii of a cii’cle are equal is implied 
in the definition of the circle. 

Problem. " j* — T o bisect a given 
angle. 

Eeqiiired to Tbisect lABC 

(Fig. 173). 

Com , — Using tlie compasses 
mark off from BAj BCj any equal 
lengths BDj BE, 

With centres D, £; and any 
convenient equal radii draw 
two arcs cutting at f , BF will 

Proofs — Join DF, 

(BD=BF,] 

In As BDF, BEFj *< DF^EF, 1 therefore jlDBF^ lEBF. O.B. 

{bf=bf,] 



Fig. 173. 
bisect lABC, 


t As the use of Hypothetical Constructions is now permitted, the 
Problems do not fonn an essential part of the logical course ; 
accordingly they have not been included in the scheme of marginal 
references, bnt are referred to by means of the section number — e, fj, 
this Problem is indicated by the reference ''§ 107.” For this reason 
too the proofs of Problems are printed in small tyjie. The authora, 
however, advise that students should learn the proofs of Problems as 
well as of Theorems, and in writing out these proofs should insert 
references to Theorems only, 

$ These lines are required only in the Proof. 

147 
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108. On accuracy in drawing^, — In niaiiy geometrical constructions 
certain ] joints arc determinetl by the intersection of two lines, straight 
or curved, as for instance in the case of the point F (Fig. 173). 

In such cases there are two possible sources of error : — r 
(i) One or both of the intersecting lines may be slightly out of 
liositiou in Fig. 173 we may not have used the exact points D and 
£ for centres) ; 

fii) the two lines niai" intersect at such a small angle that it is 
ditfieult to determine the exact point where they cut. 

The possible error due to (i) is least 'when the intersecting lines 
meet at right angles t ; it is about twice as great if they intersect at 
In'" and is seriously increased if they intersect at a smaller angle. If 
the lines are thin, the error due to (ii) is of no importance unless the 
acute angle at the intersection is about 20° or less. Accordingly the 
])Osdhle effect of errors due to both causes will he reduced to a 
minimum if it can he arranged that the intersecting lines shoidcl cub 
ronghlg at right angles. Thus in Fig, 173 we can get a very good 
intersection at F by taking the radius £)£ rather less than DE. 
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In many constructions however it is impossible to vary the angle at 
vhieh the two lines intersect, and in others the light-angled inter- 
section could only be obtained by means of an awkward or unwieldy 
figure. The following is theiefore the best working rule : — 

a point is to be obtained by the intersection of two Tines, it is 
advisable that these lines should not form an angle of less than 45°. 

Fig. 173 will also serve to illustrate another important point :“The 
ares drawn with centres D and £ would also intersect at some point, ^ 
to the h*.ft of the line DE; and theoretically angle B would be bisected 
as accurately by joining BG as by joiping BF. In practice, ho^mver, 
the point G is much too near the point B to give a good result. For a 
slight error in the position of G would have much more effect on the 
direction of the line BGj than an equal error in the position of F would 
have on tlie direction of the line BF, See Fig. 174 where BGF is the 
true position of the bisector, and f g are at equal J distances from £, G 
respectively. In general : — 

M practical geometiy a liTie cannot be accurately determined by means 
of two points which are near together. 


t The reason for tliis is rather too difficult for the student at this 
stage. 

J To the eye Ff appears smaller than an interesting optical 
illusion. Each length is *2 cm. 
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109. i^ROBLEM, At a ^ivext pomt in a ^iven strais^lat line 
to construct an an^le equal to a g^iven ang’le. 

Beqiiirpl to construct at £ in tlie given line ED an 
angle equal to the given angle ABO (Fig. 175). 

Cons , — \\ ith centres Bj E and any eoiiA'eiiieiit equal radii 
draw two arcs ££, HKj inter- 
secting BAf BCf ED at Gj H 
respectively. 

With, centre H and radius 
FG "{* describe an arc cutting 
the arc HK at K, 

Join EK. Then DEK shall he 
the requii'ed angle. 




Proof,— Join FGj HK, Fjo. 175. 

iEH=:BF\ 

In As EHKj BEG, [EK^^BGy therefore ^E=: C.3. 

[hk=fg} 

110. At tins stage the class shoaid re\ise §§ 12, 23, 24 of the Intro- 
ductory Course^ which are of very great impoitaiice Liit require no 
proot. In practising the problems iii these sef'tions the class should 
dispense with a proti actor, using only angles given on a diagiam. 

To arrange this work for a class the teacher Cvin first instruct the 
pupils to construct the following angles by means of the protractors : — 
/^ = 50% e = 6o", 5=70% r=75% A=80% Z=90". After the pro- 
tractors are put away the following exercises can be worked : — 


BXEUOI^EB XXXVIII {Practical Gcomdry], 
Construct triangles ABO from the folh nviug data : — 

1. AB = A 5 = l.A^ \ K, Measure BG, 

2. AB = A ems- , jlA = Pj /^B=Z, Measure BG, 

S^AB==z 2'% l,A= — ^ 8. Measine A G, 

4:, AB=2 cius. , AG =2’5 cms. , Measure BG, 

5. AB=zl'^'^j L.A’=:-\Zf lB=^T, Measure 55. 

6. BG = 1 *5", lB = 1^ Xj lG~Q. Mc^asni e AB, 

7. AB==AG = 2'\ lA=IX, Meitsure 55. 

8. 55 = 1-5% >45 = W /./1=5. Measure 45. 

9. 55=1% 45=1 25% /.A = i8, Measure 45. 

10. 4 5 = 6 ‘ fi cms. , 45 = 4 *4 cms. , L C~ I X, Met^ur e 5 5. 
Construct quadrilaterals ABGD from the following data : — 

11. 45=55 = 2", 55= -6% l.B^ l C=-Z. Measure AD, 

12. 45 = 2-1% 45 = 1-4% 55 = 1% 55 = 1% z.4=P. Measure 45. 


t The compass legs are to be set to the points F and G, The radius 
will tiieii be equal to the siraigM Urn FG, 
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111. Problem. — to draw a Une through, a given point 
parallel to a given straight line. 

Eequired to draw through, the givea point P a line 
parallel to the given line AB (Fig. 176). 

First Method : Co7is . — Take any convenient point C 
in the line AB. 



With centre G and radius CPf deserihe the arc PD, 
cutting AB in D. 

With centre P and radius PC describe the arc CE, 
With centre C and radius DP describe an arc cutting 
arc CE at E. Join PE. 

Then shall EP be parallel to AB. 

Proof. — Join CP, PD, CE. 

•.* EP = GP, and GP = CD {Com.), .'. EP = CD. 

In quad. EPDO, ■.■EP = CD and EG=PD, . -. EPDO is a r. Pm.lc. 
That is EP 1| CD. ► 

Segono Method : See the method by set squares given 
on p. 41 (Fig. 56). Note that CM really eoinaides tflmth 
AB and HD with EG. 

Proo/. — Since the angles DOIH, LHK are equal to the same angle on 
the set square, . • . L DCS! = L. LHK. 

Hence (using HD as trv.) HK !1 AB. P.2c. 

Note. — Theoretically there is no reason to prefer either of these 
methods to the other. In practice the second method is usually the 
more convenient, especially if P lies very near AB ; but the second 
method is not accurate if the edges EG, CD of the set squares deviate 
sensibly from the straight. 


t See footnote on p. 149. 
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112. Problem. — to draw a line perpendicolar to a given 
straiglit line from a given point within it. 

Eequived to dra^r a line from C±AB (Figs. 177 and 178). 

First Metuod : Cons . — 

Using the compasses mark off 
on the line AB on each side of 
the point C any conTenient 
equal lengths CD, CE (Fig. 

177). 

With centres D and £ and 
any convenient equal radii draw two arcs intersecting 
at F. Join OF. 

Then CF shall he the required perpendicular. 

Proof. — Join DF, EF. 

(DF=EFt 

In As DFC, EFC, ■.•■{D0=£0 ( .\J.FCD= 1.FCE. 0.3. 

[fo=fc j 

But these are adjacent angles, hence OF ± AB. 

Second Method* : Cons. — Take any convenient point 0 
outside the line .(Fig. 178). 

With centre 0 and 
radius 00 describe the 
circle DOE, cutting AB o. 
second time at D. 

Join DO and produce 
to meet the circumference 
again at the point £. 

Join CE. 

Then CE shall be the 
required perpendicular. 

Proof. — Join 00. 

In A OOE, ■ OE = 00, 

In A OOD, •. • 00 = 00, 

Add these equals, . •. I.E0D 



Fig. 178. 


.i.00E=-0E0. 
.'.OGO=_ODG. 

^OEG+^ODO. 

f CS is an exterior angle of A DGE, 

.’.jlEGB=l.OEG+ iuODG. 

Hence lEGD=lE0B. 

But these are adjacent angles ; hence EG J. AB. 


T.2. 

T.2. 


T.l. 
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Third Method. — By tlie use of tlie set sgimres, as 
described oa jj. 23. isote that KL really coincides with 
ABj and HR with A/0, 

Proo/.— Because each of the angles QPR, KHL is equal to the same 
aiiKie of the set square, 

.\jlQPR^lKHL 

Hence (using HL as try.) PQ il HK, P.2c. 

Tims (using KL as trv.) l PGL=^ l HKL, P.2. 

But, if the set square is accurate, l HKL =R. Hence z. PdZ. = 11. 

Note 1. — Of these three methods, the first two are theoretically 
perfect. In practice the first Is very accurate, as the exact position of 
the various points of intersection can be easily determined ; OF should 
he rather less than DE, The second is more convenient when C lies 
near one extremity of AB, as it does not require the line to be pro- 
duced ; also the second is as accurate as the first provided that L.UGA 
is about 45“, and 0 is not too near to G ; the value of this rule is 
easily verified by repeating the construction several tunes with 0 in 
difierent positions. The accuracy of the third method depends upon 
the Set square. 

2sote 2. — To test the accuracy of the right angle, take a point X on 

at a distance of 4 ciiis. from G, and a point Y on the perpendicular 
at a distance of Z cnis. from C, Then XY should measure exactly 
5 cms. See K.T,2. The fact that a triangle with sides in the ratio 
3:4:5 was right-angled was known to the Egyptians at least 2000 
years B.C. 

113. Problem. — to bisect a given stralglit line. 

Bequired to bisect AB (Fig. 179). 

Cons, — Witb centres B; 
and any convenient equal 
radii, draw two arcs inter- 
secting at C and /), 

Join CD by a line meeting 
AB at P. Then P skall be the 
middle point of A B> 

Proof.— Soin AO, AD, BO, BD. 

Since AG, AD, BO, BD axe all equal, 

A DBG is a rhombus and its diagonals 
bisect each other. Jpjn. 5. 

Hence AP^BP, 

Corollary. — CD is perpendicular to AB, Pm. 5. 

Caution. — In practice only the portions of the arcs near C and D are 
4rawn, the lines AC, AD, BO, BD are not joined and the point P is 
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determined by laying the straight edge between 0 and not hy 
actually drawing GD, Similar remarks apply to most of the iignies in 
this section. It is a good exercise for the pnj>il to point out exactly 
'which lines^ in the fignre may be omitted. 


114. Problem. — to draw a line perpendicular to a firiTen 
straight line from a given point WithontHhe line. 

Bequired lo draw a line from C ± AB (Figs. 180 and 
181). 

First Method. — ^^¥ itli 
centre C and any con- 
venient radius draw an arc 
cutting AB at tie points 
D, E {¥ig. 180). 

With centres D, E, and 
any convenient equal radii 
draw two arcs intersecting 
at F. 

Join CF, cutting AB at 
G, Then CF will be the required perpendicular. 

Proof . — Join OD, OE, DF, EF. 

fCDr^CE] 

In As DOF, EOF, 1 DF= EF\.-.l. DCF= z. EOF. C. 3, 

yCF=CF) 

{ CD==CE 1 

In As DOG, EGG, • { GG = GG - . z. OGD = ^ CGE. C. 1 . 

t/.£)CG=i.£CeJ 

Bat tliese are adjacent angles ; hence GG J. AB. 



Second Method' : Cons . — 
Join C to any convenient 
point D in A B (Fig. 181). 

Bisect CD at 0. § 113 . 

With centre 0 and 
radius OC (or CD) describe 
a semi-circle meeting AB 
at 6. Join C6. 

Then GG is the required 
perpendicular. 



The proof is similar to that of the second method given in § 112. 
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Third Method. — See the method by set squares giveu 
on p. 25. 

The proof is similar to that of the third method given iiv.§ 112. 

Kote. — Of these three methods the first two pe theoretically per- 
fect ; there is very little to choose between them in point of accuracy. 
In both methods z. GDB should not be greater than 45 ° ; the value 
of this rule is easily verified by repeating the constructions with D in 
various positions. The first method is more convenient when G will 
fall near the middle of the line, and the second method when G will 
fall near either extremity. The accuracy of the third method depends 
upon the set square. 

115. Problem — ijfQ (iivide a given straight line into five 
equal |»arts. 


Fig. 182 . 

Required to divide AB into 5 equal parts (Fig. 182). 

Com . — ^Draw any line at a convenient angle with. 
AB. Along AX mark off with the compasses 5 equal 
lengths >4 P, PQ, QB, RS, ST oi any convenient size. Join.^r, 

Through P, Q, R, S, draw lines PC, QD, RE, SF \\ BT. 

These lines will divide A B into 5 equal parts. 

Proof . — Suppose a line drawn through A parallel to BT, We have 
then a series of parallel lines and two transversals AXj AB, 

But the 5 intercepts AP, PQ, . . . whicli the parallel lines make on 
the transverteul AX are all equal. 

Hence the 5 intercepts AG^ OD, .... which the parallel lines make 
on the transversal AB are all equal ; 

that is ^ AB is divided into 5 equal parts. 

Note 1 . — A straight line can he divided into any number of equal 
parts by a similar construction. 
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Note 2. — No simple rules can be given for drawing a good figure. 
The following bints will be found useful: — lA may vary roughly from 
30* to 70° the latter being useful when AB is sh&rL Try to choose lA 
and length AP so that lB will lie roughly between 60° and 120°. AP 
should not be less than about J inch, as smaller lengths are not 
easily marked off with the compasses ; if J inch is obviously too large, 
mark off shorter equal lengths from the scale of millimetres, and in 
using this scale be careful to avoid the parallax error. (See § 6, 
Introductory Course.) 


116. Problem. — to 


construct a square given one side. 


Required to construct a square 
having A B for one side (Fig. 183). 

Go7is . — From A draw AC ± AB. 
From AC cut oil AD equal to AB. 
With centres D and B and radii equal 
to ABj describe two arcs intersecting 
at the point £, 

Join DE, BE. 

Then ABED shall be the required 
square. 

Proof. — Each of the other three sides is 
equal to AB. 

Also >1 =: Iv. 

Hence A BCD is a square. 



Fig. 183. 


JDef. 


EXEMOISES XXXIX. 

Eiders. 

In Questions 1-4, 7-10 the stiide7it must give a cmistruetion for tkt 
problem which does not involve the use oj protractor or set sguares^ ano 
must prove that this construction is correct. 

In Questions 1-6 the references i7idicatc all the Propositions required. 

1. Draw a straight line through a given point P which shall mak< 
with a given straight line AB an angle equal to a^ven angle G. 

§109, §111, T.Bc 

2. Through a given point draw a straight line so that the par 

intercepted between tW’O given parallel straight lines may be equal to j 
given straight line. § HI, Fm.l, 
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3. Draw a straight line j^arallel to the base of a triangle so that the 

portion intercepted between the sides may be equal to a given straight 
line. §111, Pm. L 

4. Draw a straight line through a given point making equal angles 

with two given intersecting straight lines. Can moie than one such 
line be drawn ? § 111, P.2c, T.2. 

5. Prove the following construction for tiisecting aright angle ABO^ 
i. c. dividing it into three equal parts : — 

With centre B and any convenient radms draw an arc intcrscciing BA, 
BG at Dj E TiSpectixely ; with centres 0, E and the same radites as before 
draw arcs meeting the arc DE at F, G; join BF, BG. {Note that DBF is 
an egu llatcral triangle . ) T. 1 , T. 2. 


6- A point is to be dcteinxined by the intersection of two sti^aight 
lines. One of tlieiu is drawn accurately, and the other is drawn 
parallel to its correct position at a distance of *1 inch. Show that the 
resulting en'or in the position of the point is least when the two lines 
are at right angles. p,2c, T.5. 

7. Construct a quadrilateral figure equal in all respects to a given 
quadrilateral figure. 


8. Construct a parallelogram given the lengths of the diagonals 
and the angle between them. 


9, Construct a rhombus given the lengths of the diagonals. 

10. Construct a rhombus given the length of one side and the 
perijendicular distance between this side and the opposite side. 


11. Prove the following construction for drawing a line from B 
l^rpendicular to the line AB : — On AB describe an equilateral triangle 
ABO f produce AO to D, making OD^AO; join BD. 

12. Prove the following construction for trisecting a line On 

base describe an equilateral triangle ABC; bisect the aiu^les 

D ; through D draw lines parallel: to 
OA, CBj meeting AB at E, F. ^ 


IZ. Prove the following construction for bisecting an angle ABC: 

lake any two points H, L, on BA ; on BO mark ott lengths BK, BM 
equal to BHj BL respectively ; join HM, KL, intersecting at A^; ^oiuBN. 

14.^ Prove the following construction for dividing a line AB into five 
wff-h ^ any line AX making a convenient angle 
with^^, through Tdraw BY parallel to and in the opposite sense to 
AX, froni 4 mark oif four equal parts AC, CD, DE, EF, along AX; from 

Join U, DK, EH, FQ, meeting AB m P, Q, R, 8 respectively. 

Pm. 2, P.5. 
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Proelejvis IK Practical Geometby akb Scale Dbawikg. 

{The following Qucbtiom require very exact drauing ; protractor mid 
set saiiares are oiot to he used.'f) 

15. Take a line AB of length 1 cm. Pind two points C,D each of 
which is 5 cms. from and 4T cms. from B. Meoanre CD, 

16. Construct a triangle PQR^ making PQ, QRf RP efinal to 

*5", *7'' respectively. Produce OR to 8j making Draw ST 

perpendicular to PQ. Measure 

IT. Draw a line AB of length 3'^ From BA cut off BO— *3"'. Draw 
BX, CYf perpendicular to AB, and on the same side of it, making BX= 
2’5'\ CK=2*2". Join XV, and produce it to meet AB at Measure 

AZ. 

18. Draw a line PQ of length 2". From P, Q draw PX, QY Y»er|x;n" 
dicular to PQ and on oppo.site sides of it. Divide PQ into 7 equal 
parts, and let R be the dividing point nearest to P, From PX mark off 
PS^ 'B". Join SR and produce it to meet ^ K at F, Measure QT. 

19. Dra-w of length *5'' ; at A and B erect pverx^endiculars AX, 
BY on the same side of AB. From BY mark off BC^ 'Z' ; join AC and 
divide it into 5 equal parts. Join BD, where 0 is the dividing point 
on >4C nearest to C. Produce BD to meet AX at £. Measure AE. 

20. Construct a seven-sided figure OABODEF from the following 
data:— 0>4 = >IB = BC=CD = Z>£=fF=:r' ; .:»0>f£= « 1.0{?D=: 
A 0DE= L 0££=R. Measure OD, OE, OF. 

21. Theie are three church spires A, B, 0. >1 is 1 mile from B ; Cm 

*7 mile from A and J mile from B, How far does 0 lie from the 
straight road AB? 

22. P, Q are two consecutive mile-stones on a straight road running 
due north. A tower T is visible from both points ; at P it bears 
‘‘north by east,” {i.e. llj*" east of north), at Q it hears “north-north- 
east” {Le, 22§® east of north). Find the distance of the tower from 
the road PQ. 

20. A ship is exactly 10 miles due north of a rock. How far must 
it sail due east in order to be exactly lOJ miles from the rock ? 

24. A, B, 0, D, E, F, G, H are telegraph-posts occiining at intervals 
of } furlong along a road bearing 30" N- of E- Z is a church-spire J 
furlong due north of A/ Y is another spire due south of //. If XBY is 
a straight line, determine the distance HY. 


t In Questions 15-20 a good system of marking would be to give 4, 
3, 2, 1 marks for answers in which the error is lAt greater than *02'', 
*04'', *06", *08" respectively. In Questions 21-24 give 4, 3, 2, 1 marks 
for answers in which the error is not gi eater than 1, 2, 3, 4 per cent, 
respectively. 



CHAPTER VI. 

LOGl 

117. In working tkrongli the following exercises, 
remember that the distance of a given point from a 
given line is measured by the length of the perpevdieular 
drawn from the given point to the given line or to the 
given line produced. 


EXERCISES XL {Oral-\). 

1. Take any point A. Find ten different points eack of which is 
exactly 1 ‘2" from A. 

(a) On what line or curve do these points all lie 1 

{b) Is every point on this curve at a distance of 1 ‘2" from A ? 

(c) Is every point (on the paper) which is 1 ‘2" from A on this curve ? 

2. Take any line AB, Find ten points each of which is •7" from 
AB (some on each side of AB). 

(a) On what pair of lines do these points all He ? 

(b) Is every point on either of these two lines at a distance of '7" 
from AB 1 

(c) Is every point (on the paper) which is -f from AB on one of 
these two lines ? 

3. Draw an angle HKL about 40°. Find (by trial) a point within 
this angle, which is equidistant from HK and KL—i. e. which is the 
same distance from HtC as from KL. Find (by trial) four other points 
each of which is equidistant from HK and KL. 

(a) On what line do these points all lie ? 

(J) Is every point on this line equidistant from HK and KL 1 

(c) Is every point within the angle which is equidistant from HK 
and KL on this line ? 

4. Draw a line AB about 1" long. Find a point on AB which is 
equidistant from the two points / and B~i. e. which is the same 
distance from A as from B. Find (by trial or otherwise) a point on one 
side of AB which is equidistant from A and B. Find five other points 


+ These questions are best worked orally on the blackboard, the 
dimensions being suitably altered, e.g. by reading “feet” or 
decimetres ” for “inches.” 
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eacli of wliicli is ef^iiiclistont from A and B— some on one side of AB aiul 
some on tbe other. 

(a) On wliat line do these points all lie I 

{b} Is eremy point on this line effnidistant from A and B ? 

(e) Is every point (on the paper) which is equidistant from A and B 
on this line i 

5- Draw two parallel lines PQ, BS at a distance of ahont one inch. 
Find (by trial or otherwise) five different points each of wdiich Is equi- 
distant from the lines PQ and PS, 

(a) On what line do tlie.se points all lie 1 

(b) Is every point on this line equidistant from the lines PQ and RS 1 

(c) Is every point (on tiie xiaper) which is equidistant from PQ and 
RS on this line 'I 

IIS. Loci. — In eacli problem in tlie preceding exercises 
a set of points was drami all of whieb satisfied some 
given condition (c. g. in Question 4, tliey were all equi- 
distant from A and 6), In eacli case it was found (i) that 
these points all lay on some definite line or curve (on a 
pazV of lines in one case), (ii) that all points on this line 
or curve (or pair of lines) satisfied this given condition, 
and (iii) that no other foints on the paper satisfied this 
given condition. 

Lines or curves which are determined in this manner 
are called loci, and this method of drawing them is 
described as plotting. 

Definition. — T he locios t of a point which satisfies a given 
condition is the line (straight or curved) or set of lines, upon 
which the point must lie if it satisfies this given condition, 
and npon which if the point does lie it lanst satisfy the 
given condition.^ 

1^9. Example. — A and B are two fixed points at a 
distance I'-i". Plot the loens of a point which moves so 
that the sum of its distances from A and B is always 1'8". 

Evidently there is one point on the locus such that 

t A Latin word meaning position (which mathematicians nsually 
mispronounce as lOJcus in the singular and ISsi in the plnral). 

J This definition can also he expressed as follows . — 

The locus of a point which satisfies a given condition is the 
line (straight or curved) or set of lines upon which it is 
necessarij and sufficient that the point should lie in order that it 
may satisfy the given condition. 
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tlio distances from k and B are equal, each being ’9". 
To hud this point (P) dranr arcs with centres A and B 
and radii '9''. Tliese arcs will intersect in two points 
P and Q each of which is on the locus (Fig* 184). 



For other points on the locus we may take the series 
of corresponding values : 


Distance from A..., 

•4" 

1-4" 


1*2" 

*8" 

1*0" 

Distance from 

i 

1-4" 

•4" 1 

vr 

*6" 

1*0" 

i 



Thus arcs described with centres A and B and radii 
r4" and ’4" respectively will intersect at two points one 
above and one below A B, each of which is on the locus 
(Fig. 184). 

Similarly each pair of values gives two points on the 
locus ; and all these points* are shown on Fig. 184. 

Through these points a eurve, as regular as possible, 
m list he drawn hy hand. A postcard held at right angles 
to the paper and bent so as to pass through the points 
will be found a help. 

The result is, apparently, two curves, HPK and LQM, 
one above and the other below AB. Li such cases 
always examine carefully whether there is any part of 
he locus which joins these two together. 
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It is clear that if we produce AB to D so that F/}= *2'^, 
then AD^Vd"'; so that AD-j-BD = l'8'\ whence /? is a 
point on the locus. Similarly if we produce BA to C so 
that AC = ^2"\ then AC +BC = 1^8"', whence C is a point 
on the locus. The points C and D suggest that the two 
curves previously obtained should be joined by curves 
passing through C and the whole making a closed 
oval cuiwe of the class called ellipses.! 

Note 1. — Test the curve thus drawn by taking any other points ^ 
and S on it ; it will be found, if the drawing isgocni, that ^8" 

ami AS + SB = 1 *6^^ 

Note 2, — Find only points enough to enable you to determine the 
general shape of the complete curve and to draw it with fair aceura^'j. 

Note 3. — It is usually advisable, when |slottiiig any locus, to 
commence by forming a table of corresponding values, similar to the 
table given above. 

120. Various Types of Loci. — ^Any law wHch a point 
can satisfy in different positions may be taken as a locns- 
condition. By taking different conditions an endless 
variety of loci can be obtained. The following hints on 
a few common types of loci are worthy of notice : — 

(1) In many cases the locus is a straight line ; as a rule 
this line maybe produced to any length in either direction. 

(2) Sometimes the locus is a closed curve such as a 
circle or an oval ; in such cases it will be found that 
neither of the measurements upon which the locus 
depends can be greater than a certain limit. 

For instance, in the example in § 119, it is obrwus that the distance 
of the JocTis point from either^ or B must not exceed 1'8", and a few 
trials will soon show that its distance from either A ot B cannot 
exceed 1 '6 

(3) Sometimes the locus is a cuiwe (or curves) extend- 
ing indefinitely in certain directions (just as any straight 
line extends indefinitely in two directions). 

In such cases find a sufficient number of points on 
the locus (i) to determine its general shape, and (ii) 
to draw aeeurately that portion of the locus in which the 
distances involved are not inconveniently large. 

t Do not suppose that any closed oval is an ellipse. 

G. T. P. M 
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121. In many loci tlie locus-condition involves only the 
distances of a point measured from two fixed perpen- 
dicular lines. In such, cases the use of squared paper 
(tenth-inch squares) is a great advantage. 

Two of the lines ruled on the paper should he taken 
as the given fixed lines. It is then very easy to find a 
point at given distances from these lines (e. g. ’7" from 
one line and 1‘2" from the other). 


EXERCISES XLI‘\ {Practical Geometry), 

1. Draw a right angle XOY, Plot the locus of a point within the 
angle the sum of whose distances from the arms of the angle is 1*6"'. 

Draw four lines from 0 to the locus inclined to OX at angles (i) 20% 
(ii) 40% (iii) 50% (iv) 70^ Measure each of these lines. 

2. Plot the locus of a point between the arms of a right angle XOY 
which moves so that its distance from the arm OX is always double of 
its distance from the arm OY, 

If the points P, Q lie on OX at distances 1", 2" respectively from Oj 
find the shortest distance of each point from the locus. 

6. Plot the locus of a point which moves between the ai'ms of a right 
angle XOY in sucli a way that its distance from OX is always greater 
than its distance from OY by -T". 

Draw a line which cuts off lengths of 1" from OX and 0 Y, and a 
second which cuts off lengths of 2" from OX and OY \ if this line 
meets the locus at L and Af, measure the distances of L and M from OX 
and OK. 

4. Pl^ the locus of a point which moves between the arms of a rif/ht 
angle XO Y in such a way that, if its distances from the two ai'ms are 
measured in tenth-mehes, the product of these distances is alw^s 24. 
fTliiis the point wliich is 3 tentb-inelies from one arm and 8 tenth- 
inches from the other will be on the loons.] 

Along OX measure off OA, OC equal to 12 and 15 tenth-iuches 
respectively ; along OY measure off OB, OD equal to 12 and 16 tenth- 
mches respectively. Join AB, OD, and measure the chord which the 
locus intercepts on each of these lines. 


* this set of exercises the second part of each question is merely 

mtended as a test for the accuracy of the locus-drawing. Where the 
^eus IS a straight line the usual degree of accuracy may be demanded. 

other cases an error of *04" may he allowed, and an error of 
•08 may receive half marks. 



Locr. 103 

5, Take two iK>ints at a distance of 1''. Plot tlie locus of a point 
tke sum of wliose distances from A and B is 

Draw three lines parallel to AB (the fimt two above AB and the third 
below) at disfences of (i) *3", (ii) *5", (iii) *7''. Measure the distance 
between the two points in which each line meets the locus* 

0. Take two points A, B sd zt, distance of *8''. Plot the locus of a 
point P which moves so that the difference of the distances of P from A 
and B is “4"* 

Draw three lines parallel to AB (the first two above AB and the third 
below) at distances of (i) ‘S'", (ii) *9", (iii) 1 '2^^ ; measure the distance 
between the two points in which each line meets the locus. 

T. Take two points B at a distance of 1". Plot the locus of a 
point the arithmetic sum of whose distances from A and B is 1''* 
What result do you obtain 1 

8. Take two points A, B at a distance of V\ Plot the locus of a 
point the arithmetic difference of whose distances from A and B is 1". 
What result do you obtain 1 

9. Take two points A and B s,t a. distance of 1'^ Plot the locus of a 
point P which moves in such a way that AP is always doable of BP, 
Describe exactly the shape and size of this locus. 

10 . A and B are two points 10 tenth-inches (/. c. one inch) apart. 
Trace the locus of P when AP x constant. 

[When the question is given in this form assume any convenient 
value for the constant, say 24, as in Question 4 ; it being then under- 
stood that AP and BP are both measured in tenth-inches, and that the 
product of their measures is 24. 

Different values of the constant may give different types of curve. 
Trace this locus three times taking the constant as (i) 24, (ii) 25, 
(iii) 36.] 

On AB take a point 0 at a distance of 2 tenth-inches from A, 
Through C draw a line perj^ndicular to AB, Measure the chord 
intercepted by the locus on this line. 


122. Theorem [L.lj. — Tb.e locus of apoint wMcIi is at a 
given, distance from a given point is [tlie circumference of] a 
circle w3xose centre is tlie given point and wliose raditis is tlie 
given distance. 

This is a restatement of the definition of a circle and requires no 
proof. The student must satisfy himself ho’wever that a point wdiich 
is not on the circumference cannot be at the given distance from the 
given point. 
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123. Theorem [Ij. 2]. — The loctis of a point which is at a 
given distance from a given line, on one side of it, is a line 
drawn parallel to the given line through any point which lies 
at the given distance from the given line. 

In Fig. 185, is the given line, and X the given 
distance. 

DC is ± to and equal to X ; also P is any other 
point on the sanae side of as C, and PQ is the perpen- 
dicular distance of P from AB. 

(i) Given that PQ = X, 
Required to prove that 
„ P lies on the line through. 
D parallel to A B, 

Cons. — Join PC. 

Proof . — CD ±. A B, 
and PQ ± AB. 

.-. lCDQ+ lPQD = 2R. 

Hence (nsing DQ as trv.) CD |1 PQ. P. 2 , 

In quad. CDQP, CD || PQ 
and CD = PQ, 

• . CP II DQ. Pm. 2 

Hence P lies on a line through C \\ABj and (Playfair’s 
Asiom) there is only one such line. 

(ii) t Given that P lu'S on the line through C parallel to AB, 

Required to •prove that PQ = X. 

Proof . — •.* CD and PQ are both x >45, 

:.lCDQ^ l.PQD = 2B.. 

Hence (using DQ as trv.) CD || PQ. p.2. 

But CP 11 DQ {ffyp.), CPQD is 11<», 

••• PQ = 0D. Pn,. 1. 

Hence PQ = X. 

ConOLLABY. — Whe locns of a point whicliis at a ^iven distance 
ftrom a given straight Une consists of two lines each parallel 
to the given line one on each side of the Une. 

t This part of the argument is usually omitted, though logically 
necessary. o o j 


Q 

Fig. 185. 


B 
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124. On the intersection of two loci. — 


JSlc. — In Fig. 186 AB is a given line and G a given point 
point whicli is 1" from tlie point 0 and ’4" from the line AB. 

With centre 0 and ladius 1" describe © HKL 

All points on this 0 are 1'^ 
from G. 

Draw two lines DE, F6 each 
II AB and *3'' from AB. 

All points on DE or EG are 
Z"' from AB, 

But the points H, K, £, M 
lie on 0 HKLj and also lie on 
DE or FG. 

Hence each of these four 
])oints H, K, if M is 1" from 
0 and '3'" from AB. 


Find a 



The preceding example affords a good illustration of 
the method of intersecting loci. 

^ It is required to find a point which satisfies two con- 
ditions, viz. (i) the point is to be 1" from C, and (ii) the 
point is to be "3" from AB. 

Each condition gives a locus, viz. (i) gives the O HKL, 
and (ii) gives the pair of lines DE, EG, 

All points where the first locus intersects the second 
satisfy both conditions. 


JBXHEOISEB XLII {Ermtical Geometry), 

1. Work Introductory Course, Ques. 14, Exercises XL 

2. Work Introductory Course, Ques. 20, Exercises XI. 

3. Work Introductory Course, Ques. 16, Exercises XL 

4* Work Introdtodory Course^ Ques. 18, Exercises XI. 

5. Draw two lines OXj 0 K at right angles. Find, by the method of 
intersecting loci, a point P within L.X0Y whose distance from 0 is 10, 
and the product of whose distances from OX and 0 K is 45 — all distances 
being measured in tenthdnehes* Measure the distances of P from OX 
and OY, 

6. Draw two lines OX, OK at right angles. Find, by the method of 
intersecting loci, a point P within lXOY such that the sum of the 
distances of P from OX and 0 K is 12, and the product of these distances 
is 24 — all distances being measured in tenthAmhes, Measure the 
distances of P from OX and 0 K. 
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]25. Theorem [Lt.3j. — The loeus of a point which is 

equidistant from two given, points is the straight line which 
bisects at right angles the line joining the two given points. 

In Fig. 187 -4; B are tlie two given 
points, and C is the middle point 
of AB. 

Given that P is any other point such 
that PA =PB, 

Required to prove that P lies on the 
^ line at right angles to >15 through G, 

Cons. — Join PC, PA, PB. 
ipC^PG] 

In As PGA, PGB, ■: - GA=GB \ lPGA == l PCB. c.3. 

[pa=pb\ 

But these are adj. angles ; PC±AB. 

Hence P lies on the line at right angles to >I 5 through. C. 

The student should work for himself the proof of the 
statement that any point on this line is equi^stant from 
A and B hy 0.1. He must also remember that the line 
is to be supposed produced indefinitely both ways, i,e. 
above and below AB, 

126. Theorem [L.dJ. — The locns of a point which is 

eqnidisiant from two given intersecting straight lines is the 
pair of straight lines which bisect the angles between the 
given lines. 

(i) In Fig. 188 AOB, COD are the two intersecting 
straight lines, and P is a point in l DOB. 

Given thatJPM^PN, and PM, PN, are Jl to OB, OD, 
Required to prove that P lies on the bisector of th« 
angle DOB, 

Cons. — Join PO, 



Proof , — 
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Proof.— In As PNO, PMO, 

f OP^OP \ 

•.•{ PN^PM - L PON POM. C.4. 

\i.PNO= ^PM0 = lij 

Hence P lies on the 
bisector of l BOD. 

(ii) If the point P lies 
in lAOO the locus is the 
bisector of l. AO C ; since 
vertically opposite angles 
are equal (A.2), this bi- 
sector is the line OP produced backwards. 

Similarly if the point lies in .l A OD or l BOC the locus 
is the bisector of lAODov l BOC. 

Hence the complete locus is the pair of lines. 

The student must prove for himself by C2 that any point on eitlicr 
of these bisectors is equidistant from AB and CD, 

Note that these bisectors are at right angles. See Quos. 12, p. 99. 

127. Definitions. — ( i) Three or more straight lines are 
said to be conmrrcnt if they all pass through one point. 

Thns in Fig. 188 the lines AB, CD, OP are concurrent, 
since they all pass through 0. 

(ii) Three or more points are said to he colUnmr if they 
all lie on one straight line. 

Thus in Fig. 188 the points A, B,\M, 0 are collinear. 

EXERCISES XLIII. 

Eiders. 

1. Show how to find a point which shall be at given distances from 
two ^ven points- How many such points can be found ? 

% Show how to fiml a point which shall be at given distances fioin 
two given interseeting straight lines. How many such |K)ints can be 
found ? 

3. Show how to find a point on a given line (X) vvhich is equidistant 
from two given paints {Af B). When is this impossible ? 

4. Show how to find a point on a given line which is equidistant 
from two given interseeting lines. How many such points can be found ? 
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6, Find a point wlueli is equidistant from three given points. 
"When is tins impossible ? 

6. Find a point which is equidistant from three given straight 
lines. When is this impossible? 

7. Tile straight lines drawn at light angles to the sides of a 

triangle, from their middle points, are concurrent. L.3. 

8. The straight lines which bisect the angles of a triangle are 
concurrent, 

9. If the sides AB, AG of a triangle ABC be produced to D and 

the bisectors of the angles BAG, CBDj BOE are concurrent. L.4^ 

10. Find the locus of the vertex of an isosceles triangle drawn on a 
given base ; hence construct an isosceles triangle on a given base 
having its vertex on a given straight line. 

11. Find the locus of the points of intersection of two equal circles 
drawm with given centres. 

12. Find the locus of a point which is equidistant from two given 
2 >anillel straight lines. 

13. The line AB is bisected at C ; find the locus of a point at which 

AG and BO subtend equal angles. C.l, 0.6. 

Fiioblems in Pkactioal Geometry. 

14 . Construct a A ABO such that AB=2'\ BO =2*6", CA = 1*6". 
Find a point on AB which is equidistant from B and Oj and measure its 
distance from either. 

15 . Construct a A ABG such that AB=B cms., BQ = i cms., 0A = 

4 cms. Find a point which is equidistant from A, B and G, and 
measure its distance from any one of these points, 

16. Draw a triangle ABC, such, that AB=Z cms., cms., CA = 6 

cms. Find two points, one in OB and one in GB produced, which are 
equidistant from AB and AG, Measure the distance of each point from 
AG* 

17. Draw a triangle ABG as in question 16. Find a point within 
the triangle equidistant from all three sides. Measure its distance 
from any side. 

18. Draw a quadrilateral ABGD in which AB=i cms., BC=4t. cms., 

AD = 5 2 cms., and LB=6(f, Find a point P such that 

PA = PB and PC=PD, Measure PC, 

19. Draw an acute-angled triangle on a base 2", of altitude 1^', 
having one side 1 Measure the other side. 

20. Draw an obtuse-angled triangle, having the measurements given 
ill Question 19, bfcaaure the other side* 

^ 21. Draw a right angle XOK Plot the locus of a point within the 
right angle whose distance from OX is three times the distance from 
Oy, Take a i>oint P on OX at a distance 1^' from 0. Measure tho 
shortest distance from P to the locus. 
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22. Draw an angle POQ of 70*". Plot the locus of a point within 
the angle which is twice as far from OP as from OQ. Tate a point P 
on OX at a distance 2'^ from 0. Measure the shortest distance from P 
to the locus 

23. Draw a line AB of length *6". Through B draw CD perpendicular 
to AB, Plot the locus of a point which moves so that its distance from 
the point A is always equal to its distance from the line CA Hence 
find a point P whose distance from CD is equal to its distance from 
the point A^ and double of its distance from the line AB. Mi^nre AP, 

24. Draw a right angle XOK. Plot the locus of a point which 
moves within the right angle in such a way that its distance from OX 
always exceeds its distance from DK by a constant Describe the locus. 

25. Dinw a nght angle POO. Plot the locus of a point which moves 
within the right angle in such a way that its distance from OP always 
exceeds half its distance from OQ by a constant Descril^e the locus. 

26. Draw an angle POX of 60'’. P is a point within the angle, and 
PI, PM are the perpendiculars on OH, OK respectively. Plot the locus 
if P moves so that PZ. + 2PM = 2". Find a point on the locus equidistant 
from its extremities and measure the distances of this point irom OH 
and OK, 

27. P is a point within a right angle XOY, and PM, PH are the 
perpendiculars on OX, OY re-jpectively. Plot the locus when P moves 
so that PM = iV PH% where P/V- has its usual algebraic meaning, and all 
distances are measured in tenih^inches. Hence lind a position in which 
PM=-‘i^ PyV- and PM + PN — IQ ; measure PM, PN, 

28. A and B are two fixed points 1 *5'' ajiart. Plot the locus of a 
point P which moves so that PA = 2PB. Draw a line parallel to AB at 
a distance of *5^'. Measui-e the length intercepted by the locus on 
this line. 

29. A and B are two fixed points 2" apart. Plot the locus of a point 
which moves so that PA +2PF=4". Draw lines perpendicular to AB, 
(i) through B, (ii) bisecting AB, Measure the length intercepted by 
the locus on each of these lines. 

30. Take a line AB ; from a point 0 m AB draw a line 00 per- 

pendicular to AB and of length *9". P is a moving point, and PM the 
pei'pendicular distance of P from AB, Plot the locus of Pif CP=| PM, 
Hence find two positions for P in which PM, and PN = 1" \ where 

PN is the perpendicular on OC, Measure PM in each case. 

31. Take a line AB\ from a point 0 in AB draw a line OC perpen- 
dicular to AB and of length '5". P is a moving point and PM the 
perpendicular distance of P from AB, Plot the locu-* of P if CP =| PM, 
(Kote that there will be a portion of the locus on each side of A B,) 
Hence find two positions for P in w^hich CP=^ PM^ and PN=V^ i 
where PN is the perpendicular on 00, Measure PM in each case, 



CHAPTER VII. 

AREAS. 

128. Squared Paper. — ^Draw two perpendiqjilar lines 
XOX', YOY', (say each about two inches long and roughly 
bisecting each other at the point 0). Starting from 0 
mark off along OX lengths of one tenth-inch ; do the 
same along OY, OX’, OY'. Through each point of division 



marked on XOX' draw a line parallel to YOY', and through 
each point marked on YOY' draw a line parallel to XOX'. 

The result is a fi^re entirely made up of a series of 
equal squares, each side of which measui’es one tenth-inch. 

The formal proof of this is given in the course of the Theorem Ar.l. 
It is easily worked as a rider, and depends on P.3, and Pm.l, 

Paper ruled into squares in this manner is called 
squared paper, and is very useful for many purposes in 
Practical Gconr-try. It is called tenth-inch squared paper 
(or millimetre squared paper), if the side of each square 
is one tenth-inch (or one millimetre). 
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129. Areas. — Definition : ine area of a figtire 13 tlie 
measure of its surface- 

Thus th^ area of the rectangle ABGD (Fig. 191) is the amount of 
surface contained within the four sides of the rectangle. 

If two figures are cougrue'^'^ tlieir areas are equal. 

The two triangles ABC, 

DBF (Fig. 190) are congruent, 

c. the one triangle can be 
made to coincide with the 
other: it follow^s that the 
surface eontaiued within the 
three sides of the triangle ABC 
will coincide with the sui-face 
contained within the three 
sides of the triangle D£F; i. c, 
the triangles are equal in area. 

Similarly in squared paper, any two squares are equal in area ; for 
squares on equal sides are congruent. Pm. 7. 

Henceforth the student must be careful to remember that: — 

All propositions mi eongrueiiee assert equality of area. 

Two figures wMch. are not congruent may be equal in 


area. 
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Fig. 191. Fig. 192. 

The rectangles ABOD, EFGH (Fig. 191) are not congruent, and it cannot 
be determined wliether they are equal or not by applying one to the 
other. But when they are both placed on squared paper (as in Fig. 192) 
it is seen that each covers exactly 12 squares. Since the squares are 
all equal it follows that ABGD and EFGH are equal in area. 

The sign = applied to rectilinea figures denotes 
congruence and equality of area ; tbe sign = denotes 
equality of B,reB,.v)iihout congruence. Titus in Fig. 190 
/^ABC=/\DEF^ but in Fig. 191 red ABCD^ rect. £f6W 
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EXERCISES XLIV (Oalmlaiians). 

1. Copy Fig* 193 on tenth-inclx squared paper ; and nmrk on your 
copy tlie number of tenth-inch squares contained in each rectangle* 

2. Are any two of the rectangles in Fig. 193 equal”in area ? 

3. Is any one of the rectangles in Fig. 193 equal in area to the sum 
of two others ? 

4. How many times is the area of the rectangle •*(? contained (i) in 
the area of the rectangle and (ii) in the area of the rectangle £ ? 



5. When rectangles are drawn on squared paper as in Fig." 193, find 
a rule for calculating the number of squares contained in the rectangle, 
given the number of tenth-inches contained in eacli of two adjacent 
sides of the rectangle. That is : — 

If two adjacent sides of the rectangle measure^ tenth-inches and 
q tenth-inches respectively, how many squares does the rectangle 
contain ^ 

130. On XTnits of Area.— In order to measure any given 
length, we deteimine how many times this length contains 
some “ unit ” of ^ength such as the inch, the centimetre, 
the foot, etc. Similarly in order to measure any given 
area _we must determine how many times this area 
contains some “imit” of area. 
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It is found convenient in any system of measurement 
to take as unit of area a square whose side is the unit of 
length. 

Definitions.— A gqii.are inch is the area of a sg-aare whose 
side measures 1 inch. (Fig. 194.) 

A square centimetre is the area of a square whose side 
measures 1 centimetre. (Fig. 194.) 

Otlier common units of area are tlxe square foot, square 
yard, square mile, square metre, etc. 


Fig. 194. 

In Fig. 195 ABC D is a square inch, drawn on tenth.-inch. 
squared paper. A BCD contains 10 rows of squares, also 
each row contains 10 squares ; hence A BCD contains 100 
squares. 

Thus on. tenth-ineh squared paper the area of each 
square is xJu sq. inch. 

!Similarly by drawing a square centimetre on milli- 
metre squared paper it can be shown that 1 square 
centimetre coyitains 100 square millimetres. 

131. On the Measurement of Areas. — The area of a 
geometrical figure can often be determined by drawing 
the figure on squared paper. 

If the figure is entirely made up of ti^hole squares the 
area is determined by counting the squares. 

Thus in Fig. 192 each rectangle contains 12 sq[uares ; hence the area 
of each rectangle is 12 x sq. inch, u e. ‘12 sq. inch. 
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If, liowever, tlie figure is not entirely made up of 
whole squares (as the circle in Fig. 196) some attempt 
must he made to estimate the area of the^'^hroken 
squares included within the figure. The following 
rule works on a principle of averages, and usually gives 
approximately accurate results f - — 

Rule. — Portions of squares greater than one-half 
Aould be counted as whole squares; 'portions less than 
one-half shoidd he counted as nothing ; portions exactly 
one-half should he counted as such. 



Example . — Determiiu the arm of a circle of radius 1 inch. 

Using tentli-iiieh squared paper, draw a circle with centre 0 and 
radius 1 inch (Pig. 196). 


t This rule is of value if the number of squares included within 
the figure is small — say less than twenty-five. If the number of 
squares is large— say greater than a hundred— the error is seldom 
greater than two squares ; but the rule is more reliable for regular 
curms than for any other type of figure. It is obviously veiw easy 
tP draw a rectangle for which the rule completely fails. ^ 
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In tMs case it may be assumed that the lines XOX'f YOY^ divhle the 
circle into four equal areas ; accordingly it is only necessary to count 
the squares in one of these areas, say the quadrant f XOY, 

The broicen squares ” occur round the circumference and are to be 
counted 1, 0, or according as they are greater than, less than, or 
equal to half a square. 

To count the squares ; — 

Ho. of squares in OABO is (7 x 7) or 49 

Ho, of s^iiiares in the three rows / 5'^ 

above BG are respectively ( g 

Ho. of scjuares in the three columns j 
to the right ot A B are resjHJctively g 


Total no. of squares in quadrant XOY ^ 78 

Thus area of circle = 4 x 78 s<{uares 

=4 X 78 XxJtt sq. inches 

= 312 sq. inches. 


Hote. — The correct answer (obtained by other methods) is 314 sq. 
inches. 


EXERGISEB XLV. 

[In Questions 2-9 use tenth-inch squared paper.] 

1. Wliat is the area of each of the rectangles in Fig, 193 ? 

2. Find the area of an equilateral triangle of side 2 inches. 

3. Find the area of a triangle wiiose sides are 2", 2‘5'% 3'^ 

4. Find the area of a circle of radius *8". 

5. Find the area of a circle of radius 1*2". 

6. Find the area of a quadrant of a circle of radius 3^', and deduce 
the area of the whole circle. 

7. In each of the three preceding questions find (correct to three 
sigmficant figures) the ratio of the area of the cirek to the area of a 
square whose side is the radius of the circle. What do you infer f 

8- A chord divides a circle into two parts. Find their areas if the 
radius is 1*6" and the chord is ’8" from the centre. 

9. Find the area of the smaller portion cut off from a circle of radius 
3'^ by a chord of length 3". 

10. Draw a rough sketch to represent a square yard divided into 
square feet. How many square feet are there in a square yard 1 

11. How many square inches are there in a squai e foot ? 

12. How many square furlongs are there in a square mile ? 


t A quadrant is the part of a circle contained between two perpen* 
dicular radii. 
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132. Area of a rectangle. — The theorems in the 
remainder of this chapter show how to calculate the 
areas of various rectilinear figures. The easiest case, as 
the student will already have noticed, is the area of a 
rectangle. 

In order to construct a rectangle it is only necessary 
to know the lengths of two adjacent sides. For the 
included angle is a right angle, and the remaining sides 
must be drawn parallel to the given sides. In other 
words — rectangle is completely determined when the 
lengths of two adjacent sides are given. 

The rectangle in which two adjacent sides are equal 
to two given lines X and Y, is described as the rectangle 
contained by the lines X, Y — a phrase which is usually 
written in the abbreviated form rect. {X, Y). 

133*. Commensurable and Incommensurable Quantities. 
In the next proposition it is proved that the area of 
a rectangle can be determined if we know the lengths of 
the sides. The question at once occurs whether we can 
always express the sides exactly in terms of the unit of 
length ; i. e. whether the measure of each side in terms 
of the unit of length is an integer or a fraction or cannot 
be expressed exactly either as an integer or fraction, in 
this connection notice that a finite or a recurring decimal 
can always be reduced to an exactly equivalent vulgar 
fraction. 

Definition. — T wo qnaxitlties are said to be comtnensurabie if 
it is possible to find a third quantity which is contained in 
each of them an exact number of times. 

Thus two lines whose lengths are 1' G" and 2' 6" are 
commensurable, for a length of one inch is contained 18 
times in the first and 30 times in the second (or a length 
of 6 inches is contained 3 times in the first and 5 times 
in the second). So again two lines whose lengths are 
1'37" and 2’6" are commensurable ; for a length of xuu 
inch is contained 137 times in the first and 260 times in 
the second. 
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Definition. — Quantities ufMoIi are not commensurable are called 

i'mQmme'i}McmhU* 

We do not deal with ineommensnrable quantities at all in this part 
of the work. 

We may i^ke and 1 as the simplest example of two incom- 
mensurable quantities, and these actually occur very frequently in 
Geometry ; for examide, the diagonal of a square whose side is 1'' may 
be proved to be 

Incommensurable quantities introduce considerable diSicultj into 
the logical theory of geometry, but they do not cause any diflSeuItj in 
practical work ; for we can always replace incommensurable qii intities 
by commensurable quantities which are practie^ally equal to them — in 
fact we can always obtain commensurable quantities w’hich are ec^ual to 
given incommensurable quantities to any required degree of ciccuraey 
(short of absolute theoretical accuracy). 

Thus we can find js/2 as a decimal correct to any required decimal place. 
Correct to the 7tli decimal place the result is 1*4142135, Hence, (in 
any calculation,) instead of the incommensurable (Quantities 1 and sj2^ 
we may nse the commensurable quantities 1 and 1*4, or I and 1*41, or 
1 and 1*414, etc. — according to the degr(^e of accuracy required in the 
result. 

It may be noted in passing that probably no two lengths occurring in 
nature are really commensurable. 

If any length, is commensurable with the unit of 
length, its measure (in terms of that unit) is either an 
integer or a simple vulgar fraction. 

For the given length and the unit of length both 
contain some third length an exact number of times — 
say p times and q times respectively (where p and q arc 
integers). Hence the given length = p/q X unit of length ; 
and therefore the measure of the given length is pjq^ which 
is either an integer or a simple vulgar fraction. 

134. Frel. Ex. — (i) A squad of boys is marching in fours. There 
are twelve ranks ; how many boys are there 1 

(ii) Two adjacent sides of a rectangle measure 3 yds. and 7 yds. 
respectively. Draw a rough sketch rex>resenting this rectangle divided 
into square yards, and hence determine its area. 

(iii) Draw a square inch and divide it into rectangles each i inch 
long and i inch high. 

What is the area of each rectangle ? 

(iv) Draw a rectangle J inches long and | inch high. Divide it into 
rectangles eacli J inch long and -J- inch high. 

Hence and from (iii) show that the area of this rectangle in square 
inches is x i. e. f |. 

G. T. P. 
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ThEOEEM [At. — Xlie area of a rectangle is tlxe product 

of the lengths of two adjacent sides. 

This theorem is more correctly stated as follows : — 

The measure of the area of any rectangle in any units of 
area is the product of the measures of two adjacent sides in 
the corresponding units of length. 



Fig. 197. 

Case 1. — When the measure of each side in terms of 
the unit of length is an integer. 

In the rect. ABCD (Fig. 197) : — 

Given that AB contains x units of lengths t {AH, HK, 
KL, etc.), and AD contains y units of length {AM, MN, etc.) 

Eequired to prove that rect. A BOD contains xy units of 
area. 

C'oris.— From H, K, L, ... . draw lines parallel to 
AD, terminated By the side DC.^ 

FromMfN, . . . draw lines parallel to AB, terminated 
by the side BC.§ 

t The first prap^'tioii in Areas. 

t The actual unit of length used in Fig. 197 is the centimetre. 

§ In Fig. 197 these lines are not completed. This is in oyde^r tQ a-Yoid 
the appearance of arguing from a special case. 
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Proof. — (i) The lines drawn parallel to AD ai’e all 
parallel to one another. P.. 3 . 

The lines draAvn parallel to AB are all parallel to 

one another. P.3. 

Hence PQLK is i|“, whence PQ==KL 

STLK is il“, whence ST ^KL;\ 

PSNM is !j“, whence PS = MN; ’ ^ 

QTNM is 1|“, whence QT =MH. ^ 

Thus each side of quad. PQTS is of unit length. 

PQ, PS are respectively parallel to and in the sjime 
sense w'ith AB, AD, 

i.SPQ= lA==-R. P.4. 

Hence PQTS is a scpxare (Def.) and is equal to the unit 
of area (Def.). 

Similarly any other of the quadrilaterals into which 
the rectangle is divided is a square and is equal to the 
unit of area. 

(ii) AB contains as units of length, 

.". rect. A BCD is divided into x columns of squares. 

AD contains y units of length, 

.'. each column contains y squai'es. 

Hence rect. A BCD is divided into xXy squares. 

But each square is equal to the unit of area. 

Hence area of rect. ABGD = xx y (i. e. xy) units. 

Case II.* — When the measure of each side in terms of 
the unit of length is a simple vulgar fraction. f 
ha rect. ABGD (Fig. 198) : — 

Given that 

AB contains p/q units of length, and 
A D contains r/s units of length. 

Required to prove that 

ABGD contains pr/qs units of area. 

t Note that this includes the case of decimals (feoth terminating and 
recurring) as these can always be reduced to vulgar fractions. Also 
the jn'oduct of two decimal fx-actions is equal to the product of the 
equivalent vulgar fractions. 
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Com . — Let EFGH be the tmit of area, i. e. a square in 
which each side is the unit of length.! 

Divide AB into p parts ; then each contains 1/q unit of 
length. Divide EF into q parts ; then each contains 
II q unit of length. 

Divide AD into r parts ; then each contains 1/s unit of 
length. Divide EH into s parts ; then each contains 1/s 
unit of length. 



Fig. 198. 

Divide up both figures by lines drawn through the 
points of division of each side i| to the adjacent sides. 

Proof . — ^Both figures are now divided into a series of 
equal rectangles each of which measures 1/q unit in 
breadth and 1/s unit in height. $ 

EFGH contains q columns of rectangles, and each 
column contains s rectangles, 

.'. EFGH contains qs rectangles. 

But EFGH is the unit of area ; 

Hence each rectangle contains l/qs unit of area. 

A BCD contains p columns of rectangles, and each 
cclumn contains r rectangles, 

t Tlie actual unit of length, used in Fig. 198 is the inch. 

J The proof of this obvious statement is omitted for the sake of 
brevity. It involve©, three steps — (i) to show that all the angles of 
each quadrilateral are right angles [P.4], and hence each quadrilateral 
is a rectangle {Def .) ; (ii) to show that the two adjacent sides of each 
rectangle measure Ifq and 1/s unit of length [P. S j Pm.l] ; (iii) to show 
that the rectangles are all congruent [Pm. 7]. 
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A BCD contains p’ rectangles, i. e. jyrX Ijgs nnits of 

area. 

Hence iBGD contains pVga nnits of area. 

Case — When one or hoth of the sides is not 

commensurable with the unit of length. 

The considemtion of this case is exceedingly difficult, and must be 
omitted for the present. It should, however, be noticed : — 

(i) That no practical difliciilty arises from this omission as it is 
always possible to express any length as a terminating decimal to any 
required degree of accuracy, and hence to calculate the area of any 
rectangle to any required degree of accuracy. 

(ii) That this omission will not constitute a defect in the course of 
logical argument, as it will be found that this pro|K>sitioii is not 
quoted in the proof of subsequent propositions, but only in the proofs 
of formula to be used in calculations. 

CoBOLLARY. — If the area of a rectangle is divided by tbe 
lexLi^tb of one side, tbe resixlt g:ives tbe length of an adjacent 
side — provided that area and length are eaipressed in coxwe- 
sponding units* 


JSXERCISEB XL FI (CaZmlatmis). 

1 . Eind the area of a rectangle whose length and breadth are 
respectively; — (i) 3*5", 2T" ; (ii) 4*7 cms., 1*7 cms. ; (iii) '001", 
*0001" ; (iv) 2*35 cms., ’41 cms. 

2. Eind the breadth of a rectangle whose length and area are 
respectively ; — (i) 25", 100 sq. in. ; (li) 5", 1 sq. in. ; (iii) 5", *01 sq. 
in. ; (iv) 20 cms., 20 sq. cms. 

3. Eind the length of a rectangle whose breadth and area are 
respectively: — (i) 2", 10 sq. in. ; (ii) *2", 10 sq. in. ; (iii) *4 cm., 
1*96 sq. cms* ; (iv) 1*28 cms., 5 sq. cms. 

4 . The side of a square lawn measures 25 yards ; find its area in 
square yards. 

5. A county is in the shape of a rectangle 37 miles long and 17 
miles broad. How many square miles of land does it contain ? 

6- A garden is to be 25 feet broad and to contain an area of 4,000 
square feet. Eind its length. 

7. A road connecting two towns is 42 feet broTtu and 1 square mile 
in area. Eind in miles the distance between the two towns. 

8 . A rectangular lawn measures 20 yards long and 10 yards wide, 
and is surrounded by a gt'avel path 1 yard wide. Find the area of 
this path in square yards. 
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9. Find the area of the following figures (if drawn to the dimen 
sioBs marked) by diyiding them up into rectangles : — 
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Fig. 199. 


10. Draw a figure to show that the area of a rectangle whose 
adjacent sides are and If'' is square inch. 

11. S!iow by the use of tenth -inch squared paper that if the sides of 
a rectangle measme 1*^" and *7'\ its area is *84 square inch. 

12*, Prove that if the sides of a rectangle measure 2*58'' and *7", 
then its area is 2*53 x *7 square inches. IU&& a new unit of length 
equal to incli, and show that the corresponding unit of area is 
iirlinr square inch.] 


A E K D 



A 



335. Defii^itjon. — The altitude (or height) of a parallelogram 
is the perpendicular distance between the base and tbe 
opposite side. 


Thus, inf^ ABGD (Fig. 200), if BC is regarded as the base, EF (ox 
/f£, winch IS equal to £Fby Pm. 1) is the altitude ; if AD is regarded 
as the l^e, EF (or KL) is again the altitude ; if either AB or GD is 
regarded as the base GH is the altitude, 
o 

Definition. — The altihide (or height) of a triangle is the 
perpendicnlar distance of the vertex from the base. 


Thus, m A ^^0 (Fig. 203), if BO is regarded as the base AD is the 
^altitude ; and if AB is regarded as the base, OF is the altitude. 
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EXERCISES XLVIl {Pmctical). 

1 . Copy Fig. 202 roiigMj to the dimensions given ; ABCD and 
EFGH are parallclogranis lying between the same parallels {X and K). 
Draw OK 1| HE, and GL [I OB, 



Using tracing paper show that the two parts into which !;^ EFGH is 
divided by the Hue GL are respectively congruent to the two parts of 
11^ ABCD, Shade the larger pait of each by lines ii to X, and the 
smaller part by lines 11 to AD, so as to make the congruence of the 
parts more obvious to the eye. 

[Cut out 11^ EFGH with scissors or a sharp penknife, and divide it 
into two parts by a cut along LG, Kow paste or pin these two parts 
on to IP ABCD, so as to cover this parallelogram exactly.] 

2. Copy Fig. 203 roughly to the dimensions given ; ABCD and 
EFGH are to be parallelograms lying between the same pamlkds ; also 
HE is to be parallel to DB, 



Fig. 203. 

Using tracing paper sho^v that the two parts into which IP EFGH is 
divided by the diagonal EG are respectively congruent to the two parts 
of IP ABCD, Shade aEGH by lines parallel HGj and aEFG by 
lines parallel to EG, and shade the corresponding triangles in ip ABCD 
in the same way, so as to make the congruence of the parts more 
obvious to the eye. 

[Gut out the two parts of IP EFGH, and paste or pin them on to IP 
ABCD, so as to cover this pai'allelogram exactly.] 
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3. Copy Fig. 204 accurately to the dimensions given, from the follow- 
ing directions -.—ABOD and EFGH are two parallelograms lying between 
the same parallels ; DK !i HE, GL H CB ; DM=MNr=CK, |I MR ii DK ; 
GP=pg=HL, QYW PT\\GL 



Using tracing paper show that the four parts of ||“ EFGH are 
resjwetively congruent to the four parts of ||“ ABCD. Shade the 
various parts of the two figures in such a way as to make the 
congruence of the various parts more obvious to the eye. 

[Cut out the four parts of i!“ EFGH and paste or pin them on to ||“ 
ABCD so as to cover this parallelogram exactly.] 

i. What do you infer from Questions 1-3 ? 


136. Prd. Ex. — In Figs. 206, 207, ABCD and EBCF are parallel- 
ograms: prove that A DCF^a ABE. What figure remaii's when 
A DOF is cut away from quad. ABCFI What figure remains when 
A ABE is cut away from quad. ABCF% What can you infer ? 

Theorem [At. 2], Parallelograms on tlie same base and 
between tbe same parallels are equal in area. 


ms 


Li Figs. 205, 206, 207 
Given that ABCD, EBCF are „ 
on the same base BC and between 
the same ||® BCand AF, 

Required to prove that 
)|“y4i5C/?=||“ EBCF. 

Proof I. ; When the 
points D, E coincide (Fig. 205). 
Each of the W^^ABCD, EBCF is double of A DBC. Pm-i. 
\\^ ABCD=.\\^ EBCF. 
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Case II, — Wlieri tLe points D and E do not coincide 
(Figs. 206 and 207). 

(1) In \r ABCD, AD = BC; in ii“ EBCF, EF^BG. 

Hence AD^EF. 

In Fig. 206 to eacli add DE; in Fig. 207 from each 
take DE ; thus in either figure AE — DF. 



A E D F 



B C 


Fig. 207. 


(2) In !1“« /! BGD, EBGF; AB = DC, EB - FC. Pm.i. 

M£=Z)f ) 

In As ABE, DCF, ■/ \AB = DC V A ABE^ADCF. c.3. 

[eb=fc J 

(3) When ADGF is taken from quad. ABCF, the 
remainder is ||“ ABCD. When A ABE is taken from 
quad. ABCF, the remainder is 11“ EBCF. 

Since equal triangles have been token from the same 
quadrilateral, these remainders are equal. 

Hence \\^ ABCD EBCF. 


Cu&OLLABT. — The meastire of the area of a parallelogram la 
the product of the meaatirea of its hase aad altitude. 

A £ D F 


If ABCD is the lj“, draw BE J_ AD, 
and CF |1 BE (Fig. 208). 

Then BEFC is a parallelogram 
having one angle a right angle, 
i. e. BEFC is a rectangle. Pm. 3. 

Hence area BEFC — BD-x.BE Ar.i. 




But 

hence 


W^ABCD^W^ BEFC 
area ABCD^BCxBE 


Fig. 208. 

Ar.2. 

base X altitude. 
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137. Theorem [At. 3]. — if a parallelogram and a triangle 
be on the same base and betmeen the same parallels then the 
area of the parallelogram shall be double that of tl^e triangle. 

In Fig. 209 

C^ven that jj® ABCD and. /S.EBC are on the same base 
BC and between the same parallels BO, AE, 

Mequii'ed to 'grove that j|“ ABCD = 2^EBC, 



Fig. 209. 


Cons. — Draw BE ]1 CE meeting AE at F. 

Proof.—-: BF H GE and BG || FE, FBCE is 11“. 

Hence FBCE = 2 /S.EBC. Pm.i. 

|j“® ABCD, FBCE are on the same base BC and 
between the same parallels BC, AE, 

:.\\^ ABCD FBCE. Ar.2. 

Hence 11“ ABCD = 2 A EBC. 

CoBOLlLAitY 1- — Tlie area of a trian^^le is half the prodoict of 
its hase and altitiide- 

For in Fig. 209 altitnde of EBC = altitude of ||“^ 
ABCD ; and area of A EBC^^ area of ABCD, 

Corollary 2. — The area of a trapezium is half the product of 
the sum of its parallel sides aud the perpendicular distance 
between them. 

A H B ^ III Fig. 210, HK is the perpendicular 

y distance between the parallel sides 

AB, CD. 

D /f C ' Then area of A ABD = \ AB-X.HK-, 
Fig. 210 3,nd area of A BCD = ^ CD x HK. 

Adding these we obtain the area of 
trapezium ABCD, viz. ^ (A B + CD) x HK. 
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EXERCISES XLVIHA 

By CONSTIITJCTION AND CALCULATION. 

1 . Draw a parallelogram in wiiicli two adjacent aides nieasnre2'' and 
3" respectively and inclade an angle of 65" ; determine its area. 

2. Draw a triangle whose sides measure 4, 5 and 6 cms. respectively, 
and determine its area in sq. cms. 

3. Draw a parallelogram in which two adjacent sides measure 2" and 
2 ‘5" respectively and one diagonal measures 3". Determine its area. 

Draw a triangle on a base 5 cms. having base angles of 40° and 
80 respectively. Determine its area in square centimetres. 

5. Draw the triangles given in Questions 1-3 of Exercises IV (n, 16) 
and determine the area of each. 

„ parallelograms given in Questions 2 and 3 of Exorcises 

XI J I (p. 47) and detemine the area of each. 


138. TuEOREM [^Ax. 43 . Parallelograms on eQual bases 
and between the same parallels are equal in area. 

Given that ABGD, EFGH (Fig. 211) are i|™ on equal 
bases BG, FG and between the same parallels BG, AH, 

Hequired to prove that 
\\^ ABGD EFGH. A 

Cons . — Join EB, HC. 

Proof.— In 11“ EFGH, 

EH = FG ; Pm.i. 

hut BG = FG, 
hence EH = BG. 

EH^BC and EH |1 
BG , .'. EBCH is [1“ Pm.2. 

|j”“ ABGD, EBGH lie on the same base BG and 
between the same parallels BG, AH, 

jl“® EFGH, EBCH lie on the “same base EH 
between the same parallels EH, BG, 

Hence \\^ ABGD =\\^ EFGH. 



Ar.2 

and 

Ar.2, 


t Wliere an area is obtained by a process involving measurement the 
result should be given to three significant figures only. Full marks 
may be given where the error does not exceed 1 per cent, and half 
marks where it does not exceed 3 per cent. 
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139. Theorem [At. 5]. — Triangles on equal bases and 
between the same parallels are eqnal in area. 

In Fig. 212 : — Given that As ABCj DBF a?>e on equal 
bases BC, EF and between the same parallels BF, AD, 
Required to 'grave that A ABC — /S.DEF. 



Cons. — Draw BG [j CA meeting AD produced at G, 
and FH i| ED meeting AD produced at H. 

Proof . — *.• BC II GA, and BG |[ CA, GBGA is j]™. 

Hence A.ABC — ^ \\^ GBCA. Pm.i. 

Similarly A DEF \\^ DEFH. Pm.i. 

• ■ ||ms qbcA, DEFH are on equal bases BC, EF and 
between the same parallels BF, GH, 

r GBCA - 11“ DEFH. Ar.4. 

Hence AABC = ADEF. 

CoKOLiiAEY 1. — Triangrles on tbe same base and between tbe 
same parallels are equal In area. 

Corollary 2. — A triangle is bisected by eacb of its medians. 

Note. — T he theorem is still true if the equal bases lie one on one 
parallel and one on the other. 

140. Theorem [At, 5c]]. — E qual triangles on equal bases 
in tbe same straight line, and on tbe same side of it, are 
between tbe same parallels. 

In Fig. 213 : — Given that As ABC, DEF are on equal 
bases B C, EF in the same straight line, and on the same 
side of it, and also that AABC = ADEF, 

Required to gTove that AD \\ BF. 

Cons. — Draw y4fi |] BFjf meeting ED or ED produced 
in G. Join GF. 

Do not assume that AG does or does not coincide with AD. 
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Proof, A« ABC, GEF are on equal bases BOEF, and 
between the same parallels BF, AG, 

A ABC = /\GEF, Ar.5. 

But A /fid = A DEF; 
hence A GEF= ADEF, 

But this is only possible 
if D and G coincide. 

Thus AG coincides with 

AD. 

But AG [[ BF; 
hence AD jj BF. 

Corollary 1. — Bqual triangles on tlie same base and on tbe 
same side of it lie between tbe same parallels. 

Corollary 2. — Triangles wbicb are equal in area and on 
equal bases bare equal altitudes. 



141*. It is an interesting exercise to exhibit the equality in. area of 
the triangles ABOj DBG (Fig. 

214) by congruence, i. e. by 
cutting them up into pieces 
which fit one another. This 
may be done as follows : — 

Let AOf BD intersect at 0, 

Let H, K, N, P be the 
middle points of AB, BD, AO, 

CD. These are in one straight 
line, which is || the given 
parallels. T.6. and Playfair. 

Su]ipose 0 to lie between 
this line and AD, 

Through A draw AL 11 OD ; 
through D draw DM |I AH, 

Then it will be found that if the triangle ACB be cut into the four 
pieces AHL, ALNj HKB, BKNG these pieces can he fitted together to 
form the a BDO ; for it is easily proved that a AHL^ a DMP, a ALN^ 
aGNP, aHKB=aDKM, Pm.l ; P.lc. ; P.2r. ; 0.2. 

The student is recommended to verify this W cutting out any 
triangle -450 in cardboard, dividing this A by //^*irough the middle 
points of its sides, then dividing again by any cut whatever through A 
and any cut whatever through B which divides the side HN, The four 
pieces can now be fitted together to form another triangle which can be 


A D 
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placed between tbe same parallels. Pie is recommended further (1) to 
examine the modidcation required for the above construction when 0 
lies between HP and BC ; (2) to construct for himself a similar method 
of verifying Ar. 2.t 

142. Theorem [L* 5]. — The locns of the vertex of a 
triangle of given area and standing upon a given base 
consists of two straight lines parallel to the base. 

In Fig. 215 

Required to prove that the locns of the vertex of a 
triangle on base BC, equal in area 
to some given figure X, consists of 
two straight lines parallel to BC. 

Cons . — Let ABC he a triangle on 
base BC equal in area to X ; and let 
LBC he any other such triangle on 
the same side of BC, Join LA, 

Proof. — As LBC, ABC are equal 
in area and on the same side of the same base BC, 

LA II BC, Ar.Sc. 

But only one line can be drawn through A \ BC, 

Hence L always lies on the line through A \ BC. 

It is easy to prove conversely that if L he any point on this line, 
then A I.flC= Ay4BC = arGa A". Ar.4. 

Hence the line through A ^ BC is part of the required 
locus. 

Similarly it can he shown that there is a second part 
of the required locus corresponding to triangles drawn 
on the opposite side of the base BC, and consisting of a 
second line parallel to BC. 

Hence the locus consists of two lines parallel to BC, 
Note. — By Ar. 5c, Cor. 2, these two lines are equidistant from BO. 


+ An interesting set of dissected models in wood by Mr. T. Gosset, 
for illustrating this and similar propositions, is piiblished by Messrs. 
G. Philip and Son at 4s. See also an article by Mr. H. M. Taylor in 
the MesscTuier of MaihmwMcs. Oct. 1805. 
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143. On Constant ftnantities. — It is ctbvious from 
Theorem L.5 that if ABC is a triangle (Figure 21;ji, 
and if we suppose that the points B and C reinaiii 
fixed whiles the vertex A travels along tlie line through 
L parallel to BG, then the area of the triangle ABO 
remains the same for all positions of A. We may 
express tliis by saying that if the vertex of a triangle 
moves in a line j>arallel to the base then the area of the 
triangle is constant. 

It is easy to see that in the same case the altitude of 
the triangle would also he constant. 

In general, whenever by altering a geometrical figure 
in accordance with certain conditions, we find that some 
magnitude connected with the figure does not alter, that 
magnitude is said to he constant for these given con- 
ditions. Other instances of constant geometrical quan- 
tities are given in §108. 

144. On the Solution of Eiders. — As the student has 
now had some practice in the solving of easy riders, he 
will be in a position to xxnderstand the following hiirts, 
and will find them useful in the more difficult work 
which lies before him. 

(1) Commence by drawing a careful figure which 
represents the essential points of the rider. Indicate the 
details of the hypothesis (such as equal hues, equal 
angles, etc.) in some way on the figure, and write down 
the result which it is required to prove. 

If lines or angles are given equal, represent them as such 
in the figure, but when two other lines or angles in your figure 
seem to be equal be very careful not to assume that they really are so. 
Avoid drawing lines or angles in the figure equal which are not 
necessarily so. If a triangle is mentioned do not draw it as either 
mosceles or right angled. If an isosceles triangle, do not draw it equi- 
lateral. If a parallelogram, do not draw a rectangle. If a rectangle, 
do not draw a square. If a quadrilateral, let all its sides be unequal 
and none of its angles right angles. A pentagon is not a regular 
pentagon unless it is so stated. When two cirele^ire given, let their 
radii be unequal unless the contrary is expressly stated. When three 
lines in your figure are concurrent, or three poiuts lie on a straight line, 
assume this to be an accident until you have proved the contrary. 
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(2) Note wliat theorems are suggested by the hypothesis 
and by the required conclusion. 

Tims if tho liypotliesis mentions or implies that one side of a ^ven 
triangle is greater than another, it is almost certain tlirt T*3 will be 
required in the proof ; if it is required to prove that two lines are 
parallel, the result will probably be obtained by using P.1, P,2, or 
P.3 ; but the two lines may in reality be sides of a parallelogram, in 
which ease the result might'be proved by Pm.lc, or Pm. 2. 

(3) Try to find any facts about the figure Tirhich can 
be proved from the given hypothesis ; and any possible 
facts about tbe figure from which the required conclusion 
could easily be prov^ed. 

In other words try to work on a few steps from the hypothesis, and 
to work hack a few steps from the required conclusion. 

(4) If the proof is not yet obvious, it requires more 
tban tbe mecbanical application of any method. 

The student is necessarily thrown upon his own resources ; hut 
one further hint will frequently prove of the greatest value. 

(5) Make sure that you are using all the facts given in 
the hypothesis. It is useless attempting to prove a 
rider without doing this. 

Suppose, for example, that two angles are given equal. Any result 
which can be proved without using this fact would hold if the angles 
were not equal ; but presumably the required result is not true if the 
angles are unequal. 

It is needless to add that no student can expect to 
become expert at solving riders by any purely mecban- 
ical method. Considerable practice and considerable 
ingenuity are required before difficult riders can be 
attempted with success. 

145. — The following examples are good illustrations 
of the method of solving riders. In these solutions the 
different numbered paragraphs correspond to the dif- 
ferent numhered hints in §144. 

Example 1. — If two triangles ABC, DBG on oppo- 
site sides of the hose BC are equal in area, the line AD 
is hisected by BC or BG produced. 

(1) Gons. — Draw the diagram as in Fig. 216. The lengths 
BA, AG, BD, DC are purposely made unequal. There are no lines or 
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IDo 

angles to he marked as given eqnal ; there is no eoiivenient method of 
marking the equal areas, so that it is advisable to write down the 
hypothesis as well as the conclusion. 

Given that a BAC=^ t. BDO^ 

Ilequired to jyrove that AL^LD* 

(2) Anaiysis.'f — The hypothesis (equal triangles on the same base) 
suggests Ar.5c. ; but these triangles are mt on the same side of this 
base. The mmdtiSion (AL=LD) suggests the use of one of the con- 
gruence theorems, or P.5, or T.7 ; but in Fig. 216 none of these can 
be applied. 



(3) Since ABC f DBG are equal and on the same base, it follows by 
Ar.5c, Cor.2, that their altitudes are equal. Draw these altitudes AK^ 
DM^ each A BC : (Fig. 217). Since AK=DM it is eas}^ to prove 
(by C.2) that A AKL = A DML ; whence AL^DL 



Kotb. — I n wi’Iting out the solution of a rider, do not give the 
Analysis, but only the Co7is, and Proof in the usual way. 

t The analysis of a geometrical theorem or problem is a discussion 
of the data and required conclusion or construction with a view to 
obtaining the synthesis, that is the logical arrangement of these data 
in argument so as to lead directly to the required conclusion or 
construction. 

G. T. P. 
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Ex^nple 2 . — A BCD is a parallelogram , and P is any 
point within the triangle ABC, Prove that the triangles 
PAB^ PAG are together equal in area to the triapgle PAD, 

(1) Cons , — Draw the dia^am as in Fig^ 218. It is very likely that 
you will make BPD look like a straight line ; if so, in order to avoid 
the mistake of assuming in yoiir argument that BPD is straight, draw 
another figure. 

Given that A BOD is }!“^ , 

Required to prove that aPAB-^- aPAO= PAD, 

(2) Analysis , — The hypothesis (a given parallelogram) suggests 
many theorems ; hut as the lider involves areas, we should expect to 
use Ar.2, Ar.3, or Ar.4. 

The conclusion (two triangles equal to a third) does not suggest 
anything of value, except the use of theorems on area. 

(3) It follows from the hypothesis that 

A ABC = A ADC = J r ABGD (Pm.l). 



Fig. 21B. Fia 219. 


(4) I^q further hints can be obtained from Fig. 218 ; it is there- 
fore advisable to introduce some new lines. Such new lines should be 
lightly drawn in pencil, and only inked in when it is certain that 
they are required. Yon will not succeed until you happen to guess 
the right construction. 

(5) The fact that A BOD is a parallelogram micst be used. This 
may suggest line £f through P parallel to AD (Fig, 219), which 
divides the given parallelogram into two parallelogra'nns, Vvz.'^AEFD 
and EBGF, 

Now A PAD==^g 11“ AEFD, and A PfiC =||i“ EBGF. Ar.3. 
Hence A PAD + A PBG==^ lj“ ABCD==A ABG pm.i. 

=A pab+ap‘ag+apbg-, 
that m, A PAD + A PBG = APAB + aPAC+APBC. 

From these '3qtials take the common triangle PBG ; 

thus A PAD^ APAB + APAC. 

This proves the required result. In writing out the rider give only 
the construction and the portion in large print. 
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BXERGISES XLIX {Riders), 

(Note that a parallelogram is often named bj quoting the letters 
which mark two opposite angular ]>oiiits. Thus in Fig, 220 i A BOD 
may he called either iP AO or jP BD, ) 

1 . Show that triangles on equal bases in the same straight line and 

with a common vertex are equal in area. Ar.5. 

2. A parallelogram is divided into four equal areas by its 

diagonals. Fm.4 ; Ar,5. 

3. ABO and ABD are two triangles on ojiposite sides of AB, Given 

that ABf or AB produced, bisects GO, prove that the two triangles are 
equal in area. Ar.5. 

4. Triangles or parallelogi'ams which are equal in area and between 

the same parallels have equal bases. Pm.l ; Ar.5. 

5. If a quadrilateral is divided by its diagonals into four equal 

triangles it is a parallelogram. Qiies.4: ; Pm. 4c. 

6. ABGD is a tra}>ezumi, of which the side AB is j^aralitd to the side 

DO, Show that the area of A BCD is c‘i|nal to the area of a 
parallelogram formed by drawing through Af, the middle point of 80^ 
a straight line |tarallel to AD. P.lc ; C.2. 

7. If two triangles have two sides of the one equal to two sides of 
the other, each to each, and the sum of the angles contained by these 
sides equal to two right angles, the triangles are equal in area. 

A.lc ; Ar.5. 

S, Two straight lines AB, CD intersect in E, and the triangle AEO is 
equal to the triangle DEB ; show that AD and OB are parallel. Ar. 5c. 

9. (In Fig. 220 ABOD is a parallelogram ; EOF sad GOH are parallel 
to the sides. In this figure AEOG and OH OF are called ‘ * parallelograms 
about the diagonal’' 4 (?/ EBHO and 60FD are called the ^^comple-- 
ments of these parallelograms. ) 


^ £ B 



Prove tliat tlie complements of parallelograms abont a 
diagonal of a parallelogram are equal in area. Pin.l. 

(For instance in Fig, 220 prove EBH0 = G0FD,) 
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10. In Fig. 208 if BG is drawn perpendicular to OD show that 

AB X B6 X BEf {i* €„ product of the uncasuTCS of ,4 iff and BG 
equal to the of the mea$%Lrcs of OB and BE), 

11. Show that the three results obtained by multiplying the length 
of each side of a triangle by its perpendicular distance from the 
opi>asite vertex should be equal. 

12. Prove that if two equilateral triangles are equal in area they 
are also congruent (Superposition). 

13. [Pm.8.] Prove that, if two squares are equal in area, 
the straight lines on which the squares are described are 
also equal (Superposition). 

14. In Fig. 220 prove that the triangle GOG is equal to half the 
parallelogram EH, 

15. In Fig. 220 prove that the triangle AEO is equal to the triangle 
AGO,. 

10. tTriangles on equal bases and of equal altitude are equal in 
area. Prove this (i) by means of Theorem Ar. 3, Corollary, or (ii) by 
means of Theorem Ar.6. 

17. t Parallelograms on equal bases and of equal altitude are equal 
in area. Prove this (i) by means of Theorem Ar.2, Corollary, or (ii) 
by means of Theorem Ar. 4. 

18. Parallelograms about the diagonal of a square (Ques. 9) are 
squares. 

19 ABO is a triangle whose sides AB and AO are bisected at F and 
E ; show that the triangle BEG is equal to the triangle BEG^ and hence 
that FE is parallel to BO, 

20. ABO IBB, triangle’ whose sides AB and AO are bisected at Fand 
E; show that (1) the triangles BEE, AFE and OFE are all equal, and 
therefore (2) FE is parallel to B^. 

21. ABO is a triangle, and D is the middle point of BO, 6 is any 
point on AD, Prove triangles AGB, AGO are equal. 

22. Show how to find a point in a triangle ABO such that the 
three triangles AGB^ BOO, OG A are equal. 

23. If 0 is the middle point of AG (Fig. 220) prove that the com* 
plements are congruent. 

24. * ABOD is a given quadrilateral. Find the locus of a point P 
which moves so that the quadrilateral A BOP is always equal in area to 
ABOD, 

25. * ABC, ADE are two intersecting straight lines and F is a point 
within the angle CfE, Find the locus of a T)oint P which moves so 
that APBG+A PDE=: aWBG + A FDE, 

t Logically the second [method is preferable, as it does not involve 
the question of arithmetical measurement and incommensurables. 
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26. On tlie sides AB^ AO of a triangle, yarallelograms ABDE, AOFG 
are constructed outside the triangle ; if BEj EG cut in Hj prove that 
the two parallelograms are together equal to the parallelogram having, 
as adjacent sMes, BG and a straight line equal and parallel to AH^ 

27-^ If P be any point without the parallelogram ABQD^ show that 
the sum or difference of the triangles PAB, PCD is half the 
paiallclogram A BCD, 

28, * ABGD is a parallelogram and P is a point lying within the 
angle formed by DA prodm^ed and AB. Prove that the sum of tJie 
triangles PABj PAD is equal to the triangle PAG. 

29. * ABGD is a parallelogram and P is a point lying without the 
parallelogram but within the angle BAD, Prove that the dilferenee of 
the triangles P>IP, PAD is equal to tht* triangle PAG, 

146. Determination of areas by diagrams drawn to 
scale. — The following examples will show' the different 
methods w'hich can be used for determining areas by 
diagrams drawn to scale. 

Example 1 . — Determine the area of a trianf/uhfr 
plot of gromid whose sides viemiire 16 metres^ 20 
mtires, 24 metres respect i veil/. 

A convenient scale of representation is 4 metres 
to 1 cm. The three sides of the triangle will tiuis 
be represented by lengths 4, 5, 6 cms. respectively. 

Draw this triangle (Fig. 221), 

Taking any side (say the 4 cms.) as base, draw ^ 
and measure the altitude. 

The result is 4 96 cms. But 1 cm. represents ^^msftbfmtres) 

4 metres, lienee altitude of triangular plot is Fi<s. 221. 

4 '96 >#4 metres. 

Thus area of triangular pIot = i base x altitude. Ar.8. 

= 4 X 16 X {4*96 X 4) square metres 
= 15,900 square metres (correct to three 
significant figures). 

Note 1. — In this method we determine any required length on the 
given figure by measuring the corresponding length on the diagram 
drawn to scale. 

Note 2. — No result which is obtained by a process involving 
measui'ement or counting of squares can be regarded as correct to more 
than three figures. Accordingly not more than three significant figures 
should be given in the answer. 
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Example 2. — Find the area of a circle of diameter 40 miles. 

A convenient seile of representation is 20 miles to the inch. Draw 
on tenth-inch squared paper a circle of diameter 2 inches (see Fig. 196). 

Counting as in § 131 we find that the area of the circle'^'is equivalent 
to 312 squares. 

Now^ each side of a square measures tV i^ch and therefore represents 
2 miles. Thus the area represented by each square is 2 x 2 square 
miles (Ar.l). 

Hence total area of circle = 31 2 x (2 x 2) square miles. 

= 1250 sq. miles (to three sig. figures). 

Note. — In this method we count the number of squares in the 
diagram drawn to scale and determine what area each square represents. 


FXBRGISES L. 

By Consthuctiox and Calculation. 

1. Find the area of a triangular board whose sides measure 20'', 30". 
and 40". ' ' 

S. A man owns a farm in the shape of a parallelogram in which two 
adjacent sides measure 2'2 and 3*6 miles respectively and contain an 
angle of 70®. How many square miles are there in the farm ? 

3. A circular lake measiu'es 30 yards in diameter. Find its area, 

4. A grass lawn is in the shape of an isosceles triangle, on a base 
10 yards, with a vertical angle of 120°. Find its area. 

5. Find the area of a triangle whose sides measure 4 ft, 4 ft., 5 ft 

6. Find the area of the portion of a circle of radius 10 ft included 
bet\^eeu two radii which form an angle of 60°. 

7. Find the area of an equilateral triangle whose sides each measure 

O'Ol inch. [Use a scale of 0*005 inch-i:o V\ 

8. Find the area of a quadrant of a circle of radius 0*1 inch. 

[Use a scale of 0*1 inch to 1'^ 

9. A copy of a rectangle is drawn to a scale of What fraction is 

of the copy of the corresponding side of the given rectangle ? 
vViiat fraction is the area of the copy of the ai'ea of the fifiven 
rectangle? ^ 

10. A copy of a^iangle is drawn to a scale of What fraction is 
the base of the copy of the base of the given triangle ? What fraction 
is the altitude of the copy of the altitude of the given triangle ? What 
li action is the area of the copy of the area of the given triangle ? 
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147. Problem. — to divide a paralleloiraixL or a tiiangle 
into any ^iven ntunber of equal parts. 

(i) Required to divide ABCD into n eqnal parts. 

Com . — Divide the base DC (Fig. 222j into n equal 
parts, DE, EF, . . . § 114, 

Through E,F, . . . tlraw lines EK, FL, . . . [; DA and 
terminated by AB. 



Pr^of.-lnli^ ABGD, CD \\ BA. A\m,EK, FL, . . . m\\ DA. Com. 
Hence CB, EK, FL, . . . are j| each other, P-3. 

Also AB II DC; hence each of the figures AE, KF, LG, .. . is : 

These (1®® are on. e(iual bases DE, EF, . . . and between the same 
parallels DC, AB. 

Hence ll'o® AE, KF, LG, . . . are equal in area. Ar.4. 

(ii) Required to divide A ABC into n .equal parts. 

Cans , — Diride the base BC (Fig. 2211) into n equal 
parts, fiP, PC .. . ^ §115. 

Join the vertex A to each of the points D, E, . . . 

199 
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Proof , — Through A draw AX !i BG, 

As ABDf ADEj . . * are on equal bases BD^ Dc^ 
between the same BOj AX ; 
hence As ABD, ADE, ... are equal in area. 


. . and 
At, 5. 


148. Problem. — to construct a triangle equal to a given 
convex polygon. 

Beguired to constinct a triangle equal to the given 
polygon ABGD . . . (Fig. 224). 

(i) To obtain an equal polygon mtli the number oi 
sides diminished hy one. 



Cojia. — Join GA. Draw BG ]| CA meeting FA produced 
in G. Join CG. § ill. 

Then the polygon GGD . . . shall he equal to the 
given polygon ; and it has fewer sides hy one. 

Proof, — As AGOg ABG are on the same base OA and between the 
same parallels GA, BG, 

AAGG=:AABG, Ar.5. 

To each of these equal areas add the figure AGO ,, , 

hence polygon . . , = polygon . . . 

(ii) By applying the same construction to the polygon 
GCD . . . another polygon can he obtained of egnal 
area and having fewer sides hy one. 

This process can be repeated till the mimher of sides 
of the polygon is reduced to three ; i, e. till a triangle is 
obtained equal in area to the original polygon. 

The various stage^n the process are indicated in Figs. 224, 225, 226. 
Thus in Fig. 224 ABCDEF gives the equal polygon GCDEF; in Fig. 
225 GCDEF gives the equal quadrilateral GGDH ; and in Fig. 226 
GGDH gives the equal A GKO, In practice the various steps of the 
construction should be done on one fierure. 
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Kote. — I n tills case the polygon ABGOEF lias been reduced to a 
triangle whose vertex lies at 0 and whose base lies along AF, A little 
reflection will show the student that by mt^aiis of this mme method the 
polygon can, be reduced to a triangle having its vertex at the inter- 
section of any two adjacent sides of the polygon and its base along any 
of the reraaining sides. 


EXEECISES LI. 

L Draw A ABC making — BC = 2*\ CA^2^B'\ Divide 
the triangle into three equal triangles by lines drawn through 4. 
Pleasure the sides of the middle triangle. 

2 Draw A FIAL making HK^;> ems., KL=9 ems., LH=^7'2 cms. 
Divide the triangle into three equal parts by two lines dravn from the 
point //, Measure tliese two lines. 

3 . ABCD is a convex quadiihiteral in which AB=l‘4'\ 

BCD :=2’S’\ DA = DB=:2'4'\ Find the area of this quadrilateral 

(i) by squared ] aper ; (ii) by adding the areas ot the triangles 4 
CDA ; (iii) by adding the areas of the triangles ABD^ OBD ; (iv) by 
reducing it to an equal triangle and calculating the area of tlie latter. 

4. PQRS is a convex quadrilateral in wdiich P5 = 3'3'^ ^P==2'tV\ 

/?<9=1 <9P=3'', £L<9 = 120h Find the area of this quadrilateral i) 

by squared paper; (ii) by adding the areas PQR^ PSR t I iii; by 
adding the areas PQSj RQS ; (i v ) by reducing the quadrilateral to an 
equal triangle and ealeukiting the area of the latter. 

5. ABODE is n convex pentagon in wdiicli AB = 3 cms. , = 3 *2 cms. , 

4*6 cms., DE=S cms., £4 = 3*2 cms., 4(1= 4 *4 cms., 4£? = 4*8 cms. 

Reduce the figure to an equal triangle having its vertex at 4 and its 
base along CD, Pleasure the base of this triangle. 

6. Constriiet a pientagon ABODE in wdiich each side measures 3 cms, 
and each angle 108°. Reduce the pentagon to an equal triangle ABP 
haviSg AB for one side and L B for one angle. Measure BF. 

T* Construct a hexagon ABODEF in which each side measures 1'^ 
and each angle 120°. Reduce the hexagon to an equal triangle APQ 
in which the vertex is at the point 4 and the base PQ lies along the 
line CD, Measure PQ, 

8. Draw a cirede of radius 5 '3 cms. and in it inscribe a heptagon 
ABCDEFG each cf whose sides measures 4 “6 cms. Reduce the heptagon 
to an equal triangle and hence determine its area 

149. Freh Ex. — Given that BCE^ BFD are two straight lines drawn 
from the point B, and that DE is parallel to FO; prove that the 
triangles BDC, BFE are equal. 
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Problem. — to construct a triangle eq.'*3.al to a given 
triangle, given one side and an adjacent angle of tlie required 
triangle. 

Required to construct a triangle, equal in atea to ABC 
(Fig. 227), having one angle equal to X, and an adjacent 
side equal to Y, 



y 



(i) Construct a triangle equal to the given triangle, 
and having an angle equal to l X, 

Cons. — At B in BO make a CBF= lX. § 109. 

Through A draw AD |[ BG meeting BF at D, § ill. 

Then BDC is the required triangle. 

Proof. — ■.• As DBG, ABC are on same base BG and between same 
parallels BG, AD ; therefore A = /\ABG, Ar.5. 

Also A DBG= L. X. 

(ii) Hence construct a triangle equal to the given 
triangle, haAung an angle equal to X, and an adjacent 
side equal to Y, 

Cons. — From BC, or BC produced, cut off BE equal to 
Y. Join DE. 

Through C draw CF |1 ED, meeting BD (produced if 
necessary) at F. Join EF. § no. 

Then FBE is the required triangle. 

Proof, — •. ■ As EFG, DFG lie on the same base FG and between the 
same jjarallels FG, D^, 

. • . A f = A DFO. Ar. 5. 

To each add A BFQ, . •. A FBE= A DBG. Hence A FBE= A ABO. 

Also LFBE = L.X, and side BE = Y. 
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COEOLLARY 1. — To construct a parallelogrram to a 

given triangle given one angle and an a^lacent side of tlic 
parallelogram. 

First bfeect the giren. triangle. 

Construct a triangle PQR (Fig. 228) equal to the half 
of the given triangle, and having Q and adjacent side 
QR respectively equal to the given angle and line. 

Draw PS || QR, and RS |i QP, 

Then PQRS is the required ii“ ; for it is double of 
A PQR and therefore equal to the given triangle. 



COEOLLAET 2. — To construct a triangle ,or parallelogram) 
equal to a given polygon, given an angle and an adjacent side 
of tlie required triangle (or paraUelogram;. 

(i) Construct a triangle equal to tlie given polygon. 

(ii) Construct a triangle (or pai^aUelogram) equal to 
the triangle in (i) liaving tlie given angle and adjacent 
side. 


EXERQIBES LIL 
Practical Geometry. 

Tlie base of a tiiangle measures 3"' and its two hm& angles 
measure 30° each. Construct an equal triangle on the same base 
having one base angle of 90°. Measure the other base angle. 

2. The sides of a triangle measure 3, 4, 5 cms. Construct an equal 
triangle in which two sides measure 4 eras. Measure the angle 
included between these sides. 

3. Construct a triangle HKL having = A//=2'5''. 

Construct an equal triangle having one angle equal to L and an 
adjacent side 3''. Measure the other adjacent side. 

4. Construct a triangle ABO, having SC L. 2 *6^', aC = 60°, and 
equal in area to an equilateral triangle of side 2 , Measure AB. 

5. Construct a triangle D/F, having £F=5cms., a £= 37% and 
equal in area to a square of side 3 cms. Measure DE, 
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6. Construct a 2 )araIlelogram having sides, 1'5" and 2 '5", 
containing an angle 72°. Construct an equal parallelogram having a 
side 2'^ and an angle 54°. Measure the other side. 

7- Construct a rhombus of side 1 '6", having an angle 1 lt)°. ^ Construct 
an equal rectangle having one side 1". Measure the other side. 

8. Construct a quadrilateral ABOD having = BO— 2'^'% 
0D=^V'y DA=^^'\ i?/}=2*4". Construct an equal rectangle having one 
side 1‘4'h Measure the other side. 

By CoKSTBrcTiON axd CALCunATioisr. 

9. Constnict an isosceles triangle having a base = 3 '6^^ and an area 
= 4 '32 sq. inches. Measure the sides, 

10. Constract a pai'allelogram having a base = 2*2'', an angle = 70% 
and an area = 3 *3 sq. inches. Measure the side. 

11. Construct a triangle having an area of 15 sq. ems., an angle 
= 50% and one side adjacent to this angle = 6 ems. Measure the side 
opposite to this angle. 

12. Construct a triangle in which two sides measure 4 and 4*5 cms. 
respectively, and the area is 7 sq. cms. Show that from these data two 
dificrent triangles can be drawn, and measure the third side in each case. 

150. On the Solution of Prohlems. — The hints on the 
Solution of Eiders which were given in the preceding 
chapter (§ 144) apply whether the rider is a theorem or a 
problem. If, however, the rider is a problem one of the 
following two special methods can usually be applied. 

First Method. — Intersection of Loci. 

When the solution of the problem consists of, or 
depends upon, finding the position of a certain point, this 
point can often be found as tbe intersection of two loci. 

This method has already been explained and illustra*Ied 

♦ 13 *1 (n -I ^ 

m f 124. 

Second Method. — -Inference from the required result. 

In this method a figure is drawn representing the 
problem as solved. Certain facts are then deduced 
from this figure ^usually with other lines added to it) 
which suggest the^ required construction. 

The student is recommended to draw the original figure (representing 
tbe ]>roblem solved) in ink, and any lines be may add (for trial) in 
^nc7l so that they may be readily removed if wrong. 
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Example , — Bisect the area of a triangle hy a straight 
line chawn through a given point in the base of \he 
triangle. 

Cons, — (1) t 111 the base BC of a ABC (Fig. 229) take a point P, 
Do not take P near the middle of the base ; there will then be no fear 
of assuming inadvertently that P bisects the base. 



/Suppose that PK is the line %vKich hi sects the area. It is required 
to find some fact about the figure which will enable us to draw PK 
correctly. We are assuming that 

A PKO = quad. ABPK = J A ABC. 

(2) At present we have only the triangle ABC and the line PK The 
assumption that PK bisects the area of the triangle does not suggest 
the use of any theorem. 

(4) Obviously some new lines must be added to the figure. Various 
constructions must be tried till some fact of value is obtained. 

(5) Remembering that we must use the assumption that PK bisects 
the area of the triangle, it is natural to bisect the area by some new 
line, and then see if we can obtain any result by comparing the halves 
formed by PK with the halves formed by the new line. Isow if D 
bisects BG, then median AD bisects the area ABC (Ar. 5, Cor. 2). 

Thus A ABD = A ADO = J a AB(X 

Hfnce A AD0= a PKC 

From these equal triangles subtract the common tnangle DKO, 

Thus A ADK— aPDK; whence AP p DK, Ar.5c. 

But the points A, Pj D are all knowm. Hence the point K can be 
determined hy drawing DK !! PA, 

Thus we obtain the following solution : — 

Coiis. — Joia AP. Bisect tlie side BD at D, 

Dra'w DK || PA, meeting >4 C (or AB) atK. Join AD, PK. 
Then PK bisects tbe area of the triangle. 

t These numhers refer to the numbered hints in § 144. 
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Proof , — As PDKj ADK are on tlie same base DK and 
between tbe same parallels DK, PA, 

A PDK = ADK. Ar.5. 



.-.‘a PDK = a ADK. 

To each add /\DKC ; tlius 

apkd=aadd. 

Bnt A ADC ^ A ADB (Ar.5) 

=^iaabc. 

TTatiao a PiKn = i A ARP. 


B P D C ]^0TE. — The student should also try to 

Fig. 229. solve the problem using (i) the median 

through Bj and (ii) the median through 
Or instead of the median through /J— keeping P near to B in each case. 
He should moreover find why the construction given above is to be 
preferred. 


EXEECTBES LIU {Eiders), 


1. ABO is a given triangle ; show how to construct a right-angled 
triangle equal in area to ABC. 

2. ABO is a given triangle, and D£ a given straight line which is 
not }>arallel to AB/ shoiv how to construct on AB a triangle equal in 
area to ABO and having its vertex in £>£, 

3. ABC is a given triangle ; show how to construct a tiiangle 
whose area is double the area of ABC. 

4. Construct a rectangle equal to a given parallelogram and having 
one side equal to a side of the parallelogram. 

5. On one side of a given triangle construct an isosceles triangle 
equal to the given triangle. 

B, Construct a triangle equal to a given parallelogram, having an 
angle equal to a given angle. 


7. Prove the following construction for drawing a parallel ogi'am 
equal to a given triangle ABO and having an angle equal to a given 
angle X : — 

Bisect BO at D. Draw AZ || BG. 

Draw DE making L.EDG— £. X ; draw CF parallel to BE, \f BE, OF 
meet AZ in F then DEFO is the required parallelogram. Ar.3 ; Ar.6. 

8. Show how to divide a parallelogram into three equal parts by 

lines drawn through one angular point. Pm.l. 

9. Show how to bisect the area of a given parallelogram by a line 
drawn through a givgh point in one of its sides. § 112 ; C.2 ; Pm.l. 

10. ABO and ABE are two perpendicular straiglit lines ; also BD is 
parallel to OE. Prove that A ABE = A ACB, and hence that AB x >*£=: 
AOxAD. Ar.3;Ar.5. 
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11 . Prove tile following construction for bisecting the area of a 
convex quadrilateral ABCD by a line drawn from A : — 

Bisect BD at f. Draw £f AO meeting BO or CD at E Join AE 

Ar, 6. 

12. ABODE f is a polygon having a re-entrant angle at B, Prove 
that the construction given in Part (i) of the problem in § 148 will 
usually apply to this figure, and mention the case when it fails. Ar.5. 


13. ABGD is a four-sided figure such that AB and DO, the sides, are 
equal, and AD and BO, the top and bottom are parallel. Show how to 
construct on base BG an isosctdes triangle equal to ABGD. 

14. On a given line eonstnict a rectangle equal to a given rectangle. 

15. Construct a rectangle equal to the sum of two given rectangles. 

10. Construct a rectangle eipml to the difierence of two given 

rectangles. 

17. Show how to bisect the area of a parallelogram by a straight 
line (1) diwn through a given point, or drawn'^parallel to a given 
line, or (3) touching a given cdrcle. 

18. Trisect a triangle by lines drawn through a point in one of the 
sides. 

19. Through a point in the side of a triangle draw a cutting oif 
one-fourth, one-fittli, or any required submultiple of the area. 

20. Construct a triangle equal to a given triangle and having two 
of its sides of given length. When is this impossible ? 

21. Construct a parallelogram equal to a given parallelogram anti 
having two of its sides of equal length. 

22. State and prove the converse of the theorem in Ex. 1, § 115. 
Hence show how to find a point P within a triangle ABG such that the 
triangles PBOj PGA, PAB are equal in area. 

23. Find a point P within a quadrilateral ABGD such that the 
triangles PAB, PEG, PCD are all equal in area. 

24. * Trisect a parallelogram by lines drawn through a point in one 
of tbfc sides.t 

25. * Bisect a quadrilateral by a line drawn through a point in one 
of the sides, t 

26. * Through an angular point of a quadrilateral draw a line cutting 
ofiT one-third, one-fourth, or any required submultiple of the area. 

27. * Through a point in the side of a quadrilateral draw a line 
cutting off one-third, one-fourth or any required submultiple of the 
area-t 

t In these problems it is difficult to avoia a large number of 
different cases. Perhaps the simplest methods can be obtained by 
first reducing the figure to an equal triangle having its vertex at the 
given point and its base along the opposite side. 
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151. Multiplicatioii and Division. —Simple cases of Multiplication 
and Division can be performed by Geometrical construction. 

Problem.— T o f nd geometrically the value of 

c. 


Cm— Draw two l lines OX, OY (Pig. 230). 

Prom OX mark off OA =a units, and 06=g units. Prom OY mark 
off 05= J units. Join GB. 



JO A C X 

•y * * 


Fig. 230. 


T)i'a.w AP \\ CB. ThmOP^^. 

e 

Proof . — A PGA = A PBA, Ar, 5. 

To each add a OPA ; thus a 0PG= a OAB, 

H enee ^0Px0G=^0Ax OB, Ar. 3. 

or lOPxc=l axl. 

Whence 0P=^. 

e 

ITotb.— Another method of viewing this 
problem will be indicated in Part II, under the 
head of Proportion. It will there be shown 
that the lines QX, OY need not be at right 
angles. 


Example.— (i) 2'4 xl'3, (ii) 2'4 t1’3. 

Use the method of the preceding Problem 
(i) making flr=2’4, &=1’3, fl=l. PesuU, 312. 

.(ii) making a=2'4, i=l, c=VZ. Pemlt, 1-85. 


BXEBOmS LIV. 

>.* n f 

Evaluate geometrically 

1 . 17x29 T 19. 2 . l'7-r2’9xl-9. 3.21x3-2. 

A. 2-3t 1-3. 6. l'6x41-r3-2. 6. 2-3x3 1. T. 4-5^1 -7. 

.8. 7-3-r4-2. 



CHAPTER TX. 

TI££I RIGHT- A GIEI) TIIIAXGLE 

152 Tlie Squares on the Sides of a Triangle — Thi^ 
ciiaptei tXeals \Mtlx tlie aieasr. of tlie three squares wMcli 
can be desciibed on the tliiee sides of any triangle 
(Fig 231; It be sbouni that there is a teru mmple 
(and very important; relation hetweeii these aieas v^hexi 
the tiiaiigle is ii ght-angied. 



To find the area of any rectangle we multiply the 
len^hs of two adjacent sides [^Ar 1] Hence to Snd the 
area of a square we multiply the length of a side lyy 
ztseZf ; for the sides of a square are all equal. 

In this chapter we shall frequently use the letters 
A, d to denote the three angles of a triangle , and the 
letters a, Z>, c to denote the lengths of the three sides ; 
the side whose length is n being opposite to the angle 
Aj h opposite to B, and c opposite to 0. ^Bee Fig 231 
OTP 209 B 
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BZEBCISEB LV. 

By Drawing and Calculation. 

1. Draw tliree triangles in each of which & = 1 *2'', o = l‘6" (see 
(Fig. 231). Make L A obtuse in the first triangle, acute in the second, 
ami an exact right angle in the third. 

In each case determine accurately the areas of the three squares. 
(Kote that the areas can be determined without drawing the squares. ) 

In each case determine whether the sum of the squares 07i 6 and c 
2 S greater than^ equal to^ or less than the square on a. 


G 



2. What simple relation appears to hold between the squares on the 
sides of a right-angled triangle % 

3. Construct a triangle making the angle A an exact right angle, and 
making the sides b and c roughly about 1" and 1 ‘5". Di'aw the three 
squares accurately. 

Draw through A a line accurately perpendicular to a, and produce 
this line so as to divide the square on a into two rectangles. 

Determine the area of each of the squares on b and g and of each 
portion of the square on a. What do you notice about your results ? 

4. Construct an amte-angled triangle, making the sides about 4, 4 ’5, 
and 5 cms. Draw accurately the squares on the three sides. 

Divide each square into two portions by a line drawn through the 
opposite corner of the triangle accurately x the side of the square. 

Determine the area of each portion of each square. Whcd do you 
iK^ice about ymr resuM ? 

5. Copy Fig. 232 making i5>4 about 1*8", about ’9", and i,BAC 
an exact right angle; draw the squares on the sides accurately. 
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Tlirongli the niiddie points p, q, r, s of the sides of the square BE, draw 
the lines ptir, qvt, ri'u, swv parallel to the lines AC and AB alternately. 
Through 0 the middle point of BG, draw kol ' BG, and motj A BO. 

Show by tracing paper, or otherwise, that the four parts of the square 
FA and the whole square AK can be fitted together to make up the 
squai’e BE, + 



D 

Fin. 233. 

153. On Projections. — The projection of a given 
point on a given straight line is the foot of the per- 
X:)endicn]ar draw-n from the point to the line. Thus in 
Fig. 233 the projection of the point B on the line XY is 
the point h. 

The projection of a line on a given straight line is 
that portion of the given straight line which lies between 
the projections of the two extremities of the given line. 
Thus in Fig. 233 the projection of the line AB on the 
straight line A’K is the line ah. 

The first of the two lines (the line which is projected) 
may be either straight, or curved. The second of the 
two lines (on to which the first is projected) mMsJ 
however he a straight line, since the definition involves 
perpendiculars to this line. Thus in Fig. 233 the pro- 
jection of the curved line CD on the straight line XY 
is ed. Note also that the projection of the point L on 
XK is the point L itself ; and the projection of the line 
LT is the line Lt. 


t Many other devices have been invented for dissecting the squares 
on BA and AO into parts which fit together into the square on BG, The 
one given in the text is perhaps the easiest to rem^ihber though not the 
easiest to prove logically. In the set of Geometrical Models to which 
reference was made on p. 190, a dissection of the proposition is given 
in wooden models. 
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154. Prel, jEW. — F iff. 234 shows a triangle right-angled at A, with 
a square deseril;e<i on each side. Also AL is perpendicular to BO. 
Prove (i) A FBC=^ABD [C.l], and hence (ii) sq. F>f =rect. BL [Ar.3.] 

Theorem [EiT, 2].|' — in arisHt-angledtriangle^ the square 
described on the hypotenuse is equal in area to the sum of the 
squares described on the other two sides. 

Fig. 234 shows a triangle ABC) with, a square desci-ibed 
on each side ; — 

Given that a 5/4 C = R, 
Required to prove that 
sq. 5f=sq. FA +sq. AK, 

Cons . — Draw AL \\ BD (or CE). 
•Join FO, AD, 

Proof. — adj. angles BAG, 
^ BAD are both right angles, 

GAG is a straight line. A.lc. 
sq. FA and A FBC are on. 
the same base FB, and between 
the same parallels FB, GO, 

sq. = 2 A FBC. Ar.3. 
Similarly rect. BL — 2/\ ABD. 

Ar.3. 

Again, >-FBA=lCBD; to each add lABC; 

^ FBC ABD. 

In As FBC, ABD, 

FB = AB, ] 

BC = BD, y .'. AFBG=^ABD. c.l. 

Af5d= lABD, J 

But sq. FA = 2 A FBC, and rect. BL = 2 A ABD. 

Hence sq. F/!=rect. BL. 

Similarly it can be proved that 

sq. AK = 2AFCB ; rect. CL = 2 A ACE ; 
and hence that sq. AK=xect. CL. 

But rects. BLj’DL together make up sq. BE; 
hence sq. FA + Bq. AK = sq. BE. 

T For Theorem ET.l, see p. 106. 



G 



D LE 

Fig. 234. 
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Corollary [RT.3.] — in a rlglit-an^led triangle the sqna^reon 
either side containing tbe riglit ang:Ie is eqnal to tlic rect- 
angle contained by tbe bypotennse and tbe projection of tbat 
side on tbe bypot ennse. 

For it lias lieen prove<l tluit sq. on 5^ =reet. Bl. 

*Uso rect. BL=rect. {BD, BM) = revt. iBC, BM). 

Note. — TLis particular proof of the theoi>-ni was di«;ov€ro(l by 
EucliiL The theorem itself wa.s first proved by Pythagora.s, a cele- 
brated Greek philosopher, b.c. 552-fiOI). It is probable that the 
Egyptians knew the facts i^apart from any iiroof long before this date. 

155. TiIEOREII [RT.fJej. — if th.e square described on 
one side of a triangle is equal to tbe sum of tbe squares 
described on tbe other two sides^ tbe angle contained by these 
two sides is a right angle. 

lu Fig. 235: — Gii'e)/ that 

sq. oil BC = sq. on BA + sq. on A C, 

Required to prove that _ = E. 


Cons . — Draw CD ± CA, making B C 

CD = AB. Join AD. Fir;, syr.. 

Proof. CD = AB, /. sq. on CD = sq. on AB. Pm.7. 
hence sq. on CD+ sq. on >4C = sq. on AB+ sq. on AG. 

hi A ADD, £.y1CZ} = E, 

sq. on GD+ sq. on /^C = sq. on AD. RT.2. 
Also sq. on /IB + sq. on AC = sq. on BC. Hyp. 
sq. on ^B = sq. on BC ; whence AD — BC. Pm. 8 . 

[AB^CDA 

in As ABC, CDAABG = DA, } i.BAG= lACD. 

[AC = CA,i C.3. 

But -ACD = R (Cms.); hence v.BAC^R. 

150. Calculations. — If the side of a square is a units 
of length, then the area of the square is a x a, i. e. a^, in 


the corresponding units of area. Thus Theorem RT.2 
may he expressed algebraicaUy by the formula 

where a is the hypotenuse. Given any two sides of a 
right-angled triangle we can now calculate the third. 
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Example 1 . — Fhid the hypotenvfic of a right-angled triangle, if the 
other two sides measure 5 ft. a7id 8 ft. respectively. 

W& have S = 5, c=8, a=? 

Hence from the formula 25 + 64= a-, i. e. «-=89, 

■whence a= >^89 or 9'43 ft. 

Example 2 . — A ladder 20 ft. long rests against a window-sill ai a 
height of 17 ft. froon the ground. How far is the foot of the ladder 
from the wall? 

In Pig. 236 BC=20 ft., AG=17 ft. Thus «=20, 5=17, c= ? 

Hence from the formula, 17^+c®=20^ 

c^= 202 - 172 = (20 + 17) (20 -I7)=37x 3 = 111 
c= ;syill or 10-53 ft. 




A B 

Fig. 237. 


157. Square Eoots by G-eometrical Construction. — The 
following examples illustrate a geometrical method of 
obtaining the sq-oare root of an integer which is not 
an exact square. The first step is arithmetical, viz. to 
express the given integer as the sum or difference of ttro 
squares. The method is based on Theorem ET.2. 

Example 1. — Find the value of \/34. 

We find (by guessing) that we can express 34 as the sum of two 
squares : — 3 4 = 5® + 3®. 

Constmet a biangle ABC (Fig. 237) in which >4 = 90°, 6 = 5 units of 
length, c=3 units. By measuring, find a = 5-83 rmits. Then 
V34 = 5 '83. 

Proof.— a®=6®+c®=6®+3®=34. Hence «= J34. 

Nom — Any convenient unit of length may be used. If squared 
paper is not used or if millimetre squared paper is used, the centimetre 
is the most convenient uni! If tenth-inch squared paper is used the 
inch (or the half-inch) will make a convenient unit. 
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Example 2. — Find the value of 

We find (by guessing ; that we can express 7 as the difference of two 
squares : — 7 = 4“ — 

Take a right angle XAY (Fig, 288)» From AY mark off #4C of length 
3 units. With centre C and radius 4 units of length, describe m are 
cutting AX at B. By measuring we find >1^=2 *65. Then ^7 —2*05. 

Proof.-- ^.2^42-32=7, Hence c=: ^^ 7 , 


6 % 


Fro. 238. 

N'ote 1. — Obviously squared paper may be used with advantage. 

Hote 2. — If the side a is only a little longer than h a good result 
will not be obtained, as the arc and AX will not be sufficiently inclined 
to give a good intersection at B. 

♦ 

158. Difference of two squares.— It wiE be found that any number 
can be expressed as the difference of two squares, by factorising the 
number and using the formula 6^= (a 2») (a - 5). 

To illustrate this take the numbers 22 and 43. 

(1) Assume = i,e. llx2 = (a + &) {a-h). 

Then assume a4-5=ll, a - &=s2. 

Solving these equations we obtain a=6*5, 5=4*5. 

Thus 22=6-52„4'5-A 

Assume 43 =a^ - 5^, L e. 4Bxl = (ai-b) {a - 5). 

Then assume 05 + 5=43, ®-5=l- 

Solving these equations we obtain a =22, 5=21. 

Thus 41=22*^-21^, 

Applying the methods of § 157 we can now find jiy22 and ^^^/43. 

In the second ease, however, we shall find that we do not obtain 
a very accurate result for the reason mentioned in INote 2, § 157. 
This difficulty will occur whenever one of the factors of the given 
number is mry small compared to the other ; hut it can usually be 
evaded by some modification of the method, it will often be found 
useful to use 5 as one factor. Thus if we factorise 43 as 8^6 x 5, and 
put 8 '6 = a + 5, and 5 = a - 5, we obtain 43=6 ‘S'-* - 1 *8® ; which gives a 
good result if the half-inch or centimetre is used as a unit of length. 
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EXERCISES LVIA 
Ridees. 

1. >S}iow ho\T to describe a square equal to tlie sum ol two given 
squares. 

2. The square described on the diagonal of a given square is double 
the given square. 

8. The sum of the squares on the diagonals of a rectangle is equal to 
the sum of the squares on its four sides. 

4. State how to make a squai-e whose area is hve times that of a 
given square. 

5. ABODE is a polygon such that BO is perpendicular to ABj OD to 
ACj and DE to AD, Prove that the square on AE is equal to the sum 
of the squares on the remaining sides. 

6. If two opposite sides of a quadrilateral meet at right angles when 
produced the sum of the squax'es on the other two sides is equal to the 
sum of the squares on the diagonals. 

7. ABO is a triangle having the side AS greater than the side>l^?; 
and AD is drawn perpendicular to BO / prove that BD is greater than 
CDf and the angle BAD gi'eater than the angle OAD, 

8. ABO is any triangle, and AD is drawn perpendif^ular to BC. 
Show that the difference of the squares on AB, AO is equal to the 
difference of the squares on BDj GD, 

9. If A and B are fixed points find the locus of a x^oint P which 
moves so that the difference of the squares on A P and BP is equal to 
the square on AB, 

10. Prove that if the difference of the squares on two sides of a 
triangle is equal to the square on the third side, the tiiangle is right- 
angled. 

11. The square on any line is four times the square on half thoTline. 
Hence the sum of the squares on the sides of a rhombus is equal to the 
sum of the squares on its diagonals. 

12. ABO is a triangle right angled at 4, and E and F are the middle 
points oi AG and AB, Prove that the sum of the squares on BE, Of is 
equal to five times the square on EF. 

13. ABOD is a parallelogram in which the diagonal BD is at right 
angles to the sides and OD, Prove that the difference of the squares 
on the diagonals is equal to four times the square on AB, 


t In these Exercises assume that, if AB>A0, then sq. on ^R>sq. on 
AC, and convet'sely. This is proved hy superposition. 
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14. C is a given point in a given line AB. Find the locus of a point 
P which moves in such a way that so. on - &q, on PB = so, on CA 
- on CB, 

15. Two sides of a triangle contain (ii an obtuse angle, (ii) an acutr 
angle. Prove that the sum of the bfinart^s on these sides is (i) lens 
than, (ii) greater than, the square on tiie third side. 

[Let ABC be the triangle and A the acute or ohtn-ie angle. Mnk^BAD 
a right angle and AD=AC. Join BD, Use T.b ; ltT.2. j 

16. The sum of the squares on two sides of a tifuiigln is fi, Icjis than, 
(ii) greater than, the square on the third side. Prove that these two 
sides contain (i) an obtuse angle, (ii) an acute angle. 

[Make the same construction as in 15 ; use T.^r ; RT.2.] 

17. In the figure of Theorem RT.2 : — 

(a) Prove BG, CH are parallel. 

{h) FAj AK are in the same straight line. 

(c) If FO and AD intersect in Nf prove that the angle ANF is equal to 
the right angle FBA, 

{d\ Join uHj FD, KE and prove that tlie triaiigh^ GAH^ FED, and 
KOE are each equal to ABO, [Use Ques. 7, Exerii&es ATZ/X] 

18. In an equilateral triangle the sum of the sqiiart^*^ on the three 
sides is equal to four times the square on the perpendicular from the 
vertex to the base. 

19. In the quadrilateral given that = aTidAB>AD, 

prove that C% < CD, 

20-^ ABC is a triangle and D is the middle point of PC, piove that tin* 
sum of the squares on AB and AC is greater than equal to or le^s than 
four times the square on AD according as the angle at A is obtuse, right, 
or acute. 

21. '^ ABC is an acute-angled triangle, and C, £. F are the middle 
jioints of the sides. Prove that the sum of the squares on AB^ BGj CA 
is less than twice the sum of the squares on AD, BE, CF, [Use Ques. 20.] 

Calculations. 

Calculate the length of the hypotenuse of a right-angled tiiangle if 
the other two sides measure : — 

22. 7'% 4r", 23. 2 cms., -5 cm. 24. 20 miles, S miles. 

Calculate the remaining side of a right-angled triangle, if 
hypotenuse and one side measure respectively : — 

25. 2'b 26. 10 cms., 4 cms. 27. 20 miles, 14 miles. 

28. There are three towns P,Q,R. P is 20 reiles N. of Q and B is 
12 miles E. of Q. Calculate the distance of P from R ? 

29, A door is 6 ft high and 3 ft. 6 in, wide. Calculate to the 
nearest inch the distance between two opposite corners. 
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30. A ship started from a point 100 miles IN. of a certain port. After 
sailing for 130 miles it is W. of that port. Calculate its distance from 
the port. 

31. Calculate the altitude of an isosceles triangle whose base measures 
4^' and whose equal sides measure 5" each. 

32. Calculate the base of an isosceles triangle whose equal sides 
measure 2^' each, and whose altitude measures 1 *5''. 

33. How many triangles can be formed by taking any three lines 
from lines 2, 3, 4, 5, 6, 7 inches long? Which of the triangles so 
formed will be right-angled ? 

34. ABO is a triangle right-angled at A : AD is drawn jlBC, and DF 

lAB. IfylR=4", calculate the lengths RA DO, AD, DF, BF, FA, 

35. The sides of a triangle are each 10", and its base is 7'^ Calculate 
its altitude, and hence its area. 

36. Calculate the altitude and area of an equilateral triangle whose 
side measures 12 yards. 

37. Calculate the length of the side of an isosceles right-angled 
triangle whose base measures 2". 

88. The equal sides of an isosceles triangle measure 10" each. Find 
the altitude if the base is 6" ; and find the base if the altitude is 6". 

39. The hypotenuse of a right-angled triangle measures 8" and one 
side measures 3". Calculate the length of the other sid^ and the area 
of the triangle. 

40. In a tepezium the shorter of the two parallel sides measures 2", 
and the two non-parallel sides each measure 1". If the perpendicular 
distance between the parallel sides is *7", calculate the length of the 
remaining side and the area of the figure. 

41. In the triangle ABC, the angle / is a right angle, and the sides 
AB, AC measure 2" and 3 *5" respectively. Calculate the length of the 
hypotenuse and the area of the triangle. From these two results 
calculate the length of the line drawn from A perpendicular to 

42. In the quadrilateral OBAC, lB— /^C='R, 04 = 3", = 

Calculate the lengths AB, AC, the area OB AG, and the length BC, 

43. Show algebraically that if the angles of a triangle are 90°, 45° 
45°, the sides are in the proportion ^/2 : 1 ; 1. 

44. Show algebraically that in a ‘‘half- equilateral” triangle the 

sides are in the proportion 2 : : 1. 

45. Calculate alg^mically the perimeter of an equilateral triangle 
whose area is 2 square ems. 

46. Calculate algebraically the perimeter of a triangle whose sides 
are in the ratio 3 : 4 ; 5, and whose area is 1 sq. mm. 



By Drawing anx> Cax=ci:i*atio^. 

47- Dmw a st^nare equal to the sum of two squares whose sides are 
I t-spectwely V% Measure its diagonal, and Terify the result hj 

eaiculatton. 

48. Draw a square equal to the difSeren^^e of two squares who^ sides 
are 22 and 33 Biin. Measure its diagonal, and venfy the result by 
ealeulation. 

Evaluate hy the method of § 15/. 

49 ^13. 50 v'5. 61. 62. ^ 29- 53. 

54. ^33. 55. ^^43, 50, ^^149. 57. ^'1 'dh 63 v^62l. 

59. Vl*2o. 

60 = 1'^. Hence and from <5 lies. 5 5 nti -^3 9. 
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159. The Circle. 

Definitions. — a ciVcZef is a plane figure bounded by one 
curved line called its circumference, J which is such that all 
points on this circumference are at equal distances from a 
certain point which is called the centre§ of the circle. 

Any line joining^ the centre to a point on the circumference 
is called a mdms,\\ 

Any line passing through the centre and terminated at 
hoth extremities by the circumference is called a diameter.^ 

A-Xiy diameter divides a circle into two 
halves, each of which is called a se?ni- 
efrcZc.tt 

Any portion of the circumference of a 
circle is called an arc.XX 

Thus in Fig. 189 ACB^ ADB are both arcs of the 
circle. 

Any straight line joining t^o points on 
the circumference of a circle is called a 

choTd.%% 

Thus ill Fig. 239 is a chord of the circle. 

160. Symmetry.— Revise § 28 of the Introductory 
Course, pp. 50-52. 

Definition, it a Ime can be found on a figure sucb tliat 
When the figure is folded across that line the portion of the 
figure on one side of the line coincides with the portfon on 

[Derived from a Latin word meaning a / compare citcus, 
t From a Latin word meaning the path round (the circle). 

§ From a Greek word meaning originally a prick, 

!! From a Latin word meaning a ray; the radii pass ontwards from 
the centre like rays of light from a flame. 

(til drX)^ meaning the measure (of the distance) through 

tt Semi means (Latin). 

U ^ Latin word meaning how ; compare archer, arch, 
s§ The same word as cord j if the dotted arc in Fig. 189 is regarded as 
a bow Strang ready for use, then the chord AB represents the string. 
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the other side, line far line and point for point; tHen tHe 
figure is said to he symmetrical ehout tliis line, and this line 
is called the as:is of si/mmeirf/.f 

Definition. — if a fi^re is symmetrical with reg'ard to 
some line as axis then either half of the figure may he called 
the itnage of the other half in that line. 

In Fig. 244 if a plane metal if: mirror is placed standing 'opriglit on 
tlie line XY and facing to the left, then the mirror would show an 
image (or ‘^reflection”) of the figure APD which would apwar in 
position OPE. 


Fig. 241. 
EXERCISES IV II Fmdlcia), 

1. Take a piece of paper and fold it into two ; make one prick with 
a pin thronglrhoth folds of the paper. Xow unfold the paper ; lei OD 
be the crease, and A, B the two holes made by the pin (Fig, 240 i. 
Obviously Aj B are symmetrical with regard to the crease CD, 

Join AB euttirig CD in F, Join A and B to any other point E on 

Measure 4F, BFj AE^ BE, L.AF0, lAEF, L.BEE Mark each measure- 
ment on the figure. What do you infer ^ — (i; With regard to the lines 
joining two symmetrical points to any point on the axis of symmetry, 
(ii) With regard to the join of any two symmetrical points, 

2. Take another piece of folded paper, and make two pricks with a 
pin tlwough both folds of the paper, so that when the paper is unfolded 
you have a figure like that shown in Fig. 241 ; iff and // /f are sym- 
metrical pairs of points with respect to the crease CD, 

Join the lines AH, BK, AK, Bn, What do you notice with regard to 
the following lines 1 — (i) AK, BH, CD, (ii) AH, BK, CD, 

t The idea of folding a plane figure about a straight line is logically 
justified by dividing the figure into two parts by a cut along the 
line, and applying one part to the other. Use Axiom 10, p. 74, and 
the Definition of straight line, p, 67. 

J An ordinary piece of looking-glass ” does noi give a good result, 
as in this case the actual mirror lies behind a certain thickness of glass, 
and this causes complications. 




Fig. 240. 
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3. Draw a circle on a piece of paper, and draw any diameter of the 
circle. Fold the paper about this diameter as crease, so that the circle 
is on the outer faces of the folded paper. Prick through both folds of 
the paper at several points on the circumference of the semi-circle on 
the upper face. Unfold the paper. 

■\Uhat do you notice, and what do you infer ? 


161. Theorem [Sy.l]. — if two points are symmetrical 
about a given axis, tlten (i) tbeir join is bisected at right 
angles by this axis^ and (ii) their joins to any point on the 
axis are equal, and form an angle which is bisected by the 
axis. 



Given tliat the points A, B are symin. to the axis XY, 

Required to 'prove that 

(i) AB is bisected at right angles by XY (Fig. 242). 
and (ii) AC = BC, and XY bisects i-ACB (Fig. 243). 

Proof . — each case suppose the figure folded about 
XY. 

In each case, '.'A is symm. to Bj A falls on B ; 
also in each case C coincides with itself. 

Hence in each case the line A C coincides with the line 
BCf and lACY with lBGY. 

Thu8_ AC = BC, and lACY=^ lBCY. 

Also in Case (i), 4 Cfi is a straight line ; 
hence XY ± AB. 

CoEOLLAPvT. — The re-entrant angle ACB is also bisected by 
the axis XY (Pig. 243 ). 
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162. Theorem [Sy.lc.]. — two points are symmetrical to 
a given axis if (i) th.eir join is 'bisected at right angles by this 
axis, or (ii) their joins to some point on the axis are equal, 
and form an angle which is bisected by that axis. 

Given iKat 

(i) is bisected at right angles by XY, (Fig. 242), or 

(ii) AC = BC, and XY bisects ^ACB (Fig, 243). 

Required to 'grove that 

the points A, B are symmetrical to the axis XY. 

Proof . — ^In each case suppose the figure folded about 
the line XY. 

In each case i.AGY= i-BCY ; .'.DA will lie along GB. 

In each case GA = GB ; A will faU on B. 

Hence A and B are symmetrical about the axis XY. 

163. Theorem [Sy.2]. — a. circle is syxmuetrical about 
any diameter. 

Required to prove that O PXQ (Fig. 244) is sym- 
metrical to the diameter XK ; i.e. that 
XY divides the circumference into two 
symmetrical portions. 

Gems . — Take any point P on the 0“, 
and join it to the centre 0. 

On the opposite side of XY draw a 
radius OQ, making i,QOY= ^POY. 

Proof . — radius OP = radius OQ, 

and .^P0Y= I.Q0Y; 

.'.Pis symmetrical to Q with respect Fig. 224. 

to XY. _ Sy.lc. 

Similarly any other point on either f portion of the 
O®® is symmetrical to a point on the other portion. 

Hence the two portions of the O®® are symmetrical. 

t Note the importance of the word ‘‘either/' It is necessary to 
show that any point on the le/^ side is symmetrical to some point on 
the right side, and aho that any point on the right side is symmetrical 
to some point on the left side. 
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164. Theorem [Sy.3]. — if a pair or points is sym- 
metrical to a second pair^ tlien tlie joins of tliese pairs eitlier 
are parallel to, or meet on, th.e axis of symmetry. 

Given that A, B are respectively symmetrical to G, D 
with respect to the axis XY (Figs. 245, 246). 

Required to prove that >15 and CD are either parallel 
to XI or else intersect on XY. 



CviSE I. — >1 and B on the same side of XY (Fig. 245). 

Proof. — Supxiose the figure folded over the^line XY. 

A, B are synim. to C, D, .'. A falls on G, and B on D. 
Hence the straight lines >15 and OD coincide. 

Also the line in which AB,CD coincide is either parallel 
to the crease or intersects it. 

Hence AB and CD either are hoth parallel to XY, or 
else meet XK at the same point. 

Case II. — A and 5 on opposite sides of XY (Fig. 246). 
Cons. — Let the st. line AB meet XK at P. Join CP, DP, 
[Required to prove that C PD is a st. line.] 

Proof. — ■.■>! is symm. to G, i.>15X= lCPX. Sy.i. 

5 is symm. to D, l BPX= l DPX. Sy.i) 

Hence _ 45X+ ^BPX= L GPX+ l DPX. 

APB is a straight line, .'.iAPX+ a55X=2R; a.i. 
hence -CPX+n55X = 2R. 

.'.C PD is a straight line ; 

Hence the straight lines AB and CD meet on XK. 


A.lc. 
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COEOLLARY. — Symmetrical lines eitlier are parallel to, or 
meet on, tlie a'xis of symmetry* 

For symmetrical lines will always join two pairs of 
spxiinetrical points, 

165. ArgiimeHt by Symmetry. — Theorems Sy.lc and 
Sy.2 are tests of symmetry. Theorems Sy.l and Sy,3 
are simple and useful results which follow from sym- 
metry. Ail other arguments hy symmetiy depend on 
the fact that when a symmetrical figure is folded about 
the axis of symmetry the two parts become identical. 

The following examples will illustrate the use of 
symmetiy in logical argument, and will also serve as 
models of the form in which such arguments should be 
stated. 

Example 1. — Prove hy symmclrij that a diameter of a circle hlseds 
any chord to which it is perpeiidiciilar, 

■In G ^^0 (Fig. 247) ; — 

Given that diam. GD i choid AB^ 

EeqtUrcd to prove that EA^EB, 


O 



Fig. 247. 

Proof . — Suppose the figure folded across the line CD. 

\ ' CD is a diam., . \ arc CAD coincides with arc CBD. Sy.2, 

• . * A. CEA = L. CEB, . ■ . the line EA lies along the line EB. 

Thus the point where the line EA meets the arc GAD, coincides 
with the point B, where the line EB meets the arc CBD. 

Henee EA^EB, 

Note. — In this proof we assume that the line AB does not meet the 
circle in more than two points. If it did, A might not coincide with 
B but with one of the other points of intersection, 

G. T. F. 


Q 
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Example 2, ~-TIie Jiemgon ABODE F is symmetrical alout the diagomd 
AD (Fig. 248). Prove that (i) the Udq lines BP, FQ, which bisect the 
angles B, Fj either are parallel or meet on AD, ami (ii) the two lines 
HK, LM, which bisect the sides BG, EF at right angles, either are 
parallel or meet on AD. 

Proof . — (i) *. • BP, FQ bisect tbe symm. angles B, F, 
r.BP, FQ are symm- about AD ; 

for otherwise, when tlie figure is folded about AD, we should have 
two different lines bisecting the same angle F — which is not possible. 

Hence BP, FQ either are parallel or meet on AD. Sy.8. 

ii) \* the points H, L bisect the sj^mm, lines BO, FE, 

• *. H, L are syram. about AD ; 

for otherwise, when the figure is folded about AD, we should have two 
different points bisecting the same line FE — which is not possible. 

‘ HK, LM are drawn from the symm. points H, L, and are perpen- 
dicular to the syinm. lines BO, FE, 

HK, LM are symm, about AD ; 

for otherwise, when the figure is folded about AD, we should have two 
different lines perpendicular to the same line FE at the same point H — 
which is not po.^sible. 



Fig. 248. 

Hence HK, LM either are parallel or meet on AD. 

166.* Point-Symmetry. — §§ 160-165 deal witk sym- 
metry witli respect to a line or “axis.” There is also 
another kind of symmetry, viz. symmetry with respect 
to a point. 

Definition. — two points axe said to be symmetrical witb 
respect to a tbifi point if the join of the first two points is 
bisected by tbe tliird pomt. 

Thus in 1 ig. 249 the points P and p are symmetrical 
with regard to the point 0 ; for 0 bisects the line Pp. 
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Definition. — a figure is said to be ni/mmrtrieal with Tfsin'ct 
to a given jjoint, if eacli point on tiie fii^nre is symmetrical to 
some otlier point on tb.e figure witii respect to tlte given 
point. 

Tims in Fig. 249 the curve PQ}>q is syiunietrical ■with, 
respect to the point 0 ; for P is symmetrical to p, to Q, 
S to s, a to A, and so on. 



Suppose Fig. 249 to be divided into two parts by any straight line 
Xy passing through 0. Then the p>art APQSa will be coiigraeiit to 
the part a 2 )qsA, 

For if the part APQSa is swung round 0 till OA falls on Oa, then 
A falls on a ; for OA = Oa. 

Also, since l.AOQ=^ Laog (A,2), OQ falls along Oq ; thus Q falls 
on q, for OQ = Oq* 

Similarly P falls on p, S on s, etc., and thus the two portions of the 
figure are congruent. 


UXEEQI8ES LVIII (i?iWrrs). 

1. t Prove that a straight line cannot meet a circle in more than tvro 

points. T.l, T.2. 

2. AB, CD are tw’o chords of a circle perpendicular to a given 

diameter, A and G being on the same side of thisu^diameter. Prove 
that the chords AG and BD are equal, and that they intersect on the 
given diameter, unless they are parallel. By. 2 ; and folding. 


t Assume this result in jiroving Questions 3, 5, 11, 12. 
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3. From one extremity of a diameter two chords are drawn equally 
inclined to that diameter. Prove that the chords are equal in length. 

Sy.2; and folding. 

4. C is the centre of a circle, 0 is any given point, and >4 any point 
on the circumference. Show that it is always possible to find a second 
point B on the circumference, such that OB = OAj unless G and 0 
lie in a straight line. 

6. Any chord divides the circumference of a circle into two arcs. 
Show that the diameter perpendicular to this chord bisects each of 
these arcs. 

6. Given two circles show that there is always one line about which 
both circles are symmetrical. When is there more than one such 
line ? 

7. Two cii'cles whose centres are Af B meet at two, and only two, 
points Gf D, Show' that AB bisects CD at right angles. 

S* Show that the three lines which bisect the angles of an isosceles 
triangle are concurrent. Folding, Sy.3. 

9.* Prove that an isosceles triangle is symmetrical about the line 
which joins the vertex to the mid-poihl of the base. Hence show that 
the three lines which join the angular points of an isosceles triangle to 
the mid-points of the opposite sides are concurrent. Sy.lc, Sy.3. 

10. * Show that a rectangle is symmetrical about the line which joins 
the mid-points of a pair of opposite sides. Hence show that this line 
passes through the intersection of the diagonals of thcrrectangle 

Pm.2, Sy.3. 

11. * 0 is a point outside a circle whose centre is G. Two lines OPQj 
OHS make equal angles wdth 00, and meet the circumference at the 
points P, Q, Ry 8. Prove that PH, QS are parallel, and that OC, PS, QR 
are concurrent. 

12. * AB, CD are two chords of a circle ; OE, OF are the perpen- 
dicular.^ drawn to these chords from the centred. If OE^OF, prove 
that AB=GD. [Use an axis of symmetry bisecting lEOF]^, 

13. * Prove that a circle is symmetrical with respect to its centre. 

14. * What symmetry is possessed by the following capital letters' 

^ D, M, O, X, Z? 

15. * ProYe that a parallelogram is symmetrical with regard to the 

middle pomt of either diagonal. Deduce that the two diagonals bisect 
each other. P.lc, C.2. 
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16/. I)EFI]SITI0ii3. A. sccuvl^ of & circle is s. straiglife 
line wlxicli meets tlie circumference in two points. 

Thus in Fig. 250 the secant £f meets at the points 6 and //. 

A tangent f to a circle is a straiglat line wMcIi meets tlie 
circle at one and only one point however far the line is 
produced. 



K 



L 

Fig. 251. 



f 

Fig. 252. 


Any tanggixt is said to touch, the circle ; and the point 
■where it meets the circle is called the point of contact. 

Thus in Fig, 251 KL is a tangent irhieli touclics the circle at the point 
M ; and M is called the point of contact. 

A line is said to cut a second line if it passes through 
the second from one side to the other. 

Thus in Fig. 252 the line AB cit*s the arc CD. 

Contrast this with the tangent FtS which “grazes ’’the curve irithout 
pasaing from one side of the curve to the Mer. 

168. Alternative definition of tangent— The definition 
of a tangent given in § 167 has the disadvantage that 
it does not apply to all curves. For example in Fig. 
253 the line t is the tangent at the point P to the 
curve CD ; for at P the line “ grazes ” the curve without 
passing through it from one side to the other ; but £ also 
meets the curve at K, and hence m7inot be described as 

t From a I.atin word meaning cutting; compare the word scdicn. 

X From a Latin word meaning touehing. 

229 
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a line wMcli meets the curve in “one and only one 
point.” There is, however, another method of approach- 
ing the subject. 

In Fig. 253 the line s meets the curve at the points P 
and Q (and another point), and is called a secant. 

Definition. — A ny straight Une which meets a cnrve at 
two or more points is called a secanL 

Now suppose the point Q to move along the curve in 
the direction of passing through the positions Qir Q^, 
. . . ; then the secant passes through the positions Sj, 
s,, . . ., and as Q approaches nearer to P, the line s 
a*pproaches nearer to the position of the line t. 

D 


s 

s 


Tig. 253. 

If the point Q moves on till P and Q become conse- 
cutive points, i.e. points with absolutely no distance 
between them, the secant then takes the position t and 
becomes the tangent.f Thus the tangent at P may 
be regarded as the “ limiting ” position of the .secant 
through P, when a second point of intersection of the 
secant with the curve moves up to P. 

Definition. — a tangent to a curve is a line wbicU meets 
tlie curve in two consecutive point s. 

Tliis definition leads to valuable illustrations of the 
properties treated in this chapter. 

t To illustrate this drive a pin through the paper at P, and place 
the straight edge against the pin so as to show the line of the secant 
s. Then turn the straight edge gradually round the pin through the 
positions to the position t. 
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A more exact study of tlie many difficulties involFed in this defini- 
nition is needed before these illuslrations can be regarded as ^roafs^ and 
this must be deferred to a later stage, 

EXERCISES LIX. 

1. Draw a circle of radius about 2". Draw any chord AS, not passing 
through the centre ; bisect it at and through £ draw a diameter OD, 
Measure jlCEA. 

Repeat the whole construction three times, varying the position of 
AB, What do you infer ? 

2. * Draw a circle of radius about Take two points Aj B on the 
circumference about 0*S" aj>art. Draw the secant through these two 
points, and bisect the line AB at E ; through £ draw a diameter CB. 
Measure jlCEA, You should obtain the same result as in Qm-stion 1, 

Imagine the two points where the secant meets the circumference to 
coalesce, and the result of Question 1 to be still correct- 

What do you infer ? 

3. Draw a circle of radius about 1"', Draw a tangent to the circle. 
Note that it is easy to draw a fairly good tangent to the circle, but 
not easy to tell the exact point of contact. 

Now" draw, as accurateJjj as you a line from the centre* per|>en- 
dieular to the tangent. 

What do you notice ] How would you use this result to draw the 
tangent at some yixm point on the circumference ? 

4. Draw a circle. Draw five or six chords in the cirtTc all parallel 
to each other! Bisect each chord. 

What do you notice about the mhbpoints of the chords ? What 
locus-theorem would you infer from this result ? 

5*. In the figure of Question 4, draw accurately a secant 'which is 
parallel to any of these chords, and whose two points of interseclioii 
arc close together. 

Does the locus-theorem still hold 1 

Suppose the secant to become a tangent parallel to any of these 
chords ; what do you now infer I 

6*. 0 is the centre of a circle, and ABCD a secant w'hieh meets the 
circle at the points £, 0. 

Calculate the magnitude of the angle OGD^ if the magnitude of the 
angle BOG is (i) 20", (ii) 8", (iii) 2", (iv) 0‘2", (v) What do 

you infer ^ 

7. Draw a circle of radius about 1*2''. Draw six or eight ehoids 
each of length 1'', and mark (roughly) their middle points. 

What locus-theorem does the figure suggest ? 

8. If the radius of a circle is 1", what is the length of the greatest 
chord which can be drawn in the circle ? 

9. If two chords of a circle are of unequal length, which of the two 
would you expect to be nearer to the centre ? 
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169. Theorem [Ch.l]. — if a diameter of a circle bisects 

a chord which is aot a diameter, it is perpendicular to that 
chord; and conversely if the diameter is perpendicular to 
the chord it bisects it. 


C 



(i) Ih the circle ABC (Fig. 254); — 
Given that the diameter CD bisects 
the chord AB, 

Required to prove that CD ±. AB. 

Cons . — Join the centre 0 to the 
points A and B. 


Proof . — In As OEA, CEB, 
[0A=0BA 

• \0E==0E,\.-.l.0EA = lOEB. 

[ae^be,] 


C.3. 


But these are adj. angles ; hence CD j. A B. 


(ii) In the circle ABC (Fig. 254) ; — 

Given that the diameter CD ± the chord AB. 
Required to prove that CD bisects AB. 

Cons . — Join the centre 0 to the points A and B. 


Proof. — In As OEA, OEB, 

f 0A=0B, 1 

0E = 0E, \.-.AE=BE; c. 4 . 

[lOEA= ^0EB=-R,j 

hence CD bisects AB. 


Goboli.*-A.iiy 1. — A line cannot meet a circle in more tlxan two 
points. 

For if the line AB (Fig. 254) meets the circle at some 
third point K, and if OE is drawn _L this line from the 
centre 0, then £ would bisect AB and (by a similar argu- 
ment) would als»' bisect AK ; which is impossible. 

Cobollahy 2*. — [Tn.l] The radins through any point is 
perpendicular to the tangent at that point. 
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Let P be the given point (Fig. 254). 

We know that so long as A and B are any two points 
on 0°® and £ bisects AB, then OE j_ AB. ProtefL 

Let A and B both move np to and coincide with P. 

Then the line AB becomes the tangent at P. 

But in this case £ will also coincide with P ; 
thus OE becomes the radius OP. 

Hence OP is perpendicular to the tangent at P. 

Note. — T he second part of the preceding theorem gives an alterna- 
tive proof that the circle is symmetrical to any diameter. 

170. Theorem (Ch..2J. — me line wliicli bisects any chord 
of a circle at rig^bt angles passes throngb the centre. 

In the circle ABC (Fig. 255) : — 

Given that CD bisects the chord AB at 
right angles, 

Required to -prove that CD passes 
through the centre. 

Proof . — ■.■ CD bisects 4 £ at right angles, 

CD is the locus of all pohits 
equidistant from A and B. L.3. 

But the centre is equidistant from A 
and B ; 

hence the line. CD passes through the centre. 

CoaoLEAUY — [Tn.lJ me line drawn perpendicular to 
tangent at its point of contact will pass throngh the centra 

Lei P be the point of contact of the tangent (Fig. 255). 

We know that so long as A and B are any two points 
on the circumference, the line which bisects AB at right 
angles passes through the centre. Proved. 

Let A and B move up to and coincide with P. 

Then the line AB becomes the tangent at P. 

Also the middle point oi A B coincides with P. 

Hence the line which bisects AB at right angles 
becomes the line perpendicular to the tangent at P. 

Hence this perpendicular passes through the centre. 


c 
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Notb. — T heorems Ch.l and Ch.2 arc obviously related ; but one 
is not tbe converse of the other (see § 59), There is a group of three 
facts connected with the line CDj viz. — 

(a) It passes through the centre ; 

(Ij) It bisects the chord AB ; 

(c) It is perpendicular to the chord AB. 

It follows from Ch.l and Ch.2 that gimn aiiy tivo of these facts we 
can j>rore the third. 

171* Theorem [Ctl.S]. — it is possi^ble to draw one and 
only one circle througli tliree points wMch. do not lie in a 
straiglit line. 

Given tliat tlie tliree points Aj Bj C do not lie in a straight 
line (Figs. 256 and 257), 

Required to 'prove that it is possible to draw one and 
only one circde to pass throngh. A, B and G. 

Gons . — ^Join AB, BO. 

Bisect AB and BG at right angles hy the lines DF, EG. 



Fig. 256. Fig. 257. 


Proof. — (i) To prove that DF and EG are not para! 

If possible let DF he |1 EG. 

Then no other line throngh D can he |1 EG ; Axiom. 
hence AB meets EG at some point H. 

DF ± BH, and EG || DF, :. EG JL BH. P.2c. 

Thus, in A oEH, t. £ and l. H are both right angles. 
But this is impossible. T.l. 

Hence DF and EG are not || hut meet at some point 0. 
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(ii) To prove tliat one circle can be drawn tliruugli 

A, B, C 

DF bisects AB at right angles, OA =0B. L.3. 

EG bisects BC at right angles, OB = OC. L..3. 

0A=0B = OC, a circle drawn with centre 0 and radius 
OA will pass through the three points A, B, and C. 

Hence one circle can be drawn through Ar B, C, 

(iii) To prove that no other circle can be dra\m 
through A, B, and C : — 

Let P be the centre of any circle through A, B, C. 

PA =PB, P lies on DF ; Ji-'-S- 

PC = PB, PliesoaEG. L-3. 

Hence P can only lie at the one point 0 where DF and 
EG intersect. 

Thus the centre of the circle must lie at 0, and the 
radius must be OA. 

Hence only one circle can be drawn through A^ B, 0. 

CoiiOLLAHY. — Two Circles cannot meet in more tlian two 
points. ^ 

For two different circles cannot pass through the 
same three points. 

EXERCISES LX {Rulers). 

1, Throiigli a given point on the cirenmference of a circle, two 
equal chords are drawn ; show that they make equal angles with the 
line drawn from the given point to the centre. 

AO, are two equal chords of the circle ABC'; show that the 
straight line which bisects the angle BAG also passes through the 
centre of the circle ABO. Ch.2. 

3. The angular points of a rectilineal figure all lie on a circle. Prove 

that the stiaight lines which bisect the sides at right angles all pass 
through a fixed point. Ch.2. 

4. AB is a chord of a circle, and 0, D are points in which the chord 
is cut by a ciiele with the same centre. Prove that AC=^DB. 

6. Show that the locus of the middle points parallel chords in a 
circle is a straight line. Ch.l. 

6. Pind the locus of the centre of a circle which passes through two 
given points. 
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172. Congpruent Circles. — is scarcely necessary to 
prove that, any two circles of equal radii (aj and y, in 
Fig. 258) are congruent. Place the one circle a; on the 

other 2 / so that A, the centre of x, 
falls on B, the centre of y. Then 
if P is any point on 0“® of x, 
distance of P from B 

= distance of P from A 
— radius of x 
= radius of y. 



Hence P lies on O®® of y. 

Similarly any point on O®® of y falls on O®® of x. 
Hence the two circles are congruent. 

The converse proposition is equally ohvious, viz. that 
if two circles are congruent their radii are equal. For 
when the two circles coincide the centre of one circle 
is obviously a centre of the other ; and it is easy to show 
that the second circle cannot have two different centres. 


173. Theorem [Cll.d]. — in any circle eq^ial cUords are 
equidistant from tlie centre j and conTersely, cliCrds whicli 
are equidistant from the centre are equal. 


AB, CD are chords in a ©.whose centre is 0 (Fig. 259). 

(i) Given that OE, OF are drawn 
X the chords, and that AB = CD ; 
Required to prove that OE = OF. 

Cons . — Join OA, OC. 

Proof . — 0 is the centre, 

and 0£ X chord AB, 

.'. E bisects AB. Ch.i. 

Similarly F bisects CD. 

But AB = CD; .*. their halves are 
equal, i. e. AE=CF. 

( 0A=0C, 

4 AE=CF, 

[^0EA= z.0FC^n, 
therefore 0E==0F C.4. 



259 . 


In Ah AOE, OTF, 
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(ii) Given that OE, OF are drawn perpendicular to the 
chords, and that OE = OF, 

Required to prove that AB = CD. 

Cons.— Join OA, OC. 

Proof . — As before it can be proved that 

£ bisects AB, and F bisects CD. Cli.i. 

f 0A = 0C, ] 

InAsA0E,C0F,\- \ OE==OF, EA^FO.c.a. 

{l 0EA = L0FC=^Ji,) 

But AB, CD are double of EA, FC respectively. 

Hence AB = CD. 

CtiUOLLARY. — In eq[ixal circles equal chords are equidistant 
from the centres | and conversely, chords which are equi- 
distant from the centres are equal. 


4. Theorem [Ch..5]. — in any circle, if two chords are 
equal they subtend equal angles at the centre ; and con- 
versely, chords which subtend equal unifies at the centre 
are equal. 

In 0~ >4££>(Fig. 260J : — 

(i) Given that chord /IS = chord CD, 

Required to prove that z. a= /.S. 

\0A=^0C, 

Proof.— hx As OAB, OCD, -/I OB = OD, 

[ab==cd, 

therefore /.a=i.S. C.3. 

(ii) Given that La= /.S, 

Required to prove that 
chord /lfi = chord CD. 

f OA = QC, 

Proof.— In As OAB, OCD, •.•4 OB^OD, 

[ L. a= L. S, 

therefore AB = CD. C.i. 

COBOLLAEY. — In equal circles, if two chords are equal they 
subtend equal ambles at the centres | and conversely, chords 
which subtend equal angles at the centres are equal. 




238 


THB CIRCLE : CHORDS AND TANGENTS. 


175. Theorem [Ob.. 6]. — m any circle tlie diameter istlie 
greatest cliord- And of any otHer chords a chord which is 
nearer to the centre is greater than one which is more remote 5 
and conversely a chord which is greater than another is nearer 
to the centre. 

(i) Given thaiAB is a diam. of tlie circle /I fiC (Fig. 261), 
Beqiiired to prove that AB > any other chord CD. 

Cons. — Join the centre 0 to C, D. 
Proof. — OA —ODj and OB = 00 ; 
add the eqnals, thus AB = 0C-\-0D. 

In A COD, 00-\-0D>CD. t.4. 

Hence AB>CD. 

(ii) CD, EF are chords of a circle 
whose centre is 0, (Fig. 261) and 
OG, OH ± these chords. 

Given that OG < OH, 

Bequired to prove that CD > EF. 

Proof. — In As 06D, OHE, •/ i.G-= lH^R, 

sq. on OD = sq. on OG + sq. on GD, RT.2. 
and sq. on OE = sq. on OH + sq. onJiE. RT.2. 
But OD = OE, hence sq. on OD = sq. on OE, Pm. 7. 
sq. on OG + sq. on GD = sq. on OH 4- sq. on HE. 

Again 06 < OH (Hyp.), hence sq. onOG < sq. on OH 
.“. sq. on GD > sq. on HE, whence GD > HE."^ 

OG, OH _L chords CD, EF respectively, 

.-. CD = 2GD, EF = 2HE. Ch.i. 

But GD > HE (Proved) ; hence CD > EF. 

(iii) Conversely. — Given that OD > EF (Fig. 261), 
Bequired to prove that OG < OH. 

Proof— As in Tii), CD = 26 D, EF = 2HE. 

But CD >EF; 6D> HE; .'. sq. on GD > sq. on HE.^ 

As in (ii), sqs. on OG, GD = sqs. on OH, HE ; 

.’. sq. on OG esq. on OH, whence OG < 0//.f 

t Usually assiiiued. Easily proved by superposition, 
t Usually assumed. Easily proved by method of exhaustioi 
(see note on p. 130). 
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176, Alternative Praof. — The following proof of Farts (ii) and (ili) 
of Theorem Ch.6 can Ije used by students who haya not jet read 
Chapters VII, VIII, IX, 

(ii) In Fig. 262 OG < OH. T^fqnircfl to provr 00 > EE 

OoTis . — Join OD, 0£, OF. On opposite side of 00 to G, draw radius 
O/C, making A DOK — jl EOF. Join DK, Draw OL i DK. Join GL 

Proof.— r L DDK ^ L EOF, .'.chord D/T =: chord EF (Ck5) ; 
r. OL = OH {(Jh.4!, 

ButO^ < OH; r. OG < OL. 

Hence ixxtuOGL, l ^ < l. a. T. 3. 

But /-j8-h/_5 = Il=Z.a - .L y. 

Thus L. d > L y ; in DLG, 

DG>DL T.t}L\ 

OG, OL 1. chords 00, DK, 

r. CD = 2DG, DK = 2DL. Ch.l. 

Thus CD>DK, that is OD>EE 

(iii) In Fig. 262, CD>EF. 

Mcquired to prove that OG < OH. 

Com. — The same ns in (ii). 

Proot-^ks in (ii) DK=:EF, OL^OH ; 

CD^2DG, DK=2DL 

OD>EF, CD > DK ; thns DG> DL. Fn;. 262. 

Hence, in a DLG, a5> lj T.8. 

But - ^iS-f a 5= Aa-f- Ay ; A/3< A(x. 

Thus, in a OGL, 0G<,0L. 

But OL = OH, hence OG < OH. 

Definition. — T he angle subtended by a given line at a 
given point is the angle traced ont by a line which joins the 
given point to a moving point, when the latter travels along 
the given line from one extremity to the other* 

Tims in Fig. 254 tlie angle subtended at 0 by the 
straight line AB is A0B-, and the angle subtended at 0 
by the arc ADB is also AOB ; and the angle subtended 
at 0 by the arc is the re-entrant angle AOB. 



EXERGISES LXI [rdders). 

1 . Giveu two circles and a chord in each ; if the ciredes are etpxal 
and the chords are equal prove that the two figures are congruent. 

2. In any circle the greater chord subtends a greater angle at the 
centre than the less. 

3. Of any two chords in a circle that which is nearer to the centre 
subtends the greater angle at the centre, 

4. Find the locus of the middle points of equal chords of a circle. 
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177, Theorem [T 1 I.IJ . — The Ime drawn, th-rongli any 
point on the circumference of a circle at ri^Lt ang^les to tlie 
radius tlirouerli tbat point is a tangent to the circle ; and any 
other line drawn through that point is a secant. 

In Fig. 263 0 is tte centre o£ a circle and P is a point 
on the circumference ; 

Given that APB 1. OP, and that CPD is 
not ± OP, 

Bequired to prove that (i) APB is a 
tangent to the circle, and (ii) CPD is a 
secant. 

(i) Gmis . — ^Join 0 to any point A^in >15. 

Proof . — Since OP ± AB, 0X>0P ; 

T.5. 

i.e. OX is greater than the radius of 
the circle. 

X does not lie on the 0‘® hut lies outside it. 

Similarly it can he shown that every point on the line 
AB, excepting P, lies outside the O®®; 4.e. AB meets the 
circumference only at the point P. 

Hence >45 is a tangent to the circle. 

(ii) Co?is. — ^Draw OE J. CD and mark ofE from PE pro- 
duced a pai-t EQ equal to EP. Join OQ. 

Proof. — EO bisects PQ at right angles, OQ = OP. l.3. 

Because OQ is equal to the radius of the circle, 

therefore Q lies on the O'®. 

Hence CD meets the O'® at the two points P, Q ; 

that is CD is a secant to the circle. 

Corollary 1. — Auy taugeut and tine radius tHrougli its poini 
of contact are perpendicular to each other. 

For any line which is not perpendicular to this radius 
is not a tangent ,^ut a secant. 

Corollary 2. — The line drawn at right angles to a tangem 
at the point of contact passes through the centre of th 4 
circle. 


A 
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For tlie radius throngli this point is perpendieiilar to 
the tangent, and there cannot be two different lines 
perpendicular to the tangent at the point of contact. 

JvoTE. — This propo=5itjon is only a recapitulation of the second 
Corollarj to Tlieorem Ch.l, and the Corollary to Theorem Cli,2, 
The proposition is however too inij:>ortant to he treated merely in 
corollaries, and moreover the proof here ^ven is valuable m it 
dispenses with the difficult idea of consecutive points on a curve. 


1/8, Theorem [Tn.,!^]. — ^If two ta-o^ents are drawn to a 
circle from tlic same point outside the circle, they are eqnal in 
length } also the line joining this point to the centre bisects 
the angle between the tangents, and the angle between the 
radii to the points of contact of the tangents, and bisects at 
right angles the line joining the two points of contact. 


Given tliat PL, PM are tan- 
gents to the circle rrhose 
centre is 0, and that L, M are 
the points of contact (Fig. 
264), 

Bequired to 'prove that PL = 
PM, and that PO bisects the 
angles LPM and LOM, and 
bisects at right angles the 
line LM, 



Proof. — OL, OM are radii and PL, PM tangents ; 

lOLP= l.OMP='R. Tn.l. 


r op^op, 

In As OIP, OA/P, 4 OL^OM, 

therefore PL = PM, ^OPL^ lOPM, lL0P=lM0P. c.i. 

( 0N = 0N, 

In As LON, MON, 4 OL = OM, 

[lNOL=^ lNOM, 

therefore LN = MN. \ C.i. 

Also _ lLNO^l^NOJ 

But these are adj. angles ; hence OP X LM. 


COROLLAEY 1.— TJ»e wliole figure i» synametrical a1>ont the 
line OP. 

G. T. P. 
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CouoLLAUY 2.— It is not possible to dtaw more tHan two 
tang'ents from any point to the circle. 

For if PK were another tangent to the circle drawn 
from Pj and K the point of contact, then by the above 
argument OP would bisect each of the angles LOM^ LOKj 
MOK ; which is obviously impossible. 

EXERCISES LXII {Riders). 

1, If two tangents to a circle are parallel the line joining their 
points of contact passes through the centre. 

^ 2. Find the locus of the centre of a circle which touches a giv^en 
line at a given point. 

3. A circle of given radius rolls along a given straight line. Find 
the locus of the centre of the circle. 

4. 0 is the centre of a circle and PQ is any chord. Prove that the 
angle between PQ and the tangent at P is half of the angle POQ. 

5. Find the locus of the centre of a circle which touches the tw'o 
arras of a given angle. 

6. All chords of a circle which touch a concentric circle are bisected 

at the point of contact. Ch.l. 

7. All chords of a circle which touch a concentric circle are equal. 

Ch.4. 




179. Circles touching circles, — 

Definition. — T wo circles are said to toucb. one anotlier if 
they meet at one and only one point. 

The point af. which the circles meet is called the 
point of contact. Thus in Figs. 265, 266, P and Q are 
the points of contact. 

rig. 20o the two circles are said to toncit 
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at the point P ; and in Fig. 20(> the two circles are paid 
to touch extcrnallji at the point Q. 

We have seen in the Corollary to Tlieorem Ch.3 
that two circles cannot meet at more tlian two points. 
If they meet at two points they arc said to cut one 
another. The line joining these points is a chord of 
both circles and is therefore called their common chord-f 

180. Theorem [Ch.."]. — if two circles cut on.e anotlier 
the line Joining their centres bisects the common chord at 
right angles- 



Fig. 267. Fig. 26S. 


The two circles CDE, CDF (whose centres are A, B) 
intersect at the points 0, D (Figs. 207, 208) : — 

Required to i^rove that AB bisects CD at right angles. 

Cons. — Let HK be the line ■which bisects CD at right 
angles. $ 

Proof . — 

In O CDE, HK bisects the chord CD at right angles, 

.-.JIK passes tliroxigli the centre A. C1l2. 

In O CDFj HK bisects the chord CD at right angles, 

/. HK passes through the centre B. Cii-2, 

Thus HK coincides with the line AB. 

Hence AB bisects CD at right angles. 

t Tlie definition given in § 179 may be replaced by tbe following : — 

Definition. — two circles which meet at two consecutive 
points are said to touch one another. 

Such circles cannot meet in any other point, for two circles cannot 
m^et in three points. 

t This line is not shown in Figs. 267, 268. 
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CoKOLLAliY , — If two circles toxtcli one another the line 
Joining their centres passes through the point of contact. 

Iji Figs. 269 and 270 the two circles may be regarded 
as intersecting at two points C, D, each of which 
coincides with the point P. 




Now AB passes through the middle point of CD, cii.7. 

But if C and D both coincide with P, the middle point 
of CD also coincides with P. , 

Hence AB passes through P. 

181. Preh Ex . — Two circles wliose centres arel, B meet at a point 
P whicli does not lie in AB or AB produced. Prove that they also meet 
at one other iioint 

Theorem [Tn.3]. — if two circles touch one another 
then (i) the join of their centres passes through the point of 
contact, and (ii) the distance between their centres is equal 
to the sum or difference of their radii. 

In Fig. 271 

Given that A, B are the centres of two circles x, y 
which touch at the point P {i. e. which meet at P and at 
no other point), 

Required to prove that (i) P lies on AB or AB pro- 
duced, and (ii) ^5 is equal to the sum or difference of 
the radii of x and y. 

(i) If possible, let P not on AB or AB produced. 

ConB . — ^Draw PN 1 .AB, and produce it to Q makins 
Nq=PN. 
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Proof. — AB bisects PQ at right angles, 

AQ = AP (L.3), i. e. Q lies on 0“ of C x. 
Simjlavlj_BQ~ BP, i. e. Q lies on of © tf. 

Hence G s sc and y meet 
also at Q. 

But they do not meet at 
any point other than P. Hyp. 

Hence P must lie an. AB 
or AB produced. 

(ii) Proof. — Case I. — 

If P lies on AB (Fig. 209), 
Then AB is, the sum of and PB, 
that is j4 B is the sum of the radii of x and y. 

Case II. — If P lies on produced (Fig. 270), 

Then /iB is the difference oi A P and BP, 

that is ^ B is the difference of the radii of x and y. 

Corollary. — if two circles toncn they h,ave tbe seime 
tangent at tbe point of contact. 

For in either Fig. 2G9 or Fig. 270 the line through P 
perpendicular to A B is the tangent to both circles. 

182. Theory of Two Circles. — It is an interesting and 
valuable exercise to discuss the conditions which deter- 
mine whether two circles cut, or touch, or do not meet. 
The following set of riders deals with the most important 
points : — 



EXEECISBli LXIIl {Eklers). 

L If two circles meet at a pomt on tlie join of tlieir centres, 
they do not meet at any other point- Also the distance 
■between their centres is equal to the sum or difference of 
their radii. ^ 

Talce two cases, according as tlie point of meeting lit s in the join or 
the join produced. In either case prove that the circles cannot meet 
at a second point by using Oh- 7. 
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2* If two circles meet at a point wMcH is not on the join 
of tlieir centres^ ttiey meet also at a second point. Also 
tlie distance between their centres is less than the sum and 
greater than the difference of their radii. 

The first part of this theorem ean be proved from the fact that both 
circles are symmetrical to the join of their centres ; or it can be proved 
as in Tn.3. To prove the second part use T.4. 

3. If two circles touch, the join of their centres passes 
through the point of contact- 

Tuis is Tn.3. It follows from Ques. 2. 

4. If the distance between the centres of two circles 
is greater than the sum of their radii each circle lies entirely 
without the other. 

Prove by T,4 that any point on the one circle lies outside tlie other. 

5. If the distance between the centres of the two circles 
is less than the difference of their radii the smaller circle 
lies entirely within the larger. 

Prove hy T,4 that any point on the smaller cii'cle lies within the 
larger circle. 

6. Find the locus of the centre of a circle of given radius which 
touches a given circle externally. 

T. Find the locus of the centre of a circle of given radius which 
touches a giv^en circle internally. 

8. Find the locus of the centre of a circle which touches a given 
circle at a given point, 


183. Inscribed and Circumscribed Figures. — If a circle 
lies wltliin a rectilinear figure and touches all its sides, 

it is said to be inscribed in that 
B rectilinear figure ; and the latter 
is said to be circumscribed to, or 
described about the circle. 

Thus in Fig. 272 the ciicle is inscribed 
iu the quadrilateral ABCD, and the quadri- 
hiltral ABCD is circumscribed to the circle. 

If a circle passes through all 
the vertices of a rectilinear figure 
it is said to be circumscribed to, or 
described about that rectilinear 
figure ; and the latter is said to be 

inscribed in the circle. 

Thus in Fig. 272 the circle is circumscribed to the quadrilateral 
EFGH, and the quadrilateral EFGH is inscribed in the circle. 
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EXERQ1SE8 LX IK 
Riders. 

1 . Tlie line 'which joins the middle points of two jtarallel chords of 

a circle passes through the centre. Ch.l. 

^ Deduce by the method of limits that tlie line Joining the points 
of contact of parallel tangents passes through the centre, 

2. Show that all circles uhieh have their centres on a gi%"eE straight 

1 x 116 , and meet at one fixed point not on this line, also meet one another 
at a second fixed point. Sy-2. 

3. If a point lies within a circle, the longest straight line which can 

be drawn from that point to the circumference is the line which passes 
through the centre ; and the shortest straight line is the line which 
will pass through the centre if produced. T.4, 

4. If a point lies outside a circle, the longest straight line which can 

be drawn from that point to the circuin fere nee is the hue which ijanaea 
through the centre ; and the sliortcat atraight line is the inie which 
will pass through tlie centre if pruductfd. T,4, 

5. OA is a fixed radius of a given circle ABO ; show that any imr of 

tangents, \Yliich are drawm from the extremities of tw’o radii equally 
inclined to 04, will intersect on OA produced. Tn.l ; folding. 

6. If two equal chords of a circle inter'^ect, show that they divide 
each other into portions that are equal, each to each, Cli.l ; Cli.4. 

7. If two equal circles touch one another cxtuniallj, every straight 

line drawm through their point of contact and teriuinated by the 
circumferences is bisected by the point of contact, C.2. 

8. AA', BB\ 00% are parallel chords of a circle ; prove that the 

triangles ABG^ A'B'G' are equal. Ch.l ; folding. 

9. [Tn.4]. — If a quadrilateral is circumscribed to a circle 

tben tbe sum of cue pair of opposite sides is equal to the 
sum of tbe other pair. Tii,2. 


10 . If two circles touch one another internally, and if any third 

circle^e described touching both at dilferent points show that the sum 
of the distance of the centre of the third circle from the centres of the 
two given circles is constant. Tn.3. 

11. If a circle touebes tbe side BO of a triangle ABC tbe 
poiut Dj aud touches tbe sides AB^ AG produced at points £, Fj 
prove tbat AE is balf tlie perimeter of tbe triangle. Tn.2. 

12 . If a quadrOateral is circumscribed to a circle prove that the 

sum of the two angles subtended at the centre by a pair of op]«site 
sides is equal to two right angles. Tii.2. 

13. Find the locus of the intersection of the two tangents at^the 

extremities of a chord which is drawn at right angles to a fixed 
diameter. £ 
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14. Two given circles touch externally at /!, and also touch a given 

line at points P, Q\ show that PAQ is a right aijgle. Tn,2. 

15. Find the greatest and least lines which have one extremity on 
each of two given circles, each of which lies outside the other, T. 4. 

16. Two circles touch the same Hue on the same side of it at two 

ditierent points ; show that the chords in one circle, which join the 
j)omt of contact to the points where the circle meets the straight line 
joining the centres, are respectively parallel to the corresponding chords 
in the other circle. Tn. 1 ; T.2. 

IT. T\vo equal circles intercept equal chords on a straight line ; prove 
that the line is either parallel to or bisects the line joining the centres 
of the circles, Ch.4. 

18. Two circles, ABC^ ABD, cut one another at A and R, and two 
parallel lines aie drawn through A and B, terminated by the circum- 
ferences ; pi’ove that these lines are equal in length. 

19. Find the locus of the centres of all circles which touch two given 
intersecting stiaight lines. 

20^, Given that AB, OD are parallel chords of a circle, that AO and 
BD intersect at P, and that AD and BC intersect at prove that the 
line PQ passes through the centre. Sy. 3. 

21^. If two ciix'ies touch one another internally at A^ and a secant 
PAQ be drawn meeting the circumferences again at Pand Q, prove that 
radii through P and Q will be parallel. 

22*. If two circles touch one another externally at and a secant 
PAQ be drawn meeting the circumferences again at P and Q, prove that 
the ladii through P and Q will be parallel, 

23*. If two circles touch one another externally, the straight linos 
which join the opposite ends of parallel diameters will pass through 
the point of contact. 

24*. If two circles touch one another internally, prove that the 
straight lines which join the extremities of parallel diameters towards 
the same parts will, when produced, pass through the point of contact. 

25*. Find the locus of intersection of tangents to a circle which are 
inclined to one another at a fixed angle. 

CALCTJLATI01^S. 

26, A circle of radius '7" rolls inside a fixed circle of radius 
What is the locus of the centre of the i^olling circle 1 

27- A circle of radius *4" rolls outside a fixed circle of radius 1*8'^ 
Find the locus of the centre of the roIHng circle. 

28, Three equal -circles are drawn each touching the other two 
externally. ^ Calculate the angle subtended at the centre of one circle 
by the arc joining the two points in which this circle touches the other 
circles. 
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29. A circle passes through tlie tRree angular points of an equilateral 
triangle. Calculate tlie angle subtended at tbe ceiiire of the circle by 
a aide of the triangle. 

30. If in Fig. 264, find the magnitudes of 4s LOP^ 

OLM, LMP, 

31. If in Fig. 261 lIPM — 170^, fiind the magnitudes of As LOMf 
OML, MLP. 

32. If, in Fig. 264, lLPM—x"^ find the magnitudes of as £(?P, 
OLM, PIM. 

33. Three circles of radii 2^', 3"', and 4" respectively are drawn so 
that each touches the otlier two externally. Find the lengths of the 
sides of the triangle whose vertices are the centres of the circles. 

34. Three circles of radii 2", 3", and 7” resj^eetively are drawn so 
that the two smaller circles touch externally and each touches the 
largest circle internally. Fiml the lengths of the sides of the triangle 
whose vertices are the centres of the circles. 

35. A circle is inscribed in a tiiangle whose aiigle.s are 40"", 55^ 85^ 
Find the angles between the radii drawn to the j>oints wdiere the sides 
of the triangle touch the circle. 

36. ABO is a circle, 0 its centre, and a diameter. If lB00:=: 
find /lBAC, 

37. Find the length of a tangent drawn to a circle of radius 2*'' from 
a point 5'^ from the centre. 

88, The tangent to a circle, drawn from a puint 4'^ from the centre, 
measures 3". Find the length of the radius. 

39. A chord of a circle is 2'''' long and is at a distance 1” from the 
centre of the circle. Find the length of the rodius, 

40. The radius of a circle is 10'^ Find the distance flora tlie centre 
of a chord whose length is 6'', and the length of a chord whose distance 
from the centre is fi'h 

41. From a point A two tangents AB, AG are drawn to a circle whose 
centre' is 0. Given that the radius measures and that >10 is 3", find 
the lengths AB, AG, the area OBAQj and the length BG. 

42. In a circle of radius 1" there are two chords measuring 1*6'^ and 
1*2^'. Which is nearer to the centre and by how much ! 

PROBLEMS IN PllAOTICAL GEOMETRY. 

43. Draw a circle of radius 1 ‘5^h Take any point B one inch from 
the centre. Draw the chord whose middle point is B and measure its 
length, 

44. A triangular plate of metal, each side ol winch measures 20 
inches, can just be fitted into a circular hoop. Find, by a diagram 
drawm to scale, the radius of the hoop. 
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45. The sides of a triangle are 50", 60", 70" respectively. Find, hy 
a diagram drawn to scale, the radius of the circumscribed circle. 

46. A chord of a circle is half the length of the radius ; find the angle 
between the radii drawn to the extremities of the chord, when the 
radius of the circle is (i) 1", (ii) 3 cms., (iii) 2 ‘4". What do you notice 
about the results ? Can you give any explanation ? 

47. Draw a circle of radius 1 inch ; draw any diameter AB, and on 
it mark off a series of points at distances ’2", A", *6", *8", I", 1-2", 
1 ‘4", I '6", 1 ‘8" respectively from A. Through each point draw a chord 
})prpendicular to AB ; bisect each half of each chord. Draw a curve 
(as simple a curve as possible) passing through all these bisecting 
points, and through A and B. 

This curve is an “ellipse ” j has this ellipse any axes of symmetry 1 

48. In the figure of the preceding question produce each half- chord 
beyond the circle so as to double its length. Draw as .simple a curve 
as possible to pass through the extremities of these produced half-chords, 
and through A and 5. 

This curve is also an ellipse; has this ellipse any axes of symmetry ? 

49. Ill a circle of radius 15" is a chord of length 20", Find, by a 
diagram drawn to scale, the shortest distance from the middle point of 
the chord to tlie circumference. 

50. AOS, COD are two perpendicular chords of a circle. Given that 
,40=DF=2 cms., 00=1 *5 cms., construct the circle and measure OD. 

51. Two parallel tangents to a circle are 2" apart. Fiqd the length 
of a parallel chord which is '4" from the nearer tangent. 

52. Two parallel tangents to a circle are 4 cms. apart ; a parallel 
chord measures 3 cms. Find the distance between the chord and the 
nearer tangent. 

53. Two parallel chords of a circle measure 1" each, and are 1 ‘2" 
apart. Find the radius of the circle. 



CHAPTEE XII. 

IBE CIRCLE: AKGULAR PROPERTIES. 


184, segment of a circle is the figure coxitamed 

by any arc of the circle and the chord which joins the eactrem- 
ities of that arc- This chord is the base of the segment* 

Tim«, in Fig. 273 the chord AB divides the eirele into two segments, 
viz. ACB and ADBj and AB is the base of either of these segments. 

Any diameter divides a circle into two equal segments 
(Sy.2} eack of ■vvkick is a semi-circle ; 
tke arc of each semi-circle is half the 
circumference. 

Any chord which is not a diameter 
divides a circle into two unequal 
segments. The segment which con- 
tains the centre is greater than a semi- 
circle and its arc is greater than half 
the circumference ; the other segment Fi(C*273. 
is less than a semi-circle, and its arc 
is less than half the circumference (Fig. 273 j. 

Definition. — T he an^ie subtended by the base of a segment 
at any point on the arc of the segment is described as an 
angle that segment. 

Thus, in Fig. 273 ACB^ AEB are augies in ” the segment ACB, 

Definition.— A sector of a circle is the figure bounded by 
any afe of the circle and the two radii drawn to the extrem- 
ities of that arc. 

Thus, in Fig. 274 the two radii 0A,0B divide the 
circle into two sectors ; the smaller sector is bounded 
by the two radii and the arc AHBj anti the larger 
sector by the two radii and the arc ACB. 

The angle subtended by the arc of a 
sector at the centre is called the angle of 
the sector. 

Thus, in Fig. 274 z_>40fi is the angle of the sector 
OAHBj and re-entrant lAOB is the angle of the 
sector OAOB. 
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In Fig. 274 if l A OB were a straight angle each_ of the 
two sectors wonld be a semi-circle. Thus a semi-circle 
is a sector whose angle is a straight angle. 

Do not confuse secant, segment, sector. See Fig. 275. 


arc 



EXERCISES LXV. 

1. Draw a semi-circle having a radius about 2". Let AB be tlic 
diameter of the semi-circle, and ttike any points G, Dj E, F on its 
circumference. Measure each of the angles AGB, ADB, AEB, AFB. 

What do you infer about any angle in a semi-circle ? 

2. 0 is the centre of a circle, AB a diameter, and G any point on the 

Join OGf and then prove that L.ACB is o. right angle. T.2 ; T.l. 

3. Dx’aw a circle of radius about 2", and centre 0 ; draw a chord AB 
of length about dividing the circle into two segments. Take three 
points 0, Dj E on the circumference of the larger segment, and three 
points F, Gf H on the circumference of the smaller segment. 

Measure and mark the size of the following angles: — AOB^ ACB^ 
ADBj AEB, AFBf AGBf AHB. ISTote which are acute and which obtuse. 

What do you infer with regard to ? — 

{a) Angles in a segment greater than a semi-circle. 

(6) Angles in a segment less than a semi-circle. 

What relation appears to hold between % — 

[c) Two angles in the same segment. 

{d) Two angles which lie one in each of the two segments formed by 
the same chord. 

(c) The angles subtended by the arc AGB at the centre and at some 
point on the remaining arc ADB, 

if) The angles str:5)tended by the arc ADB at the centre and at some 
point on the remaining arc AGB, 

Test your answers by drawing a second figure in which the radius of 
the circle is about and the chord AB about 2'' in length. 
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4. Lay a x>iece of paper on a smooth piece of woocl^t «B(I dnire two 
jdas Aj B into the wood at a distance ofalioiit 2'' (Fig. 276). Place one 
of the set-squares PQR into 
several positions in succession, 
in each of which the two arms 
of the right angle R are in con- 
tact with the two pins ; mark 
each position of R on the paper. 

You thus obtain the locus of 
a point at which the line AB 
subtends a right angle. What 
is this locus ? 

[Compare the result with 
that of Question L] 

5. Kepeat Question 4, lining 
the set square whose angles are 
30°, 60°, and 00°, and modifying the work so as to find (i^ the locus of a 
point at -which tlie line AB subtends an angle of 30°, and (it) the locus 
of a point at wdiich the same line AB subtends an angle of 60°. 

What loci do you obtain ? [Compare Question 3(c). ] 

(iii) Find 0 and P, the centres of each of part of locus fi), and 
measure lAOB and lAPB, Allowing for the fact that this work is 
not likely to be very accurate, what do you infer 1 

[Compare Question 3(€).3 

6. Draw a circle of radius 2" (Fig. 277). Draw the tangent at tlie 
lowest point >4 of the circle, also draw through 
A a chord of length 3". 

Measure the angle between chord and tangent 
(i) on the right of the chord, (ii) on the left of 
the chord. Measure any angle (i) in the 
segment on the left of the chord, (iil in the 
segment on the right of the chord. Mark the 
magnitudes of these angles. 

Hapcat the process taking the mdius of the 
circle i’5", and the chord 2'L What do you infer? 

185. Frel. Esc, — (i) In Fig. 279 0 is the centre of the circle. 
Prove that (o^) i.B0E^2lBAE, {h) lGOE lCAE, What result 
do you obtain by adding ? 

(ii) In Fig. 281 0 is the centre of the circle. Prove that [a) lBOE 
— 2lBAEj (&) £.G0E—2lGAE, What result do you obtain by 
subtracting ? 




t With a transparent cellulohl set square, the wdod and pins are not 
necessary. It is snfdeient to mark two points A, B on the paper, and 
to place the set square so that the two arms of the angle R j-iass 
through A and 
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Theorem [AC.l], — THe angle wbich. an arc of a circle 
subtends at the centre is donhle that which it subtends at 
any point on the remaining arc of the circumference. 

Li Figs. 278, 279, 280, 281 

Given tliat arc BDC o£ O subtends a a at tlie 
centre 0, and subtends lBAC vA some point A on the arc 
BAD (the remaining arc of the circumference), 

Required to 'py'ove that u^2 i- BAG. 



Case I. — the centre 0 lies on one arm, AM, of lBAC 
(Fig. 278). 

Proof. — In /\,0AC, ext. La— LA+ lC. t.i. 

In i\A00, 0A==0C, lG= lA. T.2. 

Hence La=2,LA. 

Case n. — If the centre 0 lies within lBAC (Figs. 
279, 280). t 

Cons. — Join AO and produce it to meet again at E. 

Proof. — the centre 0 lies on the arm AE of lEAO, 
by Case I, l EOC = 2lEAC. 

Similarly L EOB = 2 lEAB. Case I. 

Add the equals to the equals ; 
thus La=2 L BAG. 


+ It_ is obvious from Fig. 280 that ■when A a is a re-entrant angle 
or straight angle, the centre 0 must lie within lBAC. 
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Case III. — If tlie centre 0 lies witliout i. BAG (Fig. 281). 
Cons . — Join AO, and produce it to meet O*^® at £. 
Proof . — tlie centre 0 lies on tlie 
arm AE oi E AC. 

by Case I, l EOC = 2 l £/4C. 

Similarly ^ EOB — 2i.EAB. Can: I. 

Subtract the equals from the 
equals ; 

thus La = ^i.BAC. 

186. ThEOEESI I^A.C.22. — ^Angies in. 
the same segment of a circle are equah 

In Figs. 282, 28.8, 284 

Given that j-s C, D are in the same segment AGDB, 
Required to 'prove that n C = -D. 



Case I. — When segment A CDB > semi-circle (Fig. 282). 
Case II. — When segment A CDB is a semi-circle (Fig. 

283) . 

Case HI. — ^When segment .4 CZ?fi< semi-circle (Fig. 

284) . 

Coiis . — Let A EB be the arc which completes the circlej 
and 0 the centre of the circle. Join OA, OB, 

Proof. — ^In all three cases : — 

arc AEB subtends l a at the centre d, and n s C and 
D at points on the remainder of O®®, 

.'. Z. C = J L a ; and .:_£? = J Z. a. 

lC= i-D. 



Hence 


AC.l, 
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187 . — Four points wliiclx lie on th.e same circle 

are called eoncydic points. If tlie four rertices of a quadrilateral 
lie on tlie same circle it is called a cydic quadTilatcrctl, 

FrcL JSj :. — Show that it is not possible to draw two different 
segTiients of circles on the same side of the same base to contain equal 
angles. 


Theorem [A.C.2c]. — if tlie line joiniugf two points sul)- 
tends equal angles at two other points on the same side of itj 
then the four points are con cyclic. 


Iti Fig. 285 

Given tliat i. AC B— l A DB, 

Required to 'prove that the points A, B, C, D, are 
concyclic. 



Cons . — Let a circle he drawn 
throngh A, B, C, and a second 
circle throngh A, B, D. 

If possible suppose that these 
two circles do not coincide. 

Throngh A draw a straight line 
A F lying witliin each of the angles 
CA B, DAB. Then A F will meet the 
two circles ACB, ADB at some 
points E, F-f 


Proof . — In segment ACB, i.AEB= lC, AC.2. 

and in segment ADB, lAFB= lD. AC. 2. 

Also aC = lD ; hence lAEB= lAFB, 

Rnt this is impossible ; 

for in /S.EFB, ext. l A EB> l AFB, T.l. 

(or if £ lies in /IF prodnced, ext, lAFB> L.AEB). T.l. 

Hence the two circles ACB, ADB must coincide, 
that is the four points A, B, C, D, are concyclic. 


t The proof of proposition usually given in text-books is 
defective ; for it assumes that either AD or BD necessarily meets the 
arc ACB. It is easy to modify the usual proof so as to discuss all 
possible case.s, including the special case where ADD is a straight line ; 
put the proof here given is logically complete and more concise. 
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Corollary [L.6]. — TRe locus of the -vertex of a triaxtgple 
drawn, on one side of a given base and having a given 
vertical angle is the are of a segment of a circle on that base. 

For if /4i5 is the given base (Fig. 286), and 0, D, E, F . . , 
different positions of the vertex, then by hypothesis 
^ACB= ^ADB= ^A£B= i-ArB^Scc. 

Hence © ABG passes through D, E, F, . . , and all 
other possible positions of the vertex on the same side 
of -48. Peoved. 




188. Theorem [AG.3]. — if a quadrilateral be inscribed 
in a circle t^e sum of eacli pair of opposite angles is equal to 
two riglit angles. 

Given that ABCD is a cyclic quadrilateral (Fig. 287), 
Required to prove that lA-\-i.C — i.B-bi.D = 2R. 

Cons. — Let 0 be the centre of the circle. Join OB, OD, 
Proof, — arc BCD subtends a a at centre 0, and a A 
at a point on the remaining arc of the O®®, 

.-. a>4=-|- Ao. AC.l. 

arc BAD subtends a j8 at centre 0, and a 8 at a 
point on the remaining arc of the O®®, 

.-. AC = i Ai5. • AC.l. 

Hence A/44- AC = i'A a+-|- a 8- 

But na+A^ — 4:R; A.l. 

hence l. A-\- a C = 2It. 

Similarly by joining 0-4, DC it can be proved that 
a8+a£) = 2/?. 


G. T. P. 
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COEOLLABT 1.— In a cycUc anadrUateral any exterior angle 
is equal to tlie opposite interior angle. 

In Fig. 288 , DDE is a st. line, .■. l 0+ i. X=2E,. A.l. 
Also lX = 2R. jProvcd. 

Hence lX~ lB-\- £-X-, 

therefore lO—lB. 



Fig. 288. 

COEOLLAET 2.* — In Fig. 288, if CT is tlie tangent at C, tben 
lACT^cB. 

For if D be supposed to travel along the curve toward 
Ci tlien (in all positions of/?) lADE— lB. 

But when D moves up to C, AD becomes >4 C, 'and secant 
C/?£ becomes tangent Cr. Tbus a / 4/)£ becomes lAOT. 

Hence lACT—lB. 

189. Theorem [AO.Se]. — if two opposite angles of a 

quadrilateral are togetlxer equal to two riglit angrles then the 
vertices of the quadrilateral are coney die. 

In the quadrilateral ABCD (Fig. 289) : — 

Given that /./} + /.£ = 2R, 

Bequired to py'ove that the points A, B, G, D are 
concyclic. 

Cons. — ^Describe a circle to pass through the points 
B, 0, D. 

Take any point X on the 0“® of this O, and on the 
same side of BD A. Join BX, DX.'\ 

+ The usual proof of this proposition is defective, as it assumes that 
BA necessarily meets the circle BOD on the upper side of BD — an 
assumption which fails if A lies a long way above BD. 
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Proof . — SCDX is a quad. inscrn}ed iu a l\ Con^. 

—X-{-LC = 2Ii. AC.3. 

But ^A+lG = 2R; 

>^0= A + .lC ; ^vhence z.X— ~.A. 



BD subtends equal angles at X and A, 

A lies on G BXD. AC.2r. 

Tliat is A lies on © BCD. 

EXERCISES LXri {RkWs). 

1. AB z-Tid CD are two chords of a circle intersecting at E; prove 
that the triangles AEG and BED are equiangular. 

2. ABC is an acute* angled triangle, an>l j'leriwjndiciilars AD^ BE^ CF 
ire drawn to, the three sides ; prove that the following sets of j^oints 
ire eoncyclie : — (1) B, f, £, G ; (2) F, D, G ; (3} A, £, D, B. 

8. ABG is an acute-angled triangle, and perpendiculars AD, BE, GF 
drawn to the three sides, are found to meet at one |Kjint P ; ftrovc 
that the following sets of points are eoncycIic : — (1) P, Z?, 0, E; 
[2) P, £, A, F; (3) /> F, B, D, 

4. If a triangle be inscribed in a circle, prove that the sum of the 

angles in the three segments exterior to the triangle is equal to four 
right angles. AC. 8. 

5. if AS, CD, two chords in a circle, intersect in E, prove that the 

angle AED is equal to half the sum of the angles ADD, BOO, 0 toeing 
the centre of the circle. AC.l- 

6. Given the base of a triangle in magnitude and position, and the 

sum of the base angles, what is the locus of the vertex ? L. 5. 

190. FreL Ex. — (i) What angle is subtended at the centre of a 
circle by the whole circumference of the circle 1 

(ii) What kind of angle is subtended at the centre of a cirtde by 

{a) an arc equal to half tfie (^) an arc less th^^ half the {r)an 

arc greater than half the • 

(iii) What angle is subtended at a point on the remaining arc by 

{a) an arc equal to half the O®®? C^) than half the 

(c) an arc greater than half the O®® ? 
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Theorem [AO.4]. — (i) Any angle in a semi-circle Is a 
angr^e. (li) Any ang'le in a segment greater tiian a semi* 
circle is less tlian a riglit angle. (iii) Any angle in a segment 
less tixan a semi-circle is greater tlian a rigKt angle. 

In Figs. 290, 291, 292, /. C is an angle in the segment 
ACB:— 

Given that segment ACB is (i) a semi-circle (Fig. 290), 
(ii) greater than a semi-circle (Fig. 291), (iii) less than 
a semi-circle (Fig. 292), 

Required to p7'ove that 

(i) aC = R, (ii) aC<R, (iii) z.C>R. 



Fio. 290. Fig. 291. Fict 292. 

Co7is. — "Let AEB he the arc which completes the 
and 0 the centre of the circle. Join OA, OB. 

Proof . — In all thi-ee figures, arc AEB subtends z.aat 
the centre and /. C at a point on the remaining arc ; 
hence in all three figures — ^ a a AC.l. 


(i) In Fig. 290, 

A a = 2R, 

Hence 

aC=R. 

(ii) In Fig. 291, 

i.a<2R, 

Hence 

aC<R. 

(iii) In Fig. 292, 

L. a>2R, 

Hence 

aC>R. 


GoiiOLLACT. — If a circle be circumscribed to a rigbt-angled 
triangle its centre^will lie on tbe hypotenuse. 

For otherwise the angle opposite to the hypotenuse 
will be an angle in a segment of a circle which is either 
greater than or less than a semi-circle ; and in either case 
this angle cannot be a right angle. 
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191. Frcl, — AO is a diameter of a circle. Tlie tangent AFj 
and a chord AB are drawn on the same side of AO, Prore that 
i.BAF=: /.BOA. 

Theorem [A.C.5]. if a cliord be drawn from the point 
of contact of a tangrent to a circle, tben each of tbe angles 
wMcb tbe chord makes with the tanigent is eq,uskl to the angle 
in the alternate segment of the circle. 

In Fig. 293 

Given that EAF is a tangent to the 3 ; ami AB a chord, 
Required to prove that 
(i) L BAF — angle in segnxent 
BCA, 

and (ii) -fii4£ = angle in seg- 
ment BDA.i 

Cons. — Through A draw the 
diameter A C. 

Take any point 0 on the arc 
ADB. Fio. 2?;J. 

Join AD, BD, BC. 

Proof . — (i) In semi-circle _CS/4 = ll. AC. 4. 

Hence*in A ABC, L.BAC+ l BCA = F. IiT.i. 

CA is a diameter and EF a tangent 

.\lGAF=R. ' Tn.l. 

Hence ^CAF=^ BAC+ ^ BCA. 

From these equals subtract c-BAC 
thns cBAF= I.BCA, 

Hence BAF—sxij angle in segment BCA. AC. 2. 

(ii) £/4F is a st. line, /. i. B^£+ 6/4£=2R. A.i. 

L ADBC is a cyclic quad., lG+ i.D = 2R. AC.3. 
Hence lBAF-\~ ^BAE=^ lC-\- ~D. 

But i. BAF ~ — C; Procat. 

take the equals from the equals, thus i. 6>4£= lD. 

Hence l £>!£=any angle in segment BDA. AC.2. 

t That is, angle on right of >45= angle in segment on left of AB, and 
angle on left of >45= angle in segment on right of AB. Hence the nsa 
of the -irord “ alternate ” in stating the proposition. 
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192, Theorem [AO. 5c]. — if a Ime drawn throngb. one ex:- 
tremity of a cliord of a circle mak.es an an^le on one side of 
tke ckord eqnal to the angle in the alternate segment^ then 
this line is a tangent to the circle. 

In Fig. 293 

Given that lEAB = angle in 
segment BOA, 

Required to 'prove that EAF is 
the tangent at A. 

Cons. — Let AX he the tangent 
at A on the same side of AB as AE. 
(AX is not shown in the figure.) 

Proof. — AX is a tangent 
(C'o^^s.), and AB a chord, 

L B AX = angle in alt. segment BOA. AG. 5. 

Also n 5/4 f= angle in alt. segment BDA. Hyjo. 

Hence i.BAX= lBAE, i.e. AX coincides with AE. 

Therefore EAF is the tangent at A. 

sxmaiSES lxvii {m&rs). c 

_ 1 . Two circles intersect at P, Q ; PA, PB are diameters of the two 
circles. Prove that the straight line AB passes through Q, 

2. If two circles are described having the equal sides of an isosceles 
triangle as diameters, they intersect at the middle point of the base. 

3. In any triangle, the two circles described on two sides as diameters 
intersect on the third side. 

4. /IRC is a triangle. Show how to draw the tangent at A to the 
circumscribed circle, without finding the centre of this circle. AC. 5c. 

193. Theorem [)A.0.6]. — in equal circles if two arcs 
subtend equal angles at tbe centre tbey are equal. 

In Fig. 294 0 and P are the centres of the two equal 
circles ABC, DEF : — 

Given that n 0 = lP, 

Required to prove that arc AHB~ arc DKE. 

Gons. — Suppose qDEF to be applied to o46C in such 
a way that P falls on 0, PD lies along OA, and £ and B 
fall on the same side of OA, 


c 
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Proof. — : P0=0A (Hyp,), D falls on A ; 
lDPE= L AOB, PE lies along OB; 
PE — OB (Hyp.), ;.E falls on B. 



therefore their cireumferences coincide. 


Hence arc DKE coincides with are AHB ; 
that is arc £>/f£ = arc AJJH, 

CoKOLLAKY 1. — In eq.naX circles if two arcs subtend equal 
angles at points on tbe remaining: arcs of tbe circumferences 
tbey are equal. 

For if, Fig 294, C= lF ; 
then the doubles of these angles are equal, 
i.e. 1.0= lP AC.l. 

Hence arc AHB = arc DKE ; 

CoEOLLACT 2. — In equal circles equal clxords cut oflf equal 
arcs. 

For, in Fig. 294, if chord = chord DE, 
then A. 0 = lP, Ch.5. 

Hence are AHB = arc DKE ; 

that is the two smaller arcs cut off by the chords AB, 
DE are equal. 

Also the two circumferences are equal ; 

hence remaining arc AOB = remaining arc DFE ; 

that is the two larger arcs cut off by the chords AB, DE 
are equal. 

COKOLLA-BY 3. — In. tie same circle if two arcs subtend equal 
angles at tlie centre or at points on tbe circumference tbey 
are equal 5 also equal chords cut off equal arcs. 
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194. Theorem [A-C.Oe^- — in equal circles, if two arcs are 

equal tHey sulstend equal angrles at the centres. 

In Fig. 294, 0 and P are the centres of the two equal 
circles ABGj DBF : — 

Given that arc AHB = arc DKE, 

Required to jprove that a 0 = a P, 



Cons. — ^Apply qDEF to QABC, as in the preceding 
theorem, so that PD coincides with OA, and 0“ of qDEF 
coincides with of QABC. 

Proof. — arc DKE lies along arc AHB, and also arc 
DKE=aYc AHB, £ falls on B. 

But P falls on 0 / PE falls on OB, 

Hence a P coincides with a 0, that is a P = a 0. 

COBOLLAHY 1, — In. e^jual circles if two arcs are equal tliey 
subtend equal angles at points on the remaining arcs of tbe 
circumferences. 

For the angles which they subtend at points on the 
circumferences are halves of the angles which they 
subtend at the centres. /.C.i. 

Coboll AHY 2. — In equal circles equal arcs are cut off by 
equal chords. 

For if (Fig. 294) arc A//B = arc DA'fj then n 0 = l. P, 

Hence chord >1S = chord DE, Cli.5. 

CoBOLLABY 3. — In the same circle if two arcs are equal they 
subtend equal angles at the centre, or at points on the 
remaining arc of the circumference, and are cut off by equal 
chords. 

!Note. — -I n tlie two tlieorems AC. 6 and AC. 6c tlie argument applies 
equally well to tlxe ares ACB, DFE and tli© re-entrant angles 0 and P. 



THE CIRCLE : AKGULAR PROPERTIES. 


205 


EXEEGI8ES LXrilL 
Galcitlations. 

1. An are of a circle subtends a right angle at the centre. What 
fraction is this arc of the whole circumference 1 

2. An arc of a circle subtends an angle of 60^ at a point on the 
remaining arc of the circle. What fraction is this arc of the whole 
circumference ? 

3. If the circumference of a circle is dirided into nine equal arcs, 
what angle does each of these arcs subtend at the centre, and what 
angle at a point on one of the other arcs ! 

4. An arc of a circle subtends an angle of lOO'* at the centre. What 
angle does the remaining arc of the circle subtend at the centre, and 
what angle at some jK>int on the first arc I 

6. The chord of a given arc is equal to the radius of the cin*le. What 
fraction is this arc of the whole circumference ! 

6. AB is a chord of a circle and AG a tangent at the point A, If 
LBAC^Oif^ find the angle which AB subtends at the centre of tlie 
circde, and also at a point on the arc of the larger segment 

(i) if L BAG is acute, (ii) if BAG is obtuse. 

Eiders. 

7. In equal circles, sectors are equal if them angles at the centres are 
equal. 

8. If a set of radii make equal angles with each other, they divide 
the circumfei^nco into equal ares. 

9. AB and GO arc two parallel chords in a circle ; prove that the arc 

AG is equal to the are BO, AC. 6. 

10- The straight lines wdiich join the extremities of two equal arcs in 
a circle are either parallel or e«|ual. AC. fic. 

11. The straight lines which join the extremities of parallel chords 

in a circle are equal, AC.l, Ch.5. 

12. BAG is a given segment of a circle, and BAG is any angle in the 
segment ; prove that the straight line which bisects the angle BAG 
always passes through a fixed point on the circumference. AC. 6. 

195. On the Circumference of a Circle. — The object of 
the following exercises is to investigate the relation 
between the circumference of a circle and its diameter. 
We shall find that the result obtained by dividing the 
circumference by the diameter is the same for all eirdes. 
At present the student can only show this hy actual 
measurement; the relation can also be proved by 
mathematical reasoning, but this is a difficult process 
and must be deferred. 
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EXBROmES LXIX, 

{These exej'cises should he worked laUh great acmracy.’\ 

1. Measure the circumfereiLce and diameter of (i) a penny, (ii) a 
halfpenny, and in each case work out tlie quotient 

circumference -r diameter. 

[First rule a straight line on paper. Mark the coin with a scratch 
at the edge of either face. Stand the coin upright on the line with 
the scratch against the paper and mark the position of the scratch on 
the paper. Then carefully roll the coin along the line, without letting 
it slip, and mark the point where the scratch again comes in contact 
with the paper. Measure the distance between these two marks, 
which is ecjual to the circumference of the coin. 

Bepeat this two or three times, and take the average of your results 
as the correct value of the circumference. 

Then measure the diameter with the scale ; and find the required 
quotient.] 

2. Measure the circumference and diameter of the fiat cylinder con- 
tained in your hox of models of geometrical solids, and work out the 
quotient 

circumference ~ diameter. 

[To measure the circu inference, wrap a strip of paper tightly round 
the cylinder so that the two ends of the paper overlap. Using a pin, 
prick once through the two folds of the paper at thr. overlapping. 
Spread the strip of paper flat, and measure the distance between the two 
prieks»1 

3. If an arc of a circle subtends an angle of B0° at the centre, what 
fraction is this arc of the whole circumference ? 

4. Draw a sector of a circle making the angle of the sector exactly f 
SO'" and the radius exactly 3*5"; let 0 he the centre and AB the arc of 
the sector (Fig. 295). 

On the arc of this sector mark distinctly two points H, K, dividing 
the are into three portions which are roughly equaL MeasCre the 
straight lines AH, HK, KB as accurately as possible, and add the 
results. 

The sum is very nearly the exact length of the arc AB (for the 
difference between the lengths of the chord AH and the arc AH is 
exceedingly small, and so on). 

Multiply this result by 12 ; the product is very nearly the exact 
length of the circumference of the whole circle {see Question 3). 

Give as accurately as you can the lengths of the diameter and 
circumference of tb^ circle. 


t Probably this angle can be constructed more accurately without 
using the protractor. 
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5. Work again throiigli Question 4 using a radius of 3*5 cms, instead 
of 3*5". Give as accurately as you can the lengths of the diameter and 
circumference of this circle. 

3- The ratio of the circumference of a circle to its diameter (t\e» the 
number of times which the diameter is contained in the circumference) 
can be expressed very accurately as a vulgar fraction whose denominator 
is 7. What fraction do you suggest for this ratio ? 

Compare the results of Questions 4 and 5. 





From the preceding Exercises it may be inferred that 
the ratio of the circumference of a circle to its diameter 
is constant, z. e. is the same for all circles. The student 
must commit to memory the value of this ratio, both 
in its fractional and decimal forms, viz. and 3" 14. 
Neither of these values is exactly correct ; the fir.st is too 
large, and the second too small ; in each ease the error 
is about 1 in 2000. 

The exact value of this ratio is usually denoted in 
mathematics by the Greet letter tt. Thus we have, in 
any circle 

circumference . . , j- x 

— diam^r — ’> 

where 7r=-^ (approx.) = 3T4 (approx.) 

As this result has been obtained by experiment, and 
not by mathematical reasoning, it must not he admitted 
as part of the logical course of geometrical argument, 
and cannot be used in the proof of any proposition or 
rider. It will, however, be often used in the remainder 
of the book in calculations. 
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196. Calculations. — The following example is a good 
instance of a problem which requires both calculation 
and accurate drawing ; — 


Example . — Fhid the length of the arc cut off from a circle of radius 
100 yards by a chord of length 80 yards, 

A convenient scale of representation is 50 yards to the inch. The 
radius is then represented by a length of 2"^ and the chord by 1 *6^'. 

"With centre 0^ draw © ABO of radius 2'" (Fig. 296). In it draw a 
chord of length 1*6". 

2'o determine the length of the arc AS, measure the angle %oliich it 
subtends at the centre^ a^nd thence calculate Us length. 


Draw lAOB, By measurement we find Z- /1 0^ = 47 *2°. 

Since arc AB subtends z. 47 ’2° at centre, and the whole circumference 
subtends z. 360'’ at centre, 



arc AB = 


47*2 

360 


X circumference. 


Kow circumference = 


22 


diam. 


Hence arc AB = x ^ x 4'^ 


7 


7 


X 4". 


360 

But 1" represents 50 yards. 

Hence arc AB represents a lendbh of 
d7 *9 99 

1^ X ^ X 4 X 50 yards. 

Evaluating this we obtain 82*4 yards. 

-Since jlAOB measures 47*2°, the corresponding angle on 
also measures 47*2°. Hence we could calculate 
47*2 

that required arc = 


Horn 

the 


original 


360 
47^2 
'360 


X circumference of original circle 
X 200^ yards = 82*4 yards. 


EXURQISSS LXX. 

Caloxjlatioks. 

1. An arc of a circle subtends as® at the centre ; what fraction is 
this arc of the whole circumference ? 

2* An arc of a circle subtends at a point on the remaining arc ; 
what fraction is tHs arc of the whole circumference ? 

3- A chord of a circle is equal to the radius. If the radius of the 
circle measures 7", find the lengths of the arcs into which this chord 
divides the circumference. 
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4. What is the circumference of a circle whose radius is 10^', and 
what is the radms of a circle wTiose circumference is 10^' I 

5. An arc of a circle is equal to the ratlins of the circle, (i) What 
fraction is this arc of the whole circumference I (li) What angle does 
this are subtend at the centre of the circle ? (iii) What angle does 
this arc subtend at a point on the remaining arc ? 

6. The diameter of a bicycle wheel is 28'L Find its circumference, 
and determine how many turns it makes in running a mile, 

7. The piston of a locomotive makes 240 double strokes in 
running a mile ; find the diameter of the driviog wheel. 

8. A chord of a circle is inclined to the tangent at one extremity at 
an angle of 40*". If the radius of the circle is find the length of the 
smaller arc formed by this chord. 

9. AB, AO are tangents to a circle from the point i4; B and C are the 

points of contact, if determine the single in the smaller 

segment formed by the chord BO, 

10. From a point A a tangent AB is drawn to a given circle nietding 
it at B^ and a secant AOD meeting the circle at 0 and D, Given that 

l0BD=^1O\ find lBAO, 

11. ABC is a triangle inscribed in a circle whose centre 0. Given 

that Z-4 = 60’, /Li5 = 40^ £,C = 80^, find lOAB 1.0 AG. 

12. ABO is a triangle inscribed in a (nrcle whose centre is 0. Given 
that A >4 = 110", Z- iff = 30°, z.U = 40", find L.OBO s.m\ 1.0BA. 

13. Two circles PQR, PQS intersect at the two pdnts Q. The 
common chord PQ lies betw’ecn the centres of the (drcles and subtends 
an angle of 80° at the centre of the fir&t cdrcle and 40° at the centre of 
the second, A straight line RPS^ piadrg through P, meets the 
circumferences again at R and S, Find I.RQS, 

14. A triangle is inscri]>ed in a circle. If the angles of the triangle 
are 40°, 60°, 80", and the circumference measures 3 it,, fiinl the lengths 
of the arcs into which the vertices divide the circuuiferenee, 

15. ABO is a triangle inscribed in a circle ; and the tangents at /f, B, 
and 0 ffrm a triangle PQR. If the angles of the triangle ABO m^ure 
50°, 60°, 70° respectively, find the angles of the triangle PQR. 

16. HKLM is a cyclic miadrilateral whose diagonals intersect at 0, 

If LMHL=^m% z./f//4 = 40°, find I.HML and lHOK, 

By Consteuction and Calculation. 

17. In A ABO, AB^V\ B0^il^\ lB^90\ Bisect fiO at P. In AD 
produced find a point £ coneycdic wnth Aj B, C, Measure DE. 

18. Draw a sq[nare ABOD of side 2". Bisect BO |,t £ ; find a point 
F in DO which is concyclic with A, D and £. Measure DF, 

19. In A HKL, //I = 2", a// = 120°. Bisect HL at M, 

Find a point N in LKj concyclic wuth K, M. Measure KN, 
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20. Eind tlie length of the minor arc cut off from a circle of radius 2" 
by a chord of length 3". 

21. Construct a circle whose circumference measures 10". Find the 
distance between the extremities of an arc which measures 2". 

22. The radius of a circle is 10 feet, and a chord measures 13 feet. 
Find the length of the smaller arc which stands on this chord. 

23. The circumference of a circle measures 12 feet. Find the 
length of a chord which cuts off a segment containing an angle of 50®. 

24. The sides of a triangle measure 5 cms., 5 cms.» 6 cms. ^ If a circle 
is circumscribed to this triangle, find the lengths of the arcs into which 
the circumference is divided by the vertices of the triangle. 

197. Eevise § 144. The following example affords a 
good illnstration of the method of solving a rider ; — 

B^rample. — A BOO is a cyclic quadrilateral ; Ej F, G, H are the middle 
points of the arcs AB, BO, OD^ DA respectively, Prove EG T FH, 

(In the following discussion of the solution the reference numbers 
refer to the hints given in § 144.) 

Analysis. — (1) Draw the diagram as in 
Fig. 297. The four sides of the quadri- 
lateral are purposely made unequal. The 
pairs of equal ares are indicated by strokes, 
crosses, etc. 

Itequired to prove that c^OF^'R, 

(2) The hypothesis states (a) that A BCD 
is a cyclic quadrilateral and (&) that four 
arcs are bisected ; (a) suggests the use of 
Theorem AC. 3. The conclusion, that 
z_£0F=R, suggests that we should try to 
prove jlE0F= ^EOH^ or i.E0F= jlFOGj 
by means of congruent triangles ; but there 
do mt appear to be any congruent triangles available, 

(3) In the cyclic quad, , lA+z^0=i.B+lD^ 2E. No otlrr facts 
appear to be suggested either by the hypothesis or by the conclusion. 

(4) It is obvious that the figure in its present condition does not 
give sufficient facts to prove the rider; it is therefore advisable to 
introduce some new lines. Such lines should be lightly drawn in pencil 
and only filled in with ink when it is obvious that they will be required. 

In drawing new lines, it is necessary to bear in mind — (i) that it is 
essential to bring the bisected arcs into the argument (see the 5th hint 
in § 144) ; (ii) that some method has to be devised for proving 
l^£0F=R,. and th£f*; congruent triangles are apparently not available. 

Join ££(Fig, 298). 

To prove that l. E 0F= R requires that Z.£4-Z.£==R. T.l. 

Now z.£ stands on arc FGt and obviously arc FG = i arc BOD, 
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But L. A stands on arc BOD. 

Hence, by an easy deduction from AO. 6c, Cor. 3, lE=^lA. 
Similarly Z.F stands on arc EH, and L 0 stands on arc BAD; 
thus i.F=iLO. 

Thus I.E+ ^.F=l^A + iz.C=-R. 


Tlie solution is now obvious, and may Isj 
set out as follows : — 

Oow.— Join £F. 

Proof. — "arc GF=i arc CB, and arc 
CG = J arc CD, . -. arc FG=\ arc BOD. 

But c. E stands on arc FG, and A A stands 
onarcfiCD, lE=^lA. AC.6c. 

Similarly a F= i a G. AC. 6r. 

Hence lE + i.F=\i.A->rlLO. 

In cyclic quad. ABOD, lA + l0—2TI. 
(A0.3). Hence, a£+aF=R. 


E 



Fiu. 298. 


198. Oa Constant ftnantities. — ^It frequently liappens 
tliat if a geometrical figure is supposed to alter in 
accordance vvitli certain given conditions, tken sftmo 
magnitude connected with the figure rdll he found to 
remain constant, i. c. will he the same 
for all possible cases of the figure. 

For example, if XK (Fig. 299) is a 
given line and ABO a given circle 
whose centre is X, and if a triangle 
is to he drawn on base XK and having 
its vertex Z on the circumference of 
the circle ; then the triangle will vary 
according to the position of Z on the Fio. 299. 

circumference, but the aide XZ tcill he 
constant ; for all radii of the circle have the same length. 



Again, if ACB is a segment of a circle 
on base A B (Fig. 300), and if a triangle is 
drawn having AB for base and having its 
vertex V on the arc ACB, then the triangle 
wiU vary according to the position of ^ 
on the arc, but its vertical angle V will 
he constant ; for all angles in the segment 



A B 

Fig. .300. 


ACB are equal. 

For other illustrations of constant quantities see § 143. 
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109. Tlie following examjjles will serve as models for 
the solution of riders involving constant quantities : — 

Example 1. — pfdnt P moves along the hase EG of cm isosceles 
triaufflo ABO. Prove that the sum of the dmta7ices of P from the sides 
ABf AC is constant. 

A Analysis. — Draw tlie diagram (Fig. 301). 

A Giicn that AB=^ AO, and tliat PH, PK are i. AB 

/\ <40 respectively, 

/ \ Pequhxd to prove that, as P moves along BO, 

J V is constant, 

/ y^p P raay lie at any point on EC; suppose that P 
/// \iA is moved to B; then the distance of P from AB 

becomes zero, and the distance of P from AO 

k ^'p ^ becomes BD, where ED l AC. 

_ Thus, if the sum of these di.stances does not 

riG. 30L alter as P moves, then PH-hPK must be equal 

to O-^BD, i. e. to BD. 

Conversely, to prove that PH-t-PK is constant, it will be sufficient 
to prove that PH -t-PK^ BD. 

If PL is drawn X to BD (Fig. 302), it is obvious that PK^LD. 
Hence the result will follow if it can be shown that PH = BL. 

Perhai)S then a PBH= a BPL, t 

We have not as yet used the fact that AB- AG. This gives lB:= L.C. 
Obviously, by parallels, lLPB^ aC. Thus lB^ ifLPB. 

It is now easy to prove that aPBH^aBPL, and the chain of 
reasoning is complete, 

0(7ns. — Draw BD i AO, and PL x BD. 

A Proof . — ' A s PLDf LDO are both right angles, 

A (using I/) as trv. ) PL \\ DO. P.2. 

/ \ Hence (using BO as trv.) aLPB^ jl G. P.2o. 

/V In aABO, AB==AC (Hyp.\ 

/ A .\aO~aHBP. T.2, 

/ Hence aLPB— lHBP. 

YpB ® LHm>fLLpA . •. PH=BL. 

B : P c • \t.BHP=.LPLB\ C.2. 


f : p c 

Fig. 302. 

But LP II DK ; 

Hence 
that is 


•.* AS LDK, PKD are both 
/. (using DK as trv. ) LD |{ HK. 
LPKD is r; and PK=LD. 

PH + PK=:BL + LD::^BD, 

' PH + PK is constant. 


.PH^BL. 

0 , 2 . 

right angles, 


t Up to this point the analysis consists entirely of working hack 
from the required conclusion. 
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Note.- — I n this rider tlie Viiliie of PH -¥PK w detemiinefl l>y piittin!? 
B into Q, special XK>sitian, vw, at B, In the next rider tills metlioil will 
not be used. 

Example 2. — Two circles ABC, ABD intersect cd two points A and B. 
(Fig, 303) P is a ^mnt on the arc ADB, mieh that the chmh PA and PB 
when produced meet the arcAOBtU points L and M, Prove thMikc ckmi 
LM is Cijnstant in lentjlh for dll positions of P. 

Analyns, — As P mores on arc 
ADBf L and M move on the arc 
AOB. 

For all positions of P, ^APB is 
constant ^ _ AC.ii. 

Also for all positions of L and 
Mf L ALB wad z. >4 If i? are constant 

AC. 2, 

Chord LM is constant, juovidcd 
it subtends a constant angle at the 
centre, Cb,5. 

A e, provided it subtends a 
constant angle at a point on 

xiXM. 

e, provided z. LBM is constant. 

But c LBM^ lBPL+l BLP. 

Also both L BPL and L BLP are 

Thus L LBM is constant. 

The chain of reasoning is now coi 

Cons. — Join LB. 

Proof , — ' lAPB is an angle in the fixed segment ADB^ 

. % l APB is constant. 

L.ALB is an angle in the fixed segment ACB^ 

, z. ^41^ is constant. 

In aLPB, ext. lLBM^ lALB+ L.APB, 

Hence L. LBM is constant. 

*. * cfnord LM subtends a constant angle at of fixed © ABO, 

. •. chord LM subtends a constant angle at the centre of fixed © ABO; 

AC.l. 

Hence chord LM is constant. Ch.5. 

Hote. — It is often of service to consider limiting positions of the 
lines in the data. Thus if P move along the circumference to A the 
line PA ultimately becomes the tangent at A to the © ABD. If this 
tangent meets the circle ABC in 7, then since PB becomes AB when P is 
at A, the line LM becomes TB. It woiild therefor^b^'^e been sufiGlcient 
to have proved LM equal to TB, In this case this is no easier than the 
original rider ; but the method suggested will often be of service in 
other riders* 

G. T. P* 


AC.2. 

AC2. 

T.l. 



constant, 

mplete. 


T.l, 
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EXEIiaiSES LXXL 

Hi DERR. 

1. Two circles cut at A and B and CAD, EAF are straight lines 

cutting tlie circle^ at G, D aiul E, F respectively. Show that i.OBE = 
i^DBF. AC. 2. 

2. ABOD is a quadrilateral inscribed in a circle. Show that if any 
other circle is drawn ]>as^ing through A and B, and cutting AD, BG (or 
these lines produced) in ^and Q, then PQ is parallel to OD, AC. 3. 

3. A,B are two fixed points, and P, Q are two moving points. If the 

straight lines AP, BQ are always equal and parallel, prove that the 
distance PQ is constant* Pm. 2, 

4. A, B arc two fixed points, and P, Q are two moving points. If 

the straight lines AP, BQ always bisect each other, prove that the 
distance PQ is constant. C.l. 

6. Two circles inteisect at P and Q, and a straight line AQB meets 
the circumference at pioints A and B on opposite sides of Q. Prove 
that lAPB is constant. AC. 2. 

6. Two circles touch one another externally, and through the points 
of 'Contact is drawn any straight line terminated by the circumferences ; 
show that the tangents at the ends of this straight line are parallel. 

T.l ; Tn.2* 

7. The arcs AB, CD in the circle ABCD are equal; show that the 

triangles ABC and DCB are equal in all respects, AC. 6c. 

8. Two circles intellect at A and B, and at A tangents axe drawn, one 

to each cxrtde, to meet the circumferences in P and Q ; show that the 
triangles ABP and ABQ are equiangular. AG. 5. 

9. If two circles touch one another either internally or externally at 

the |M>int P, and if two chords, PRr, PSb, he drawn through P, prove 
that the chords RS and rs are parallel. P.2; AC. 5. 

10- Through A, a point of intersection of two equal circles, two 
straight lines PAQ, XA Y are drawn ; show that the chords PX and QY 
are equal. Ch.5 ; AC.l. 

11. If the two opposite sides of a qitadrilateral inscribed in a circle 
are equal, the other two sides will he parallel. Ch.5 ; AC.l. 

19. Two circles have external contact at A, and the line BCDE is 
drawn to cut the circles ; prove that the angles BAE, GAD are supple- 
mentary. ^ AC. 5. 

IS. A secant 0 \B and a tangent OP are drawn to a circle from an 
external point 0, and the bisector of the angle APB meets AB in 0; 
prove that DC is equal to OF, A.O. b. 
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14. Two^ segments of circles are described on tlie Mine ehorfl anil on 
the same side of it; the extremities of tlie eommon chord are joined to 
any point on the are of the exterior segment ; show tfiat the arc 
intercepted on the inner segment is constant. Al\2; AC. 6, 


15. A point A moves along a fixed line PQ and is joined by a straight 

line to a fixed point R- If X U the middle |Hdnt of AR^ show that the 
distance of X from PQ is constant. T.T. 

16. A is a fixed point ; B, C are two moving points on a fixtd line 

PQ’ 9’J are the middle points of AB, AC* If BC is constants prove 
that DE is constant. T.T. 

IT. In an aciit e-angle d triangle ABC the lines drawn from BG 
perivendiciilar to the opjM>sit6 sides inteiisoct at a pdrit 0. if the angle 
A is constant, prove that the angle 0 h constant. T.L 

18. Two cirL-les touch externally at A ; if BAG and DAE are any two 

chords through A cutting the circles in BG and DE respcrtivelj, show 
that the triangles ABD and AGE are e»piLyignl:ir. AChfi. 

19. Two eirtdes intersect at plants A and B, and tliev toindi the 

line PQ at the points P, Q. Prove tlmt the angles PAQ^ PBQ me 
supplementary. AC. 5. 

20. Two etinai cirdes iuterseet at P and Q, and frrfia any jirdnt A on 

the circumtercncG of one edrede a straiglit line APB is drawn meeting 
the cdrcumference of the other circle in B ; prove that the lines AQ and 
BQ are equal. Ch,5. 

21 . The t’VPD tangents drawm to a given circle from a moving pednt 

form a constant angle. Show that the distance of this iKfiint from the 
centre is constant Tn.2. 

22. ABC is a triangle whose angles P, 0 are bisected by two lines 

meeting at 0. If the angle A is constant prove that the "angle 0 is 
constant T.l. 

23. The straight lines which bisect any angle of a quadrilateral 

figure inscribed in a circle and its opposite exterior angle meet on the 
circumference of the circle. A€.2 ; AC. 3. 

24. «lf two circles touch internally and a straight line is drawn to 

cut them^, the segments of it intercepted betw'een the circumferences 
subtend equal angles at the point of contact. AC. 5. 

25. If ABj ACf ADf be chords of a circle such that the angles BAOf 

BAD are supplementary, then the sum of the ares on wddeh thc>e angles 
stand shall equal the wiiole circumference. AC.S ; AC. 6. 

26. Pind the mdius of the tdrede described about any given right- 
angled triangle. 

27. If a circle can be described about a jjarafridogram, prove that 
the parallelogram must be rectangular. 

28. Given the base of a triangle (in magnitude and position) and the 
sum of the base angles, find the locus of the vertex. 
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29. Two equal circles iiitei’.sce*t afc A and B, and BG^ BD are chords 
clrnwH in each circle so that eacli is equal to AB, show that GA, DA 
touch the circles. 

30. Let ABGD he a quadrilateral inscribed in a circle, and let AD and 
BG meet in E ; then shall the angle AEB be equal to the difference of 
the angles AQB and DBG, 

31. ABO is an isosceles triangle, and on BG a segment of a circle is 
described cutting the equal sides in D and E ; prove that the line DE 
will be parallel to BG. 

32. ABO is any triangle, and on the base BG a segment of a circle is 
described cutting the sides AC in D and E ; prove that the triangles 
ABC and ADE are equiangular. 

33. Given the base and vertical angle of a triangle, show that the 
radius of the circumscribing circle is constant. 

34. There are two given segments of circles on the same side of the 
same base AB. If two points P, Q move one on each arc in such a way 
that APQ is always a straight line, prove that the angle PBQ is constant. 

35*. ABO is a given triangle, and on the base BO a segment of a circle 
is described cutting the sides AB, AG in D and £; prove that the line 
DE is always parallel to a fixed straight line. 

33*. Two tangents 4P, AQ are drawn to a given circle, and R is the 
middle point of the minor arc PQ ; pi'ove that PR bisects the angle APQ. 

37*. Two equal circles touch externally, and from the point of contact 
two chords are drawn at right angles to one another, one in each 
circle ; show that the line joining their other extremitiec^ is equal and 
parallel to the line joining the centres. 

33*. ABf AG are two tangents to a given circle, and D is any point 
on the major are cut off by BG ; prove that the sum of the angles ABD 
and AC/) is constant 

39*. A quadrilateral figure is inscribed in a circle, and two of its 
opposite angles are bisected by straight lines which meet the circum- 
ference in E and F; prove that the line EF is a diameter of the circle. 

40*. Four circles w^hich have for chords the sides of a cyclic quadri- 
lateral will intersect again in four concycHo points. 

41*. X and Y are any two points taken on two arcs described on the 
same straight line PQ, and on the same side of it ; show that, if the 
bisectors of the angles XPY and XQY meet in 0, then PQ subtends a 
constant angle at 0. 

42*. ABG is a triangle inscribed in a given circle ; if the angle BAG 
be constant, prove that the side BG always touches a concentric circle. 

^ 43*. The base of a given isosceles triangle is produced in either 
direction. If a point moves on this produced portion of the base, 
prove that the diffeience of its distances from the sides is constant. 

44*. From any point within an equilateral triangle perpendiculars 
are drawn to the three sides. Show that the sum of these three 
perpendiculars is constant [Use the result of Kx, 1, §199.] 
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200. PhOBLEM. — T o bisect a given arc. 

Required to bisect the ai’c ABC (Fig, 304), 

Com . — ^Join the extremities of the arc by the line AG. 

Bisect AC at right angles by the line DE, meeting the 
arc at the point E. 

Then E shall bisect the arc ABC. 

Proof . — ^Join AE. CE. 

DE bisects AO at right angles, 

. *. EA = EC L. t3 

In O ABOf ' chord £4== chord EO, 
tharefore are £/4 = arti £C. AO, 6. ^ D C 

Note. — In pr:ieti<*e we can find the line 
which bisects >10 at right angles irlthout 
joining AG. See Problem lY and Fig. SO on p. 

201. PboBLEM. — Given an arc of a circle, to find its centre. 

Required to find tlie centre of tlie circle of wliidi ABC 
is an arc ^Fig. S05). 

Cons , — Take any tliree points B, C on tlie arc. 

Join ABf'f fiC.f Bisect AB, BC at riglit jingles hj 
the lines DEj FG^ nieeting in 0. ^113. 

Then 0 shall he the centre of the circle. 

Proof — \ ’ DE bisects the chord >f£ at 
right angles, 

. DE passes through the centre. 

Ch.2, 

Similarly F6 passes through the 
centre. Ch.2. 

Hence the centre is the point 0, 

where DE and FG meet. 

Note. — For accurate work 4 and C 
should be the extremities of the arc, 
and B near the middle point, if the arc is less than a semi-circle. If 
the arc is greater than a semi-circle, A and 0 should be rougldy the 
extremities of a diameter, and B near the middle point of the arc AG. 

t These lines are reqniiTd in the proof only ; for the lines DE^ FG 
can be drawn without drawing the lines AB^ Bu. 
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JBXERGISES LXXII (Prarfical). 

1. The radius of an arc is 5 ems. ; the chord of the arc is 8 cins. Draw 
the arc, given that it is less than half the circumference, and measure 
the clioid of half the are. 

2. Draw an arc whose radius is 2"', whose chord is 3^', and which is 

greater than half the Ikicasure the chord of half the arc. 

3. Draw a line AB 3'' long ; from A and B draw lines AO, BD^ each 
1'" long, making GAB- L DBA = 60“*. Draw a circle passing through 
the four points Aj Bj Cf 0, measure the distance of the centre from AB, 

4. Draw a figure in the shape of a capital Z / make each angle 37% 
the two parallel lines 2*5 and 3*9 cms., and the transversal 4 cms. 
Draw one circle to pass through both extremities of all three lines. 
Measure the fiistance of its centre from the sliortest of the three lines. 


202. P/rZ. Er , — On a given circle find two points at each of which 
a given line subtends a right angle. 



Problem. — F rom a given point to draw a tangent to a given 
circle- 

In Figs. 30G and 307 : — Bequired to draw a tangent 
to the given circle BCD^ from the given point A. 

Case I. — When A is on 0“ of O BCD (Fig. 306). 

Cons . — Find 0, the centre of O BDD.'\ § 201 . 

Join OA; through A draw EAF ± OA. § 112 . 

Thenfr shall he a tangent to the given O. 

Proof, — In O fiCU/ •- • EAF X the radius OA, 

therefore EAF touches the circle BCD. Tii.l. 


t Usually the centre is knoivn. 
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Case IL — A lies outside of O BCD (Fig. 307)- 
Cons . — Find 0 the centre of 0 BGD.'f § 201- 

Join OAf nnd bisect it at the point £. § ns. 

With centre £ and radius EA describe 0 ABD,’^ meeting 
the given O at 5 and D. Join AB and AD. 

Then AB and AD shall be tangents to the given circle. 
Proof. — Join OB, OD. 

%- £0=f4 = radius of Q ABO, (Cam.) 0 on 0«of©^£i9, 

*. • £?4 is a diameter of O OA^ . % l OBA = K. AC. 4. 

Jn O BCDf *- • AB ± radius OB, 
tlierefore AB touches © BCD. 

Similarly it is easily proved that AD X OD, 

and hence that AD touches © BOD. Tn.l. 

203. Definition. — if a line toncnes each of two circles it Is 
called a common iangcnt of those circles, 

If the two circles lie on the same side of the line, the 
line is called a direct common tangent ; if the (dreles lie 
on opposite sides of the line it is called a transverse 
common tangent. 

Thus in Fig. 303 PQ is a direct common tangent of the two circles, 
and in Fig. 2K)9 PQ is a transverse common tangent of the two circles. 

Prd. Ke — (i) How many direct and how many transverse common 
tangents can be drawn to two circles (a) if eacli circle lies wdwdly 
outside the other, (h) if tlie two circles touch externally, (c) if the two 
circles cut one another, (d) if the two circles touch internally, (c) if one 
circle lies wholly within the other ? 

(ii) A and B are tw’o given jx>ints. Shotv how to find a point 0 
which shall be at a given distance from A, and at which the line AB 
subtends a right angle. 

(iii.) PQ is a direct common tangent of two circles, touching the 
larger circle (centre 4) at P, and the smaller drcle (centre B) at Q ; BC 
is drawn mrpendicular to4P, Prove that AC k ec[ual to the difcierence 
of the radii of the two circles. 

(iv) Show how to find the point C in Question iii given only the 
two circles (compare (Question ii). Hence show how to construct the 
direct common tangent. 

(v) If, in Question iii, PQ is a transverse common tangent, prove 
that 40 is equal to the sum of the radii of the two circles. Hence show 
how to construct the transverse common tangent- 

+ Usually the centre is known. 

J Only small arcs of this circle including the points B and D are 
required for the eomtructim. 
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Problem. — to draw tte direct common tangents to two 
given nne^nal circles. 

In Fig. 308 : — Required to draw tlie direct common 
tangents to the t%vo given unequal circles PX/?j QYS. 



Fig. 308. 

Com. — Find A, B, the centres of the two circles.f § 201 . 
Let A he the centre of the larger circle. On diameter .^5 
describe Q A BL. 

Witli centre A and radius equal to the difference of 
the radii of the two given circles describe two arcs 
cutting O ABL at the points C, D. 

Join AO and produce it to meet the O'® PXR at P. 
Draw BQ, il to, and in the same sense as CP meeting the 
O'® QYS at Q. Join PQ,^ BO. ^ ill. 

Then PQ shall be a direct common tangent. 

Proof . — '. • AO is equal to the difference between the radii of the two 
circles (Com,), and AP is the radius of the larger circle, 

CP=ra(iius of smaller © ; i. e. CP=BQ. 

\ BQ= OP, and BQ i| OP, . BQPC is il^. Pm. 2. 

ALB is a semi-circle, .'. i-ACB='Bi (AO. 4) ; whence lPCB='B,. 

LPCB='Si, . 11“ ffgPCisarect. (Pm.3) ; i.e. lBQP= i.GPQ=^. 

In Q QYS, • PQ^\. radius BQ, PQ touches © QYS. Tn.l. 

In © PXR, PQ jL radius AP, PQ touches © PXR. Tn.l. 

t Usually the centres are known. 
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Also both circles lie on the same side of PQ. 

Henee PQ is a direct common tangent to the two circles. 

In the same way by making the same construction on the lower side 
of AB a second direct common tangent^ PS^ can 1 m drawn. 

204. Problem. — to draw the transwerse common, taxi-* 
gents to two given circles. 

In Fig. 309 ; — Ttequired to draw the transrerse common 
tangents to the two circles PXR, QYS. 



Cons . — Find A, B, the centres of the two circles. § 201. 

On diameter AB describe 0 ABL. 

"With centre A and radius equal to the sum of the radii 
of the two given circles describe ares cutting 0 ABL at 
the points C, D. Join AC, meeting O” PXR at P. 

Draw BQ, II to, and in same sense as CP, meeting 
QYS at Q. Join PQ, BC. § 111. 

Then PQ shall be a transverse common tangent. 

Proof . — Following the same argument as in the preceding Problem, 
it is easy to prove that GP=BQ, and that BQPO if a rect. 

Hence PQ is a tangent to both circles. 

In the same way by using the point D, instead of the jwint C, 
a second transverse common tangent can be drawn to the two circles. 
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205. Problem. — to circumscribe a circle to a given 
triangle. 

Eequiml to cii‘cumseribe a circle to tbe triangle ABC 
(Figs. 310, 311, 312). 



Cons . — Bisect tlie sides AB, AC at right angles by 
lines zO^ yO meeting at 0. § 113. 

AVitli centre 0 and radius OA, describe a circle. TMs 
circle shall pass through B and C. 


Proof . — Join OA, OB, 00, 

\ • the line 2 0 bisects AB at right angles, . 0/4 = L.3. 

yO bisects AO ot right angles, . * . 0/4 = 00, L.3. 

Hence the circle desciil>ed with centre 0 and radius OA passes through 
both B and 0; 

hence this circle is circumscribed to A ABO. 

Note. — The point 0 is called the circnm- centre of a ABO , it may 
lie within the triangle (Fig. 310), or in one side (Fig. 311), or without 
the triangle (Fig. 312). The radius OA is called the circum-radms of 
A ABC, and the circle is called the circum-circlc. 


200. Prcl. Ex. — AB is a straight line, AO and BD are twC other 
straight lines on the same side of AB:— 

(i) Find the locus of the centre of a circle touching both arms of 
A B, (ii) Find the locus of the centre of a circle touching both arms 
of L C. (iii) Find the centre of a circle touching each of the three 
dines AB, AO, BD. 

Problem. — to draw a. circle touching tliree given lines 
wMdb are neither concurrent nor all parallel. 

In Fig. 313 :~ 

Required to draw a circle toncliing each of the three 
lines AB, CD, EF. 
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Cons . — Since the three lines are neither concurrent nor 
all parallel, at least one of the three lines will intersect 
the other tvv'o lines at different points. 


Let EF meet the other tvs 
and let BGH, DHG he the two 
interior angles formed on 
one side of the line EF. 

Bisect these two angles 
by lines GK, HL, which will 
meet at some point 0 ; 

§107. 

draw OM, ON, OP, _L to 
GH, GB, WZ) respective! V. 

*§ 114. 

With centre 0 and radius 


lines at the points 6, H, 



Fir,. 31.3. 


OM draw a circle ; this shall be the circle required. 


Proof. — (i) To prove that the GK^ HL will iineet : — 

\ * each of an glen BGHn DHG is less than 2R ; 

lBGH-^ LDHG<ni. 
hL.BGH+lLBHG<2}l, 

If. ,lKGH\ LHG^2\l. 

Hence GK anil HL are not liarilleh 

(ii) To ]irove that the circle with centre 0 and railiiis OM will touch 
all three lines : — 

OG Insects .1 BGH, . *. perpendicular ON = perpendicular OM. Ii.4. 
• OH bisects L DHGf . *. perx^endicnlar OP^jH^Tpendicular OM. L.4. 
*. " OMj ON, OP are all equal, 

. L the circle with centre 0 and radins OM passes through N and P. 

In MNP, \ • AB, ODf EF are resxieidivel v perpendicular to the 
radii ON, OP, OM, 

therefore AB, CD, EF arc tangents to tins circle. Tn.l. 


207. Incircles and Exeireles. — 

DkfiisITIOX. — A circle wMcn tonclaes the tnree sMes of a 
triangle and lies witlim the triangle is said to l>e inscriT^ed in 
the triangle. 

The inscribed circle o£ a triangle isf often called its 
incircle. Its centre is called the iheentre and its radius 
the inradius. 
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Definition^. — I f a circle tonclies one side of a triang-le and 
tlie otlier two sides produced it is called an cscTibed circle (or 
er’CireU) of tlie triangle. Tlie centre of tlie circle is called an 
er^emtre of tlie triangle, and its radius an cx-tadiiis. 



Fig. 314 represents a circle 
escribed to a triangle ABG, 


JEJXEEOISES LXXIIL 

PllACTICAL GeOMETUY. 

1. Draw a circle of radius 2 ’5". Draw two radii inclined at an 
angle of 56°, Draw the tangents at the extremities of these radii; 
measure the distance of the point of intersection of these tangents from 
the centre of the circle. 

2. Draw a circle of radius 1 '8", Take a point at a distance of 3" 
from the centre. Draw the two tangents from this point to the circle, 
and measure the distance between their points of contact. 

3. Draw two circles of radii 1 and 3 cnis., their centres being 5 cms. 
apart. Draw a direct common tangent to these circles and measure the 
distance between the two points of contact. 

4. Draw two circles of radii 1'5 and 3 cms., their centres being 
5 cms. apart. Draw a transverse common tangent, and measure the 
distance between the two points of contact. 

5. If any thi^ee lines are drawn in a plane, then either (i) they are 
all parallel, (ii) two of them are parallel, (iii) they are concurrent, 
(iv) they form a triangle. In each case how many circles can be 
drawm to touch all three lines ? 

6. Two jiarallel lines are drawn at a distance of 2*4 cms. from each 
other ; a transversal is drawn crossing them at any angle. Find, 
without accurate drawing, the lengths of the radii of all the circles 
wdiich can be drawn to touch all three lines. 

7. Draw a triangle whose sides are 3, 2 '5, 2 cms. respectively. Draw 
the in circle, the circumcircle, and the three excircles to this triangle, 
and measure their radii. 

8. Draw an equilateral triangle of side 1^'. Find the lengths of the 
inradins, circumradins, and exradins. 

9. Draw a triangi^ whose sides are 3, 4, 5 cms. Find the lengths 
of the inradius, circumradins, and exradiL 

10. The circumradins of a triangle is 1*5^', its base is 2*4", and one 
of its base ansrles is 48“^. Find the sum of its three aides. 
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Riders. 

11. Show that it is uot p<^ible to draw a circle through three points 

lying in the same straight line. IxS ; F.2. 

12, If the circnmecntre of a triangle lies on one side of the triangle, 
show that the angle opposite to this side is a right angle, T.l ; T.2. 

IS, If the circnmcentre of a triangle lies outside the triangle, show 
that one angle of the triangle is obtuse, T.l ; T.2, 

14. If the circumcentre of a triangle lies within the triangle, sliow 
that all the angles of the triangle are acute. T.l ; T.2. 

208. Problem. — From a I^lven. circle to cut oir a »cff- 
meut to contain a gl^en angle. 

In Fig. 315 : — 

Heqidred to cut off from I ABC vl segment to contain 
an angle equal to X. 


Fir,. SI 5. 

Cons, — At any point B on draw tangent BT, § 202, 

At B draw tlie chord BD, making l TBD =» Z- X. § lOO. 

Then shall the segment BAD, which is alternate to the 
angle TBD, he the segment required. 

Proof, — is a tangent to the circle, and BD a chord, 

z_ TBD^ i.in s^*gnieiit BAD, AC. 5. 

But 

Hence angle in segment BAD= i,X, 

ITote. — T he follomdng is the simplest raethcKl, a/ ii — ^I)raw 

a chord AB ; draw a second chord aG making l^AO equal to given 
angle. Segment BAG is required segment. 

Why does not this methw always work! What rule can you frame 
to ensure that it should work ? 
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209. Prth — Draw an acute angle BAO, It is re(j[uirecl to draw a 
segment of a eirdo on base AB, on tbe oi^posite side to the point Gj 
to contain an angle espial to lBAC : — 

(i' AB is a chord of the required circle ; what do you know about 
AO? 

di) Find two lines wdiich intersect at the centre of the required circle, 
^iii) Repeat Exercises i, ii, taking BAG as an obtuse angle. 


Problem, — on a given base to draw a segment of a circle 
to contain a given angle. 


Ill Figs. 310, 317, 318 

Eequired to describe, on base AB,tl segment of a circle 
to contain an angle equal to the angle C. 




Case I. — If a C = Ti 
(Fig. 315) 

Go71s . — On AB de- 
scribe a semi-circle 
ADB. 

Proof . — Then angle in 
segment >405 = R. AC. 4. 

Case II. — a C ^ E, 
(Figs. 317, 318) 


Con ». — At i4 make lBAF = lC. § io 9 . 

At A draw AE 1. AF. § 112 . 

Bisect >45 at right angles by tlie line DO meeting >4£ 
at e. § 113. 

With centre 0 and radius OA describe the circle >4 GE. 
This circle shall pass through B, and segment /455''shall 
he the segment required. 


Proof .’—Zohx OB. 

\ ’ DO bisects AB at right angles, , •. OB — OA. 

L.3. 

Hence Q AGE passes through the i>oint B. 

\ • AF ± radius OA at its extremity 
. AF is a tangent to © AGB. 

Tn.l. 

In 0 AGBg \ * AFm^ a tangent and >4^5 a chord, 

. *. z. ^>4/^= angle in alternate segment AGB. 

AC. 5, 

But Z. BAF=z L 0. 

Hence angle in segment AGB= jlO. 
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Definition* — The la ujM (or aUUutk) of a aegmemt of a circle 
is the length of the lime drawm perpemdictxlar to the Itase of 
the segment from its middle point and terminated hjr the are 
of the segment. 

Tims ill Fig. Jj04 DE is tho Bright or altitiule of the segraput ABO* 




EXEr.ai^EB LXXIV {Practical), 

1 . Draw a oiicle of radius 1*4^'. From this eircle t*ut off two 
segments to contain angles of 54' and 126 res|teetively. Measure the 
altitudes of these segments. 

2. On a base of describe a segment of a ciiele to contain an angle 

of Measure the height of the segment, 

3. Draw the locus of the vertex of a triangle on a base of 6 cms., 
having a vertical angle of 90''. Draw the locus of the vertex of a 
triangm on the same hase whose altitude is 2 cms. Hence draw a 
triangle on base 6 cms., wiiose vertical angle is 90^*, and whose altitude 
is 2 cms. Measuie the sides of this triangle, 

4 . Draw the locus of the vertex r^f a triangle on a hase 6 <'ms. wh(«e 
vertical angle is 120°. Draw the locus of the vertex of a triangle on 
the same base whose median is 2 cms. Hence diaw a triangle whose 
base is 6 cms.^ whose niedian is 2 cms., and vliuse vertical angle is 
120°. Measure its sides. 

5. Draw a triangle ABGf in which AB = V\ A€^V^'\ ^^ = 97°. 
Find a point 0, within the angle BAG, at which AS subtends an angle 
of 60°, and AC subtends an angle of 106“. Measure OA, [Use two 
intersecting loci.] 
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210. Frd. ABO is a triauglo inscribed in a circle, and DAE 

is the tangent to this circle at A. Prove that the three angles at 
A are respectively e(pial to the three angles of the triangle. 


Problem. — in a given circle to inscribe a triangle eqLtii- 
angxilar to a given triangle. 

Ill Fig. 319; — Be([uired to inscribe in O ABC a 

triangle equiangnlar to 

A DBF. 

Cons. — ^At any point A 
on O ABC draw tangent 
GAB. §202. 

From >4 drawtFe chord 

AB, making i. GAB= l. F. 
§109. 

From A draw the chord 

A C, making jl MAC = a. E. 

§ 109. 

Join BC, Then ABC shall he the required triangle. 

Proof, — • >40 is a chord, and AH a tangent of © ABGj 

i.HA0=z.B, ~ A0.5. 

Blit l.HAC=jl£,' 

hence lB=:i.E. 

Similarly lGAB^ aM lGAB— lF ; 
hence i,0— a F. 

Add these eixnals, thus z./% 

But in /?£/> lBA0+ lB+ lO^ lD - v lF+ lF ; T.L 

hence, subtracting equals from equals, aBAO— aD, 



211* PreL Px, — (i) A triangle is circumscribed to a circle, and the 
three radii are drawn which pass through the points where the sides 
of the triangle touch the circle. Show that the three angles between 
these radii are respectively supplementary to the three angles of the 
triangle. 

Problem. — to circumscribe to a given circle a triangle 
equiangular to a f'iven triangrle. 

In Fig. 320 : — Beguired to circxmiscriTie to Q ABC a, 
triangle equiangular to A DEF. 
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Cons . — Produce EF, in both directions, to G and H. 
Find 0 the centre of O ABG, § 201 . 

Draw any i-adius OA. 

Draw two other radii OB, 00 on opp>site sides of OA, 
making Z./4 05 and -A0C= i-DFH. § 109 . 


K 



Draw the tangents to the circle at A, B, and C and 


produce them to form A KLM. § 202. 

Then KLM shall be the required triangle. 

Proof . — *. * 0/f, OBf 00 are tlie radii drawn to tlse points of rontaot 
of the three tangents LM, LK, KM, 

these ratlii are resj>ectively X these tangents. Tn.l. 

In qnad. AOBL, the four angles are together equal to 4 R, T.l. 
But the two angles at A and B are right angles ; 
hence X >!(?£?+ /l£ ==2R. 

GEfis a straight line, lDEG^ xZ?£F==£R ; A.l. 

lAOB^ lDEQ^ L.DEF. 

But L.AQB— ^DEG ; Vvns. 

hence, suhtracting equals from equals xZ. = :^DEF. 


Similarly it can he shown that, in quad. AOCM, x AOC 4- X M = 2E, 
and hence that x -40C 4- x Af = x DfH 4- X DFE ; 

whence x ^ = x DFE, 

Add these equals ; xl4-xlf=x DEF-¥ x DFE. 

Butin As KLM, DEF, lK-^ lL-F lDEF^ lDFE ; T.l. 

hence, subtracting equals from equals, lK=^ 

G. T. P, 
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212. On. the Solution of Problems. — The methods for 
solving riders, and the special methods which should he 
applied when the riders are problems, have already 
been explained at length in §§ 144, 150. The following 
examples are good illustrations of these methods as 
applied to riders on the circle. 

First Method. — Intersection of Loci. 

^Example . — ABG is a gicoti angle. Shota how to draw a circle lohich 
touch the arm AB at the given point A, and shall also touch the 
arm BG. (Fig. 321.) 

Analysis. — (i) It is obvious that the solution of the problem depends 
upon finding the poj^ition of the centre of the circle. 



Fig. 321. 


(ii) The circle is to touch both arms of the angle B. Hence its 
centre must be equidistant from the arms of this angle. 

Therefore the centre must lie on the line which hisects l. B. L.4. 

Again^ the circle touches AB^t A. 

Hence its centre must lie on the line through A, which is X AB, Tn. 1. 

Hence the centre is the point of intersection of these two lines ; and 
the required construction and proof are as follows ; — 

Cons. — Bisect x B by the line BX. 

At A draw AY ± to AB, meeting BX at 0, 

With centre 0 and mdius OA describe a circle. 

This shall be the ciicle required. 

Proof. — Draw OD X BG. 

0 lies on the line which bisects xJSy and OAj OD are drawn 
l>erpendiciilar to the arms of this angle, 

OA^OD, L,4. 

Hence the circl'” passes through D, 

BA and BD are perpendicular to the radii OAj OD at theii 
extremities A, Dj 

therefore BA and BD are tangents to the circle. Tn-l 
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SECiJNH MKTEim.—Iufervni^e from the required result 

111 tliiH iiietliwl tliQ student should first draw the original figure 
(ropresentirig the problem sulTed) in ink, and mj lines which h« may 
add (for trial) in |Min»dl, so that they are easily remoYed if wrong. 

Considerable praetire is m-eded before he Bill siieet-ed in dmwing the 
right lines ; hut it may be noted that if tlie middle p^jint uf a rhord 
of a (‘ircle oeeurs in a problem it is almost eertainly right to draw the 
line joining this point to the e»uitre, s* that the fresh im-t indicated 
by (di.l may be brought out ; if a tangent is named^ the diameter 
through the ]K’diit of (‘oritaet shonld !»e drawn of Tin 1 ; if 

two circles, thtdr line of iuteist^ction and the join of llutdr ceiitrfs ; 
an<l so OB- 

Example. — Thr*unjh a qf glr^n. dmm 

a Utie Ou'iiihuffot h^j the cireunq'^renecs ^rkieh Hh<tl! h hLv:cfal at thi$ 
point of ink 

Analysis . — Draw Fig. S22 to 
represent the problem as solrtsl ; 
so that CD is bisected at A, 

^The figure suggests no facts 
without further ” coiistriieti< m 
lines- Various constrindioiis 
must be tried, till some fact of 
value is oljtainfd. 

If PH, QK he the per}>eiidicu1arH 
from the centres, tIien/4//=^| AO, 

AX=iAD. Ch.l. 

But AC = A0 ; thus A bisects HtC, 

Draw AL X CD; then HPj At, KQ are parallel. Hence L Msrds PQ. Ih5. 

This fact at once suggests the following eonstraetion : — 

Oo7iH . — Find P, Q the centres of the circles. Bisect PQ at L ; join £4. 

Brai# GAD ± LA, Then GAD shall be the required Hue- 

Draw PH, QK X GAD, 

Proof — *. • PH, LA, QK are all X CD, they are all jaralleL F.2- 

But PL^LQ ; hence HA = AK P. 5- 

", • PH, QK are X chords C?4, AD, GA^ 2 HA, anti AD ^2 AK, (Ti, L 

Hence CA^AD, 

FTotb. — I n many easy problems it will be found ")hat either inethcKi 
can be used, and that the two methods are practically the same. For 
instance, the example given under the first method can be solved 
as easily by the second method- 
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EXERCISES LXXF. 

Eioeks. 

1. DewciiUe a circle of given radius to toucli a given circle 
externally at a given paint. 

2. Describe a circle of given radius to touch a given circle 
internally at a given x>oint. 

3. Describe a circle of given radius to pass through two given points. 
When will there be (a) two solutionsj (b) one solution, (c) no solution ? 

4. Describe a circle to pass through two given points and to have 
its centre on a given straight line. 

5. Describe a circle with a given centre to touch a given circle (a) 
externally, (b) internally. 

6. Describe a circle with a given centre to bisect the circumference 
of a given circle. 

7. Describe a circle with given radins to touch two given circles 
exterualiy. 

8. Describe a circle through a given jjoint, touching a given straight 

line at a given x)oint. ^ 

9. Describe a circle through a given point, touching a given circle 
at a given j)oint. 

10. Describe a circle of given radius to touch a giVen circle and a 
given straight line. How many solutions are possible ? 

11. Through £, a given point within the circle ABC, show how to 
draw a chord which shall be bisected at £. Can more than one such 
chord be drawn ? 

12. Show how to describe a circle with a given point as centre, so as 
to cut off a given length from a given straight line. 

13. Draw a tangent to a given circle which shall be {a) parallel, (&) 
X>erpendicular to a given straight line. 

14. Draw a tangent to a given circle which shall make a given angle 
with a given straight line. 

15. Show how to draw the direct common tangents to two equal 
circles. 

16. Find a point at which each of two given finite straight lines 
subtends a given angle. 

lY. Show how to inscribe in a given circle a triangle equiangular to 
a given triangle, wHhout drawing a tangent. 

18. is a fixed chord in a circle ; show how to inscribe in the 
circle an isosceles triangle having (a) AB for its base, or (&) AB for one 
nf its two eniial sides. 
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19. Throngli a givun jwint within a circle draw the smallest jinssiWe 
chord- 

20. Oiven the hjpotenu.^a anti tlie length of the perpendicular from 
the right angle tipoii it, eonstroet the nght-angkd triangle. 

21. Through a given |mint draw a chord of a given circle that slitll 
be Ofiual to a given straight line. Under what tireiimstances is Ihw 
impossible ? 

22. In a given circle show liow to draw a ehord whidi shall l#€ 
double of it.s distance from the centre. 

23. Through a given point within a circle show liow' to draw two 
efpial chords at right angles to one anoth#^r. 

24. Show how to draw through a given point a straight line whieh 
will cut off from a given circle a segim nt w’hich shall contain a given 
angle, 

25. Find the locus of a point the tangent from which to a given 
cirede wdll be of given length. 

Show how to find a point such that the two tangents from this 
point to a given circle will contain a given angle. Find the Wus of 
all such points. 

• 27. Show how to draiv a circle to touch a given eirele and to tuUidi 
tw'o intersecting tangents of the given circle. 


28. An equilateral triangle is inscrilKjd in a tirelc. If a tangent is 

drawn to the circle at each vertex of the triangle, show that these 
three tangents form an equilateral triangle. AC. 5. 

29. In an isosceles triangle prove that the inscribed circle and one 

of the escribed circles touch the base at its middle point. Tn. 2. 

SO. Sliow tliat tlie centres of two circles, ttie intersection of 
tlieir airect coxxfmon tangents, and tlie intersection of tMelr 
transverse common tang^ents lie in one strai^lit line. Tn.2. 

31. Given the base and the vertical angle of a triangle ; hnd the 
locus of the point of intersection of the bisectors of the base angles. 

T.l ; L,5. 

32. [Tn.4£r.] — If tlie sum of one pair of opjiosite sides of a 
convex quadrilateral is equal to tlie sum of tlie otlier pair, 
tlien a circle can be inscribed in tbe quadrilateral. 

[If ABGO is the quadrilateral, suppose that thdiilrcle which touches 
AB, BG, CD does not touch AD. Draw tlie tangent from A^ meeting 
CD at f ; apply Tn.4 to quadrilateral ABCB and tmish by reductio ad 
absurdmn. ”] 



294 


THE CIRCLE: PROBLEMS. 


as. ABCf DOE are two perpeiKlienlar straight lines ; also AB — BC^ 
OD^OE, Two rods, wdiieh originally coincide in magnitude an<l 
IKiHition with the lines AG and 0£, are pivoted the one at B and the 
other at G ; each rotates countcr'clockwise about its pivot at the rate 
of 1"' per second. If they start at the same moment, find the locus of 
the where the two rods cross. 


CO^^BTRtrCTION OF TrTAKGLES AND QrADRILATEIlALS {FddcTS). 

34. Construct an CTiiilatoral triangle given its altitude. 

3d. Construct a right-angled triangle having one acute angle double 
the other* 

36. Coiistmct a triangle given the base, the vertical angle, and the 
altitude. 

37. Coiistmct a triangle given the base, the vertical angle, and the 
median which bisects the base. 

38. Construct an isosceles triangle given the base and the in-radius. 

39. Construct a triangle given the base, one base angle, and the 

sum of the two sides. ^ 

40. Construct a triangle given the base, one base angle, and the 
dilference of tlic two sides. 

41. In a given square inscribe a square having ono'^angular point 
at a given point in one side of the given square. 

42. About a given circle describe a rhombus having one angle equal 
to a given angle, 

43. Construct a triangle given the in-radius, one angle, and the 
distance of the vertex of that angle from the ojiposite side. 


Calgulatioks, 

44. A man pulling a truck takes steps of 22 inches. If each wheel 
of the truck is 3 feet high, through what angle does each wheel turn at 
every step ? 

45. A workman is pulling up a basket of bricks to a height of 50 
feet from the ground by means of a rope passing over a wheel fixed to 
the top of a scaffolding. If the diameter of the wheel is 10 inches 
how many turns does it make ? 

46. The length €t an oar from the rowlock to the handle is 3 feet, 
and at each stroke the rower pulls it through an angle of 80°. How 
many miles does he move his hands to and fro in rowing for 20 
minutes at the rate of 35 strokes a minute ? 
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47. A se€-»w Is luade with a plaiak balancetl oTer tlie trank of a 
tree. The tree-trunk is circolar and is 2 feet thick. When the 
plaiik is homontal its midiile |K>int is in contact with the tniuk ; 
when one end is pushed down to the |;^«niiid the plank slo|wa at 30* to 
the horiznnUL Find the length of the plank* (£h>l^e partly bj 
drawing and partly hj calculation.) 


Pbactical Geometry. 

48. Bnw a triangle whose sides are 3" and 4'’ ; draw the 
inscribed and circamscribed circles and nieasure their nidii. 

49. Using only the compasses and ruler draw three lines AB^ B€, 
ODf making B0==^2'% £,8 = 120% /-8 = 60 , A and D lying on the same 
side of EG. Draw a circde touching each of these three lines, and 
measure the jtarts into which BG is diYidcd by the iwdnt where it 
touches this circle. 

50. Construct a fpiadrilateral ABOD making .•L^‘=iLS=" 

130% and such that AB and CD are paralltd and l'l>" apart. Draw a 
circle touching the tliree sides AD, AS, BG, and iricasure the length of 
the chord wdiich this circle intercex>ts on the side CD, 

51. The radius of a circle is 3 cms. and the length of the tangent 
drawui tc* this ciude from a cjcrtain x»oint is 2 ’5 cius. Find the distance 
of this x>oint from the centre of the cindc, ami also from the circum- 
ference. 

52. In a circle of radius 2 cms. inserihe an ecxiiilateral triangle. 
Measure its side. 

53. In a circle of radius *8" inscribe a triangle having angles 50®, 
60’% 70^. Measure its sides. 

54. In a circle of radius 4 cms. inscribe a triangle haTing angles 30°, 
40^*, 110®. Measure its sides. 

55. Describe an equilateral triangle about a circle of radius 
Measure its side, 

56l? About a circle of radius 2 cms,, describe a triangle who« angles 
are 48®, 60% 72®. Measure its sides, 

57. About a circle of radius *5'' describe a triangle Tvhose angles are 
40®, 40®, 100®. Measure its sides. 

68, In a circle of radius 1 '5^' inscribe a triangle whose angles are 
90®, 45% 45®. Find the ludins of the circle inscribed in this triangle. 

59. Draw a circle of radius Draw t%vo tangents to this circle 
including an angle of 70® and measure their lengths. 

60. Draw a circle of radius 1’4". Find a poiSt such that the two 
tangents drawn to the circle from this point form an angle of 110®. 
Measure the distance of this ^mint from the centre. 
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61. Draw a circle of radius 3 eras. Find a point from wLicli each, 
tangent to the circle measures 5 cms. Measure the angle between 
these tangents. 

62. Draw an angle of 40°. Describe a circle of radius 1*5 cms. touch- 
ing both arms of this angle* Find the distance of the centre from the 
angular point. 

63. Draw a sector of a circle of radius 2'', in which the radii include 
an angle of 60°. Inscribe a circle in the sector and measure its radius. 

64. In a quadrant of a circle of radius 4 cms. inscribe a circle. 
Measure its radius. [A quadrant is a sector whose angle is a light 
angle.] 

66* Draw a semicircle on a diameter of length 6 cms. Inscribe a 
circle of radius 1 cm. Measure the distance between the centre of the 
semicircle and the point where the circle touches the diameter of the 
semicircle. 

66. Draw a circle of radius -5", and a line at a distance of 1" from 
its centre. Draw two circles each of radius *4", touching the given 
line and the given circle. Find the distance between the centres of 
these circles. 

G7. Draw a triangle ABC, making AB == 1", BC — GA = 2"f 
Draw a circle through B touching AG A. Measure its radius. 

68. Draw a circle of radius 3 cms. Draw two radiju OA and OH, 
making l. AOB = 30°. Produce OA to G, making 00 = 5*2 cms. 
Draw a circle through 0 touching the given circle at B, and measure 
its radius. 

69. Draw three circles of radii 1, 1*5, 2 cms., each of which touches 
the other two externally. At the point where the largest circle touches 
the smallest draw the common tangent ; measure the chord inter- 
cepted on this tangent by the third circle. 

70. Draw three circles of radii 1, 2, 4 cms., of which the two^small 
circles touch each other externally, and each touches the lar^r in- 
ternally, Measure the distance from the centre of the smallest circle 
to the point of contact of the other two circles. 

71. Draw two circles, each of radius 4 cms., their centres being 5 cms. 
apart. Draw 8 circles each of radius 1 cm., each touching the two 
given circles. Measure the distance of the centre of each of these 
small circles from the join of the centres of the two given circles. 

72. Draw a line ABOj making AB=V', = ; draw a second 

Ime AD, making z,Z>!?IR = S2°. Find two points on AD at which the 
line BG subtends an angle of 58® ; measure the distance between these 
two points. 
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73. Construct two circles with radii 1*5 cms. and 2*7 cms., the 
distance between their centres being 3*4 cms. Draw their common 
tangents and measure their length. 

74. Draw two circles of radii 2 and 1 cms. respectively, with centres 
2 cms. apart. Draw the common tangents and measure the distance 
of their intersection from the centre of the smaller circle. 

75. Draw two circles of radii 3 and 1 cm. respectively with centres 
6 cms. apart. Draw the transverse common tangents and measure the 
distance of their intersection from the centre of the smaller circle. 

76. Draw two circles of radii 2 and 3 cms. w’ith their centres 2 cms. 
apart. Draw the common tangents and find the distance of their 
point of intersection from the circumference of the nearer circle. 

77. Draw two circles of vaHii *5'' and having their centres 

2 6^' apart. Draw the common tangents, and find the distance 
between the point of intersection, of the direct common tangents and 
that of the transverse common tangents. 

78. Draw two circles of radii 2 and 3 cms. touching externally. 
Draw the direct common tangents, and measure the distance between 
the two points in which these tangents touch the larger circle. 

79. Draw a circle of radius 1 *6". Take a point A at a distance of 
2” from the centre. Draw two lines through A, on each of which the 
circle intercei)ts a chord of length 1 *8". Measure the angle at A, 

80. Draw a circle of radius 1", and draw two tangents to this circle 
>16, >IC making ^>1 = 40°. Find the length of the radius of a circle 
which touches AB, AO, and the given circle. Also find the length of 
the radius of a circle which touches AB produced, AO produced, and 
the given circle. 

81. Draw two circles of radii 1*2 and 2*7 cms. touching externally. 
Draw the tiiangle for which one of these circles is the inscribed circle 
and the other an escribed circle. Measure its sides. 

82. Draw two circles of radii 1*2" and *5", the least distance 
between the circumferences being *4", and each circle lying entirely 
without the otliex'. Draw the triangle for which one of these is the 
inscribed and the other an escribed circle. Measure the sides of the 
triangle, 

83. Draw two circles of radii 1 *5" and *8^', having their centres 3" 
apart. Draw the triangle for which these circles are both escribed 
circles. Measure the sides of the triangle. 

84. Draw an equilateral triangle of side 1". ipircumscribe a circle 
to this triangle. Circumscribe a triangle to this circle, whose sides 
touch the circle at the vertices of the first triangle. Circumscribe a 
circle to this triangle. Measure the radius of the larger circle. 
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85- A man walking along a straight road observes that a clinrch 
spire P is due liTorth of Mm when he is at a certain point A. After 
walking three quarters of a mile to B he observes that the direction of 
the spire is at right angles to the road ; and after walking half a mile 
farther to 0 he observes that the spire is due West. Draw a plan 
showing the positions of A G, and P on a scale of 2 inches to the 
mile. Measure the angle BAP and the distance AP, 



213- Creometrical Patterns. — The copying of geometrical patterns is 
an interesting and instructive exercise. Sufficient information about 
the figure must be given to enable the student to see the method cf. 
constructing the various parts of which the figure is composed. 

Curves of various shapes can be made by combining arcs of circles. 
Wherever two arcs join into one co itimmis curve the jinuction must 
be made on the line joining the centres of the two arcs. Thus in 
Fig- 323 the two arcs ABC, ODE are drawn from centres F and G ; they 
form one continuous curve, the junction occurring at 0 on the line 
joining their centres F and G. 



^ Similarly Fig. 324 shows a continuous curve made up of three 
circular arcs Dtj EF^ FGj whose centres are A B, 0 respectively. The 
junction of the first pair of arcs occurs at on the line joining the 
centres A and B ; and the junction of the second pair of arcs occurs at 
F on the line joining the centres B and 0. 
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“Wlion two arcs form a continuous cui've, they form part's of circles 
which touch one another ^ and the junction of the arcs is the point of 
contact of the complete circles. Thus in Fig. B23 the dotted arcs 
complete the circles, and C is the point of contact of the complete 
circles. This explains the rule for the junction of the arcs, as two 
circles can only imch on the line joining their centres. Tn.3. 

Similarly if a straight line and an arc are joined so as to form a 
continuous line, the straight line must be a tangent to the arc at the 
point of junction ; i.e. the radius of the arc at the point of junction 
must be perpendicular to the straight line. 


Example- — Fig, 325 to the given dimensions, A and B are the 
centres of all the ai'cs of which the figure is comjwsed. 

Draw the line CB, measuring the lengths indicated on the figure. 

A is the centre of the arc DGG, and B of the arc OF. The junction 
must be made at C, since C lies in the line AB. 



Hence we di\aw the semi-circle DGC with centre A, and then the arc 
CF with centre B and radius BC, 

Similarly we draw the semi-circle DHF with centre B, and then the 
arc FF with centre A and radius AF. 

The point F is detemined by the intersection of the two arcs. The 
arcs OFj FE do not form a continuous curve because F does not lie on 
the line AB, 
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EXERCISES LXXri {Practical). 

1. Copy Pig. 326, making the side of each small square equal to 
2 cms. Draw 26 circles, each of radius 1 cm., having their centres at 
the comers of the small squares. What is the greatest number of 
circles in contact with any one circle in the figure ? 

2. Copy Pig. 327, making the side of each small equilateral triangle 
equal to 2 cms. Draw 15 circles, each of radius 1 cm., having their 
centres at the corners of the small triangles. What is the greatest 
number of circles in contact with any one circle in the figure ? Are 
these circles more closely or less closely “ packed ’’ than those in the 
preceding figure 1 

3. Copy Pig. 328, making the radius of each semicircle 1 cm. 

4- Copy Pig. 829. Each diagonal of the rectilinear figure is to 
3'' long ; each angle at the centre of the figure is 45®. The centre of 
each arc is at a vertex of the rectilinear figure, and the radius of each 
arc is half one side of the rectilinear figure. 

5. Copy Pig. 330. Make the diagonal of the square 2^^ All the arcs 
have their centimes at the corners of the square, and the radius of the 
outer arcs is to exceed the radius of the inner arcs by '2'^ 

B. Copy Pig. 331. Make the diameter of the outer circle 8 cms., and 
divide this diameter into four equal parts. Complete the figure by 
semichcles. 

7. Copy Pig. 332. HKLM is to be a rhombus of side 27", and i&orter 
diagonal 2". H, K, L, M are the ^centres of all the arcs of which the 
curves are composed. The radii of the ares whose centres are H and L 
are to be *6^' and *9". 

8. Copy Pig. 333. The diameters of the two complete circles are to 
be 3 cms. and 2 cms. respectively. 0 is the centre of the two arcs 
indicated by the arrows. is to be 6 cms. ; and the distance 
between the inner and outer ovals is to be 7 mm. 

8. Copy Pig. 3^4, -CO rne dimensions given. The figure supplies all 
the necessary data, if the princijde of symmetry is properly applied. 
Obtain the lengths and by dividing an inch into equal parts. 
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CHAPTEE XIV. 

MISGELLANEOUS PBOFOSITIONS. 


This Oliapter deals ■witli certain miscellaneous Propo- 
sitions wMch. are important in themselves and are also 
valuable as a training in the methods of solving Riders. 
The proofs in this Chapter are not always given -in 
full. 

CONSTRUCTION OF TRIANGLES, ETC. 

214. Peoblem 1.— To construct a triangle given two angles 
and the perimeter, t 

Let P be the given perimeter (Fig. 335), X and Y the two given 
angles. 

[Analysis . — Suppose that ABO is the required triangle, lB — lXj 
t. C= L Y, Produce BG in both directions, making BD=BA and C£= 
OA; then DE — P. It is easily proved (T.l, T,2) that LABC=>2LD^f: 
lACB = 2lE. The construction is now obvious. ] 


A 



Fig. 385. 

Draw /sADE making DE~P, lD-\lXj lE=-\lY. 

Draw A B/ AO making lDAB=^^l.Xj lEA0=^lY. 

[Prove by T.l, T.2c]. 

Problem 2. — To construct a quadrilateral given the two 
diaj^onals, the an^le between them, and two opposite sides. 

Let Pj Q he the two diagonals (Fig. 336), X the angle between them, 
and S, T the opposite sides. 

9^5.— Suppose that ABCD is the required quadrilateral, so that 
AG=P, BD = Q, lAED=:lX, AD = S, BG=L Draw AF, GG each 
equal and parallel to BD ; then /1/^is equal and parallel to GG. Also 
ABDFj CBDG, are parallelograms* Hence /fC=P, CG = Q, lAGG 
= lX, AD=8, DG=*r.-} 

t The perimeter of a triangle or polygon is the sum of its sides. 
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Cons. — Make A0G= I.X, CA=P, 0G = Q, With centres Ay G, and 
radii Sy T respectively draw arcs intersecting at D. 

Draw DB ecpial and parallel to GO. Then ABOD is the required 
quadrilateral, 

[Prove by P.2c, and Pm. 2.] 

INote 1* — Fig. 336 is useful in other cases when two oj)posiie sides of 
the quadrilateral are given, 

Kotr 2. — ^The intersecting ares will usually give two possible 
positions for D. Thus there are usually two solutions. 


P* 

C?' 

r- 





Problem 3, — To draw a circle to toncli a givezi circle and 
to tOTiclr a given straiglit line at a given point. 

Let X be the given circle, 0 its centre, AB the given line and 0 the 
given point. (Fig. 337.) 

Com, — Draw CD jl AB, Draw the diameter EOF I| CD, 

Join EG, meeting ^ at 6, Join OG, meeting GD at P, 

Describe a circle with centre P and radius PG. 

[x love P<S==PC / etc.] 

INote 1. — If in this construction F be used instead of E, a circle is 
obtained which touches AB at G and touches x internally. 

INote 2. — There is another method of solving this problem which 
the student will easily di^scover for himself by the aid of the following 
hint : — 

Draw two lines ll AB (Fig. 337), one on each side of AB at a distance 
equal to the radius of x. Let CD meet these lines in H and K. Apply 
to this figure Method II. of § 212 (p. 291), and , remember that there 
are two circles to be found. 

This construction is rather more complicated than that given above, 
hut will give more accurate results. 
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EXEEGISES LXXril {Eiders). 

1. Constmct a right-angled tiiangle given the hypotenuse and the 
sum of the sides. 

2. Construct a right-angled triangle given the hypotenuse and the 
diiference of the sides. 

3. Construct a triangle given the middle points of its sides. 

4. In a triangle one acute angle is double or treble of another. In 
either ease show that the triangle can he divided into two isosceles 
triangles. 

5. Construct a triangle given the base, the vertical angle, and the 
point in which the bisector of the vertical angle meets the base. 

6* Construct a quadrilatei’al given the two diagonals, the angle 
between them, and the angles which one of them makes with a pair of 
opposite sides. 

7. Construct a quadrilateral given the two diagonals, the angle 
between them, and the angles at which each pair of opposite sides 
intersect. 

8. Describe a circle to touch a given circle and two given tangents 
to that circle. 

9. Describe a circle to touch three given equal obcles [a) externally, 
(5) internally. 

10. Describe a circle to intercept equal chords of given length on the 
three sides of a given triangle. 

11. In a given rhombus inscribe two equal circles each touching two 
sides and the other circle. 

12. In an equilateral triangle inscribe three equal circles, each 
touching two sides and the other two circles. 


CONGUERENT LINES. 

215. It is often req[nired to prove that three or 
more lines are concurrent, i. e. meet one another at a 
single point. The following illustrations of this type of 
Eider should he carefully studied. 

Theorem 1. — The three Unes which bisect the sides of a 
triangle at right angles are concurrent. 

In Fig. 338 ABJ) is the triangle, and its sides BC, CA, 
AB are bisected at right angles by the lines H, K, L 
respectively. 
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Let K, L meet at 0, 

K Hsects CA at riglit angles, OC = OA. L.3. 

L bisects AB at right angles, OB = OA, L.3. 

Thus OC = Ofi ; whence 0 lies on the line H. L 1 . 3 . 

That is, the lines H, K, L are concurrent. 


Kote. — is obviously the cireum-centre. If ABO is an acute-angled 
triangle, 0 lies within ABC. If /! is a right-angle, 0 lies on BG, 



Theorem 2. Tlie tnree Uues wnicli. bisect tbe angles of a 
triangle are concnrrent. 

In Fig. 339 the lines H, K, L bisect the angles of the 
triangle ABC. 

Let K, L nneet at 0. Draw OD, OE, OF J_ the sides. 



bisects i-B, OF—OD, 

L bisects i-G, OE = OD. 

Thus 0F = 0E ; Avhence 0 lies on 
That is, the lines H, K, L are concurrent. 
Note. — 0 is obviously the in-centre of the triangle ABO. 
G. T. P. 


L.4. 

L.4. 

L.4. 
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216. The centroid. — We will now show that the 
three medians of any triangle are concurrent. The 
point where the three medians intersect is called the 
centroid of the triangle. 

Theorem 3. — in a»iy triangle the three medians are 
concurrents 

In A (Fig. 340) take E and F the middle points 
of the sides AG, AB. Let the medians BE, CF meet at G. 

Required to sjioto that AG prod%Leed Bisects the side BC, 
and is therefore the third media7i. 


A 



Cons . — ^Draw CK || EB meeting AG produced at K. 
JoinBK. 

Proof.—-: AE=EC and EG |i CK, AG=^GK. T.7. 

AG = GK and AF=FB, FG 1| BK, i.e. GO || Blf, t.7. 
BGCK is 11“ and its diagonals bisect each other. Pm. 4. 
GK, i.e. AG produced, bisects BO. 

That is, the three medians are concurrent. 

OOEOLLABY. — Tlie point of intersection of the medians (i.e, 
the centroid) is one of the points of trisection of each median. 

-FoxBG = CK{Bra. 1) ; but C'K^2 GE (T.7). 

.-. BG = 2 GE. 

Similarly CG=2 GF; also AG = GK=2 GD. 
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Note. — Tlie following alternative proof (given in outline) is instme- 
tive. 

The medians BE, OF are npposed to intersect in G and AG is joined 
and produced. 

Since AE=EG, A CGE [Ar.5] and also A ABE=£s, CBE 

[Ar.5]. By subtraction' A A OBG, [This is the converse to 
the first Kider in § 145.] 

Similarly, since AF^FB, A AOG^i^ BOG. Thus A ABG^£x AQG. 

Hence AG bisects BO [Rider § 145]. 

EXEBCISES LXXVIII {Eiders). 

1 . Prove that the centroid of an equilateral triangle is the same as 
the circiim-centre, and also as the in-centre. 

2. Given the centroid and the base, construct the triangle. 

3. Given the base of a triangle and the length of the median which 
bisects the base find the locus ot the centroid. 

4. In Fig. 340 prove that the six triangles {AGF, AGE, &c.) into 
which Z\ABU is divided by the medians are ail equal in area. 

5. In Fig. 340 if AB:>A0 prove EB:^FC. [Use T.6c, then T.6.] 

6. Show how to consti-uct a triangle given the lengths of its three 

medians. [Use A GKC.~\ 

7. Show how to construct a triangle given the lengths of tw^o of the 
medians and the angle between them. 

3. Show ho^ #0 construct a triangle given the base and the lengths 
of the two medians drawn through the ends of the base. 

9. Show how to construct a triangle given one side and the length 
of any two medians. 

10. Prove that the medians are concurrent by showing that the 
area of the triangle AGO is zero, where D bisects BO. [Prove that 
As AGB, BGDderQ together equal to half the triangle, i.e. to /^ADB.I 

217- Two Conditions determine a Straight Line. — A straight line 
is completely determined by two conditions. 

Thus che position of a straight line is determined if we know 

(1) That it passes through two given points ; or 

(2) That it passes through one given point and is parallel to one 
given straight line ; or 

(3) That it passes through one given point and is perpendicular 
to one given straight line ; and so on. 

N'ote that the two conditions resolve into either two points on the 
line, or one point on the line and the direction of the line. 

A line is completely determined if we know that it bisects a given 
angle, (compare Theorem 2). This appears to he Oxie condition only ; 
hut is in reality two ; for it implies first that the line passes through 
the angular point, and second that its direction is midway between the 
directions of the two arms. 
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218. Various Metliods of Proof. — Note the following 
account of the various methods of proof which are 
available for riders on the concurrence of three lines. 

In Theorems 1 and 2 a direct method of proof was 
adopted ; i. e. it was proved that H passed through the 
intersection of K and L. The direct method often 
involves the use of loci. 

Riders of this type are more frequently solved by 
some indirect method. 

Suppose that H, K, L are the three lines, that K and L 
intersect at 6, and that H is determined by two given 
conditions. In the most common form of indirect proof 
we draw through G a line fulfilling one condition, and 
then prove that it also fulfils the other, and therefore 
is identical with H, (Compare Methods 1 and 2 below.) 

It is also possible to draw through G two lines, each 
fulfilling one of the given conditions, and to show that 
these two lines are identical ; this proves the existei'-ce 
of a line through G satisfying both the conditions which 
determine H, and therefore identical with _,//, (Method 3.) 

Thus in attempting to solve Theorem 3 as a ilder the following 
methods should suggest themselves (see Fig, 340) : — 

Indirect Methods of proving that AD passes through G. 

(1) Prove that AG passes through D, the middle point of BG, 

(2) Prove that DG passes through A. 

(3) Prove that AG, 6D form one straight line. 

Hreci Methods of proving that AD passes through G, 

(4) Prove that area of A GAD is zero. 

(5) Prove that the pei'pendicular from G on AD is zero, 

(6) Prove that L GAD is zero. 

(7) Prove that GA + GD = AD. 

(8) Regard the medians as locL 

Perhaps any of these methods could he used ; hut methods (1) and 
(4) give the only easy proofs. 

219. Tte Ojtbocentre. — ^It can be proved that the three 
lines drawnfromthe vertices of a triangle at right angles 
to the opposite sides are concurrent. The point where 
these perpendiculars intersect is called the orthocentre 
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of tlie triangle ; also the triangle whose vertieea are the 
feet of these three called the pedal 

triangle. 

Theorem 4 . — Tlae three lines drawn from the vertices of 
a triangle perpendicular to the opposite sides are concnrrent* 

Given that the perps. BE, CF intersect in P (Fig. 341), 

Required to 'pi'ove that AP ± BG, i.e. that the three 
perpendiculars are concurrent. 


A 



Proof.— ■: ^AFP=-R=^ lAEP; I.AFP+ ^AEP=2R. 

Hence quad. AFPE is cyclic. AO.Sc. 

.'. i,a— C./3, being angles in the same segment on 
base FP, AC.2. 

■: l.BFG = EL= lBEC, 

the points B, F, E, C are concyclic. A0.2<;. 

.'. l.B= Ly, being angles in the same segment on 
base FB. AC.2. 

Hence na= Ly. 

. In jExs ABD, CBF, na=ny, /-B= lB, 

.’. the remaining angles ADB, OFB are ^ual. T.l. 

But /-CFB^Ji (Hyp.) ; hence l.ADB = R. 
that is AD ± BC. 
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Note 1. — In Fig. 341, where is the orthocentre of A PBC ? The 
perpendicular from P on BO is PD, from B on PC is BF, and from 0 
on BP is OE. Thus the three perpendiculars of A PBC meet at A ; 
thus A is the orthocentre. 

Similarly the orthocentre of A PAB is 0^ and of A POA is B, Thus, 
taking the four points A,B,C,P, any three of them are the vertices of 
a triangle whose orthocentre is the fourth. 

Obviously the orthocentre of an obtuse-angled A falls outside it. 

Note 2. — The above proof assumes that the triangle is acute-angled. 
To demonstrate the theorem for an obtuse-angled triangle, use the 
same figure (Fig. 341). 

Let PBC he tlic. given triangle. Draw Bf J- CP, aud CE X BP ; let BE 
and CE meet at >1 / join AP, Required to prove AP X. BO. The proof 
is exactly as given above. 

Note 3. — The student is recommended to carry out for himself a 
second method of proof by joining AP, drawing PD X BG and proving 
that APD is a straight line. The proof depends on showing that 
lAPE = lBPD and using Theorem A. 2(3. 

Note 4. — Another valuable method for showing that three lines 
pass through a point is now open to us. For if we can show that the 
three lines are either the perpendiculars, or the medians, or the 
bisectors of the angles, or the perpendicular bisectors of the sides of 
some triangle in the figure it will follow by what has been already 
proved that they arc concurrent. 

EXERCISES LXXIX {Riders). 

1. Where is the orthocentre of a right-angled triangle ? 

3. Show that the orthocentre of an equilateral triangle coincides 
with its centroid. 

3. In Fig. 841 prove that the following quadrilaterals are cyclic; — 

BFEC, CDF A, AEDB, AFPE, BDPF, CEPD, AC. 2c. 

4. In Fig. 341 prove Z-DFP= lEFP and deduce that the ortho- 

centre of a triangle is the in- centre of the pedal triangle. AO. 2. 

5. In Fig. 341, if ED be produced to £' prove that lEDB:=^lFDB, 

and deduce that the angular points of a triangle are the ex-centres of 
th e pedal triangle. AG. 2. 

6. Given the base and vertical angle of a triangle find the locus of 

the orthocentre. L.5. 

7. Given the base and the oiXhocentre of a triangle construct the 
triangle. 

8. In Fig. 341 prove that the join of the middle points of AP and BO 

is perpendicular to FE. Oh. 7. 

9. In Fig, 341,r=’f AD meet the circum-circle of the triangle ABC in 

Q, prove that PD=DQ. 0.2; AC. 2. 

10. In Fig. 341 prove that the triangles AFE, BDF, GEO are equi- 
angular to one another, and to the triangle ABG. AC. 3. 
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COLLINEAR POINTS. 

220. It is often necessary to prove that three points 
lie on a straight line, i. e. are eollinear. The method of 
doing this has heen indirectly illustrated in the course 
of the pi-evious paragraphs. Thus in Theorem 3 to 
show that AG, GD form one straight line is the same as 
to show that A, G, and D are eollinear. So again in 
Theorem 4 we have really heen investigating whether 
A, P and D are eollinear, and this can be proved by show- 
ing that lAPE— i-BPD [see Note 3]. We shall illustrate 
^his type by the following important Eider. 


Theorem 5 . — ABC is a triangle and P is an.y point upon its 
circum-circle. PDf PEj PF are perpendicular to tho sides BGr 
GAf AB respectively 5 prove tliat D, Ej F are eollinear. {Fig. 342.) 

[A7icclysis,—To prove that F, D, E 
in the figure are eollinear we join 
FD, DE and endeavour to prove 
A FOB — L EDO (using A. 2c), Since 
^ is not immediately obvious that 
these angles are equal, we must 
try to discover other angles in the 
figure equal t6^ them ; in the hope 
that it may he easier to prove these 
angles equal to one another. 

Join PB, PO, Kow lBFP = 

E, = iL BOP, . BFDP is cyclio 
[AC. 2c], jLFDB— lFPB being 

angles in the same segment (on base 
FB), Similarly L CDE = jl GPE, 

Hence L.FDB will be equal to GDE, 
if wft can prove l. FPB = z. GPE, 

FTow these two angles are angles in 

two right-angled triangles, and RT.l shows that they are equal if we 
can prove lFBP= lECP, But this follows at once by AC. 3, Cor. 

Hence we can arrange the proof as follows :] 

Proof (in outline): 1. lECP= lFBP, [AG.s.], 

2. jlGPE= jlFPB, [ET.l.] 

3. lFDB= lEDG, . [Aa2.] 

4. /. FDE is a straight line. [A.2c.] 

The line FDE is called the Pedal line or, sometimes^ the 
Wallace Line of P icith respect to the triangle ABG, 
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EXBRGISES LXXX {Eiders). 

1. If P be any point from whicli perpendiculars PD, PEj Pf are 
drawn to the sides BCj CA, AB of a triangle prove that if DEF is a 
straight line P lies on the circum-eircle of ABC. 

2. Show how to find a point such that the feet of the perpendiculars 
from it upon the sides of a quadrilateral are all eollinear. 

3. ABOD is a oyclie quadrilateral. Circles are described on AB, AC, 
AD as diameters. Prove that these circles intersect in three points 
(beside the point A) which are collinear. 

4. * If P and Q he any two points on the circum-circle of ABC prove 

that the angle between tlie pedal lines of P and Q is equal or supple- 
mentary to the angle PAQ. T.l ; AC. 2. 

5. * If P and Q be at opposite ends of a diameter of the circum-circle 

of ABC prove that the pedal lines of P and Q are perpendicular to each 
other. Use 4, 

6. * ABC and LMN are two equilateral triangles inscribed in the same 

circle. Prove that the pedal lines of L, M, N with regard to the E^ABC 
form an equilateral triangle by their intersections. Use 4, 


ORTMOGOE^AL GIEOLEB. 


221. Defikition.— The angle between two cjirves which 
meet at a point is the angle between the tangents to the two 
curves at that point. 

Thus in Fig. 343 the angle between the two atcsBEA and BHA at the 
point A is the angle GAD, and the angle between the same two arcs at 
the point B is the angle CBD, 


Theorem 7. — if two circles cut one another they form 

the same angle at each inter- 
section. 

For in Fig. 343 CA = CBj and 
DA=DB. Tn.2. 

Hence ACAD^ACBD, and 
j-CAD= lCBD. C.3. 

Dbfinitiok.— T wo circles are 
said to cut orthogonally when the 
two tangents at either point of 
Intersection are at right angles. 

Thus in Fig, 843 the two circles cut 
orthogonally provided that lOAD^ L CBD-Fi. 
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EXEEQI8ES LXXXI {RUeTs), 

1. If two circles cut orthogonally the tangents to either circle at the 
points of intersection meet at the centre of the other circle. 

2. If two circles cut orthogonally the square on the distance between 
their centres is equal to the sum of the squares on their radii ; and 
conversely. 

3. Draw a circle with a given centre to cut a given circle ortho- 
gonally. 

4. Three equal circles are drawn with their centres at the vertices 
of an equilateral triangle. Draw a circle to cut all three circles 
orthogonally. 


MAXIMA AXE MINIMA, 

222. Tlie maximum value of a quantity is in 
Geometry usually tlie greatest value wMcK it can 
possibly have subject to the conditions which define it, 
and the minimum value is the smallest. 

These are not the strict mathematical meanings of the words 
maximum and minimum. In the case of the tides, when, the tide is 
coming in '' the water gradually rises up a pier until the moment of 
high tide '' when it begins to fall. The height of the water at high 
tide is a ‘‘i^aximum^^ although the height on the paitieular day in 
question may be actually less than the height on the following day. 

The characteristic of a mathematical maximum*’ is not so much 
that it should be the greatest possible value as that it should be greater 
than the values which immediately precede or follow it. Similarly for 
the ‘ ‘ minimum.” In Elementary Geometry, how^ever, this point is not 
of much importance. 

We liave already had several examples of the maximum 
aud minimum value of geometrical quantities. Thus in 
Prc.p. T.5 it "was proved that the minimum distance of a 
'point P outside a line from a point in the line is the 
length of the perpendieidar from P to the line. 

Again we have seen (Ques. 3, Ex. LXIV, p. 247) that 
if P he a point inside a circle and C he the centre of 
the circle the maximum distance of P from a point on 
the circle is found by producing PC to meet the circle, 
and the minimum distance hy prodifoing CP to meet 
the circle. We shall investigate some other important 
cases of maxima and minima. 



314 


MISCELLANEOUS PROPOSITIONS. 


Problem 4. — Gisren two points A and B on tlie same side 
of a line X to find a point P in tlie line suet ttat tte sunx 
of tte lines AP, BP stonld be a minimum (Fig. B44). 

[Analysis. — Let B' be tlie image of B in tlie line X, i. e. a point siicb 
that BB' Ib perpendicular to the line and B/^ — NB' ; then if P' be a point 
on the line we have proved (L.3) that BP'=B^P'j whence AP' + P'B ^ 
AP' + P'B\ Thus the problem reduces itself to hnding a point P in 
X such that AP + PB' should be a minimum. This is clearly the point 
where AB' meets the line X] 


X 


Fig. 344. 

Cons . — Draw BN ± to the line X and produce to 
making NB' = NB, Join AB' meeting the line in P, 

Then P shall be the point required. Take<rany other 
point P' in the line. Join AP', P'B'j FB. 

Proofs— X bisects BB' at right angles^ Co7is. 

.\FB'r=.FB, ^ndPB' = PBs K3. 

Thus AF + FB:^AF + FB'>AB' T.4. 

^AP^PB' 

. ^AP + PB 
i. G. AP' -\-P'B>AP + PBs 

Hence P is the point required, for the value oi AP + PB 
is smaller than the value AP' + P'B; wherever F falls on 
the line X. 

Kote 1. — It is easy to prove that AP, BP are equally inclined to X. 
Conversely it is easy to prove that if AP, BP are equally inclined to X, 
then AP+PB is a minimum. 

Note — The student who is acquainted with the laws of optics will 
see that if a ray of lig*bt emanating from A is incident on a mirror X at 
P it will be reflected along PB. Thus a ray of light proceeding from A 
to B by reflection at the mirror X takes the q%mhest ^possible path. This 
is a general law in optics of the greatest importance. 
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223. Theorem 7. Of all triangles of given, area upon a 
given 'base tbe isosceles triangle is tbe one of mniniTn ■ »!■»« 
perimeter. 

Given a series of triangles upon BCD 
base AB (Fig 34-5), and having the 
same area, i. e. (Ax. 5) a series of 
triangles upon base AB whose vertices 
lie on a line CD parallel to AB ; 

Required to 'prove that of these 
triangles the isosceles triangle has ^ ^ 

the smallest perimeter. 

Proof. — Let ACB be the isosceles triangle having AO 
equal to BC, and let ADB beany other triangle having an 
equal area. 

Then lCAB— lCBA. T.2. 

l.ACE= L.BCD. r.ic. 

Hence by the preceding rider, 

AO + CB <AD + DB ; 

AC + CB + BA<AD + DB+BA. 

Hence Ahe perimeter of the isosceles triangle ACB is a 
minimum. 

Theorem 8* — Of all triangles of given, area the equi- 
lateral triangle has the minimum perimeter. 

(1) t There mitst he a triangle, or a set of triangles with the given 
area having a minimum perimeter. ITo other hypothesis is thinkahle. 

(2) In Fig. 345 let ADB be a triangle having the given area. Then if 
AD^DB it follows from Theorem 7 that a triangle ACB can be found 
having the same area and a less perimeter. Thus any triangle which 
is not equilateral can be reduced to a triangle of equal area and less 
perimeter. 

Hence the triangle or trianglGs of minimum perimeter mmt he 
equilateral. 

(3) +It is easy to show by superposition that two equilateral 
triangles having unequal perimeters are unequal in area. That is, all 
equilateral triangles having the given area have the same perimeter, 
and this ^perimeter rmist therefore he the least possible. 

t Steps (1) and (3) are often omitted, but are necessary for logical 
completeness. 
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Theorem 9.* — or all quadrilaterals of given area the 
square has the minimum perimeter. 

(1) There must he a quadrilateral or a set of quadrilaterals having a 
minimum perimeter. 

(2) If any two adjacent sides of a quadrilateral are unequal, it is 
easy by using Theorem 7 to replace it by an equal quadrilateial with 
a less peiimeter. 

Hence the quadrilateral of minimum perimeter must have all its sides 
equal, e, it mmt he a Thomhus.'\ 

(3) If the rhombus is not a square it is easy to see that a rectaugle 
on the same base and of the same altitude is equal in area and of less 
perimeter. 

Hence the quadrilateral of minimum perimeter must he a sqtcare. 

(4) It is easy to show that two squares of unequal perimeter are 
unequal in area. That is, all squax'es having the given area have the 
same perimeter, which must therefore he the ?mni7mim perimeter. 


224. Problem 5. — Through either point of intersection of 
two circles draw a chord terminated hy the two circles and 
such that its length shall he a ma?!:imum. 



Given that A, B are the 
centres of two circles in- 
tersecting in P (Fig. 346), 
Required to draw 
through P a chord MPM 
such tliat MM is a maxi- 
mum. 

Cons . — Draw MPH || 
AB. Then MM shall be 
the chord required. 
Take any other chord 
EPF. Draw AK, BL, fiG, 
BH, BQ ± to MP, PM, 
EPj PF, AG respectively. 


Proof. KP~i MP, and PL=\ PM. 

.L = i MN ; whence AB^^ MM. 

Similarly GH=^EF; whence QB==^ EF. 

But AB>QB. 

Hence MM>EF. 


Ch.l. 
Pm.l, etc. 


T.3. 


t There can be two rhombi having the given area and different 
perimeters. Hence the problem is not yet solved. 
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225. Direct and Indirect Methods. — ^The preceding examples illus- 
trate tlie two methods of solving riders on maxima and minima, viz. : — 

(1) The Direct Method in which we prove that some particular 
value of the varying magnitude is greater (or less) than all other 
possible values. See Problems i and 5. 

(2) The iTidlrect Method in which we start by assuming that there 
must be a maximum (or minimum) value of the varying magnitude, 
and then show that no possible figure except one can give the maximum 
or minimum value of the varying magnitude. See Theorems 8 and 9. 


JBXERCIBJSS LXXXII {Riders), 

1. If A and B be on opposite sides of a straight line find a point P 
in the line such that AP-^BP is a minimum. 

2. If A and B be two points (1) on the same side, (2) on opposite 
sides of a straight line, find a point P in the line such that AP — BP is 
a maximum. 

3. Given two of the sides of a triangle prove that the area is a 
maximum when these sides contain a right angle. 

4. Prove that of all triangles with given base and given vertical 
angle the i^scoles triangle is the one of maximum area. 

5. P and Q are two points and ABj CD are two parallel lines lying 
between the points, P and CD being on opposite sides of AB, Find 
points M and N in AB and CD respectively, such that while MN is 
fixed in direction PM + MN -{-NQ is b. minimum. 

[Draw 0r||the given direction of MN and equal to the 
constant length of MN, Join PT meeting AB in M, Draw 
MN il given direction, meeting CD in N, Then M and N 
are points required.] 

Through a point P lying in the angle AOB draw a line APB 
cutting off from AOB a triangle of minimum area. 

[The line APB is bisected in P-] 

7. * Of all equilateral triangles whose sides pass through three given 

points P, Q, R show how to construct the triangle of maximum 
perimeter. § 224. 

8. * OPj OQ are two intersecting straight lines, and A and B are two 
points in the angle POQ, Find points X and Y in the lines OP, OQ 
such that AX + XY-^YB shall be a minimum. 

9*, Of all triangles on a given base and of given perimeter the 
isosceles triangle has the greatest area. 
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226. We shall conclude this chapter with a few 
Eiders, the solutions of which are briefly indicated. 
The student is recommended in every case to draw the 
figure, and to work the rider carefully for himself. 


1. Diride an arc of a circle into two jparts, etich that the sum of the 
chords of these parts is equal to a given line, 

[Let AB be the chord of the given arc AOB, On AB describe 
a segment of a circle ADB containing an angle equal to 
i lAOB. With B as centre, and radius equal to the given 
sum of chords describe a circle cutting ADb in D, Join DB 
meeting the arc in 0, Then 0 is the required point of 
division.] 

2- OAj OB are two intersecting straight lines^ and P is a point hi the 
angle which they, form^ Draw through P a straight, line terminated by 
OAj OB and such that P is one of its points of trisection, 

[Draw PN 11 to OA meeting OB in H, Measure off HMy MB 
each -equal to ON, Join BP producing to meet OA in A, Then 
BA is the' line required. Draw MQ H to OA and prove 
by P.5.] 

3. Through a given point draw a straight line such that of the 
perpendiculars drawn to it from two given points one shall he twice the 
other. 


[Let A, B, 0 bethesthree given points. Join BO, Trisect 
it. in My N., Join AM, Then AM shall be the line 
required. For proof draw perpendiculars from C and B on 
Am, and from// on the perpendicular from B, Use C.2. 
AN is a second solution. If CB he produced both ways 
to D and E so that DB = BG=CEj then AD, AE are ^wo 
other solutions.] 

4:, P is a point inside a quadrilateral ABCD such that the area PBAD 
^area PBGD / find the locus of P, 

[Join BD, Suppose P and 0 on the same side of BD so that 
the quadrilateral PBGD is re-entrant. Then area PBAD = 
A ABD + A PBD and PBGD ^ A BCD - A PBD, , \ A ABD 
+ A PBD = A BCD-- a PBD, .% 2 A PBD=zA BGD 
A >4ifiZ) = arConstant quantity. Since A PBD is on a fixed 
base BD, ^ and has a fixed area, . \ the locus of P is a 
straight line || BD, Also the middle point of -^Cis obviously 
one point on the locus.] 
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5. Prove iliat the sum of the three mediam of a triangle is less than 
the sum of the sides of the triangle, 

[Let ADj BE, OF be tlie medians of A ABO, Produce AD 
to A' making DA'— AD. Join A'O, Prore Z\sA'DQ, ADB 
congruent by G,l. A'G—AB, But A'O+OAp-AA'. 

AB AC:^2 AD. Similarly BO + ^>4 > 2 BE, GAi-0B> 
2 OF, Add tliese results- The student should also deduce 
this result by applying T.4 to A ADE in the figure.] 

6. * M^id the locus of a 2>oint such that the difference of its per- 
pendicular distances from two intersecting lines is a constant quantity. 

[Let OM, ON be the two intersecting lines. Draw OA at 
right angles to OM and on the same side of it as ON. 
Make OA equal to the constant difference of the 
perpendiculars. Draw ABO parallel to OM cutting ON in 
B. Bisect L.NBO by BP, This line is the locus. Take P 
any point on BP, Draw PN ± to ON, and PM ± to QM 
cutting AB in a PN=:PO(LA). PM’-PN^PM-PG 
= C^=>I0 = the constant quantity. If OD is drawn at 
right angles to ON on the same side as OM, and made equal 
to the constant difference, and if through D the line DEF 
is drawn parallel to ON cutting OM in E, the student 
can show that the bisector of L,fEM is also part of the 
locus. The advanced student should satisfy himself that 
if PB is produced beyond B the part thus produced also 
forms part of the locus, adopting the usual convention of 
^ns.] 

*1.* If ABOD he a quadrilateral, and E, F, G, H, K, L he the middle 
points of AB, BO, CD, DA, BD, AG respectively, prove that EG, HF, KL 
are concicrrent arid bisect each other. 

[Join EF, FG, GH, HE, HK, KF, FL, LH, Since H, E are 
middle points of AD, AB, HE il to BD and equal to 
^ BD, Similarly FG\\BD and equal to | BD. . \ EH, FG 
are equal and ||, . EFGH is !p and its diagonals bisect 
each other ; i.e, EG, HF bisect each other. Similarly HK, 
LF are both |i to -4^ and equal to J AB, . % they are equal 
and 11 to each other; HKFL is IP, HF, KL bisect 
each other. ,*. EG, HF, KL bisect each other.] 

8.* To inscribe a square in a given triangle. 

[;4PC is the triangle ; draw AD perpendicular to BO ; produce 
BO to E, making OE equal to BD ; bisect the angle ADE by 
DF, meeting AE in F; through F draw FKL parallel to BG 
meeting AB, AO, AD in L, K, H respectively ; draw KM, 
LN perpendicular to BO; KMNL is the square required. 
Prove FH equal to HD, and FK equal to HL To prove 
the latter, join FG, HB, and prove by" Ar.5 that, if FKfHL, 
then AAOEfAABD ; which is absurd. This construction 
assumes that the angles at the base are acute.] 
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UXERGISJES LXXXIIL 
Miscellaneous Eipers. 


On Teiancles, 

^ If in any triangle a line be drawn from either extremity of the 
base perpendicular to the bisector of the vertical angle, it will make 
with the base an angle equal to half the difference of the base 
angles, and it will make with the side an angle equal to half the 
sum ^f the base angles. 

In Question 1 the line joining the middle point of the base to the 
foot of the perpendicular will be equal to half the difference of the 
sides of the triangle. 

- 3. If ABO be a triangle whose sides AB, AO are produced to N and 
M prove by the method of § 215 that the bisectors of the angles GBN^ 
BOM. 00 are concurrent. 

Any straight line which is drawn from the vertex of a triangle to 
the base is bisected by the straight line which joins the middle points 
of thither two sides of the triangle. 

m The three straight lines which join the middle points of the sides' 
of a triangle, divide it into four triangles which are identically equal. 

V” 6. By drawing through Aj B, 0 parallels to BO, GA, AB respectively 
forming a triangle LMN^ prove that the perpendiculars frJm A, B, 0 to 
BO, CJir, AB are concurrent. 

VT Prove that the^sum of any two medians of a triangle is greater 
•^an the third median. 

^ 8. Prove that the sum of the three medians of a triangle is greater 
than f of the sum of the sides. 

g 9. ABO is a triangle of which AD, BE, OF are the medians. AG, BG 
parallel to BE, AO respectively. Show that G, F, E lie on a 
li^^tfline, that GJD is parallel to OF, and that QJ) bisects FD, - 

Ota any triangle the difference of the base angles is double the 
angle ife tween the perpendicular to the base and the bisector of the 
verti^l angle. 

the triangle ABO, AX is the median, AP is the perpendicular 
to BOf^nd E and Fare the irfiddle points oi AG and AB respectively ; 
prov^hat the angles FPE and FXE are each of them equal to BAC. 

If the base of an isosceles triangle he produced to any point, the 
difference of the perpendiculars drawn from this point to the equal 
sides ^ constant. ^ 

The sum of the perpendiculars from any point within an 
equilateral triangle to the three sides is constant. 
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14 4B0 is any triangle, and lines AD^ BE, OF btq drawn, maldng 

the angles BAD, CBE, ACF all equal to one another ; prove that these 
lines either meet in a point, or else form a triangle equiangular to the 
triangle ABG, 

15. * Construct a right-angled triangle given the angles and the 
difference between the hypotenuse and one of the sides. 

16. * Construct a right-angled triangle given one of the sides contain^ 
ing the right angle and the difference between the hypotenuse and 
the other side. 

17. * Construct a triangle given the base, the difference of the sides, 
and the difference of the base angles. 

18. * If P he a point inside a triangle ABO prove that AB -hAC>PB^ 
PC, Deduce that PA +PB-i- PO is less than the sum of the sides of the 
triangle but greater than half their sum. 

19. * The line joining any corner of a triangle to its ortho-centre is % 
double the distance of its circum-centre from the side opposite that 
corner. 


On QCTADPaLATEBALS ANI> PoiiYGONS, * 

v^. Prove that the angle between the bisectors of two adjacent angles 
Jf a quadrilateral is half the sum of the two remaining angles of the 
quadrilateral. 


21. A quadjjiateral has two sides parallel and two sides equal but 
not parallel ; show that the diagonals of the quadrilateral are equal. 

*^2^ If two opposite sides of a parallelogram be bisected and two 
straight lines be drawn from the points of bisection to two opposite 
angles, the two lines trisect the diagonal which passes through the 
other wo angular points of the parallelogram. 

ABODE is a regular pentagon. Prove that the lines AO, AD 
trisectyfche angle BAE ; and that AOD is an isosceles triangle having 
each m the angles AOD and ADO double the angle CAD. 

>JgC*Tln>^rimeter of a quadrilateral figure is greater than the sum 
of the diagonals, but less than twice the sum of the diagonals. 

25/^f a straight line be drawn in any direction through one angle of 
a ;^ralIelogram, the perpendicular to it from the opposite angle of the 
parallelogpm is equal to the sum or difference of the perpendiculars to 
it from^She two remaining angles of the parallelogram. Distinguish 
the.ca^ of the sum and difference of the perpendiculars. 

The quadrilaterals formed by either the four internal or the four 
external bisectors of the angles of any quadrilateral have their opposite 
angles together equal to two right angles. 

\fAT« nwn Y 
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27- The straight line, whicli joins the middle points of the ohliqne 
sides of a trapezium, is equal to half the sum of the paiallel sides ; and 
the part of this line intercepted between the diagonals of the trapezium 
is equal to half the difference of the parallel sides. 

28. Show how to cut off the corners of an equilateral triangle so as 
to leave a regular hexagon. 

22.^ Show how to cut off the corners of a square so as to leave a 
regular octagon. 

30. * The diagonals of the rectangle formed by the bisectors of the 
angles of a parallelogram are parallel to the sides of the x^arallelogram 
and are equal to the difference betw^een them. 


Oisr Akeas, 


31. The figure^ formed by joining the middle points of the sides of 
a quadrilateral is a imrallelogram and its area is half that of the 
quadrilateral. 

^ 32. Of all the parallelograms which can be formed with diameters of 
given lengths, the rhombus is the greatest. 

83. The area of a quadrilateral is equal to the area of a triangle, two 
of whose sides are equal to the diagonals of the quadrilateral, the angle 
included by these sides being also equal to the angle between the 
diagonals. ^ 

^ 34. Construct a triangle whose angles shall be equal to those of a 
given triangle and whose area shall be four times the area of the given 
triangle. 

35. Divide a given straight line into two parts so that the square on 
one part may be double the square on the other part. 

36. Divide a straight line into two parts, the difference of whose 
squares shall be equal to a given square. 

, If parallelograms ABDEf AOFG be described externally on 
the sides AB, AG of any triangle ABO, and if DE, EG, or these lines 
produced, meet in /// then the parallelogram BKLG, described on BG 
and having its sides BK^ OL equal and parallel to HAj wiU be equal to 
the sum of the parallelograms AD and AF. 

38.* ABGD is a parallelogram and P is any point ; show that the 
sum or difference of the areas of the triangles PAB, PAD is equal to the 
area of the triangle PAG, Distinguish the cases lor the sum and 
difference. 


39.* If two chords of a circle intersect at right angles, the sum of 
the squares on the four portions of chords is equal to the square on the* 
diameter of the circle. 

be found inside a quadrilateral ABOD such 
that the areas PAB. ^BG, PCD, PDA are all equal, the quadi-ilateral is 
9 parallelogram and the point is the intersection of the diagonals. 
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On Chicles— Chobbs akb Tangents. 

41. AB is a fixed chord in a circle. Show that the sum or differ-' 
ence of the perpendiculars on AB from the extremities of any diameter 
of the ciicle is constant. 

^ 42. In any segment of a circle less than a semicircle, if straight 
lines be drawn from points in the arc per]>endiciilar to the chord, the 
greatest perpendicular will bisect the chord, and of any others, that 
which is nearer to the greatest is always greater than one more remote. 

43. The inscribed circle of the triangle ABC touches the side BC at 
D, Prove that AB + CD is equal to half the perimeter of the tiiangle. 

44. An escribed circle of the triangle ABO touches the side BG at D, 
and the other two sides produced at £ and F. Prove that AE is equal 
to half the j^erimeter of the triangle. 

45. In any triangle the dilference of two sides equals the difference 
of the segments into which the third side is divided at the point of 
contact of the in-circle. 

46. If a hexagon be circumscribed about a circle, the sums of the 
alternate sides shall be equal. 

47. AB is a chord of a circle ; show how to draw from A a straight 
line so that the part of it intercepted between A and the tangent at B 
may be bisected by the circumference of the circle. 

48. CD is a choid of a circle perpendicular to the diameter AB, and 
E is any point in AB ; if the lines GE and DE meet the circumference in 
Fand G resj^ctiveljq prove that CF is eqxial to DG, and that F6 is 
perpendicular to AB. 

49. If the line joining the in-centre and the circum- centre of a 
triangle pass through an angular point of a triangle, the sides 
terminating in that point are equal. 

60. If the in-centre and circum-centre of a triangle coincide the 
triangle is equilateral. 

51. The diagonals of a quadrilateral intersect at 0/ show that the 
centres of the eircum-ci roles of the four triangles AOBj BOG, GOD, DO A 
are §t the angular points of a parallelogram. 

62. If a circle be inscribed in a right-angled isosceles triangle the 
distance of the centre of the circle from the right' angle is equal to the 
difference between the hypotenuse and one of the eq%al sides. 

53. The triangle, whose vertices are the three points of contact of 
the inscribed circle wuth the sides of a triangle, is always acute-angled. 
Also the triangle, whose vertices are the three points of contact of an 
escribed circle with the sides of a triangle, is always obtu&e-angled. 

64. Two circles whose centres are 0 and 0^ intersect at P, and 
through P are drawn APB, CPD, lines equally inclined to the line OO'i 
show that AB = GO. 
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55.* Tlie line joining the in-centre and circnm- centre of a triangle 
subtends at any angular point of the triangle an angle which is half the 
difference of the angles at the other angular points. 

66. * Four common tangents are drawn to two circles which are 
external to one another ; show that the two direct and the two 
transverse tangents intersect on the line joining the centres of the 
circles. 

67. * The direct common tangents to two circles having external 
contact touch the circle described on the line joining the centi'es as 
diameter. 

68. * Two equal circles are so placed that the tangent to either from 
the centre of the other is ecpal to a diameter ; show that their 
transverse common tangents are each equal to a radius. 

69. * If three circles touch one another externally in pairs, show that 
the tangents drawn to them at the three points of contact meet in a 
point. 

60.* Find the magnitude of the angle subtended at the centre of a 
circle by the part of any tangent intercepted hy the square circum- 
scribing the circle. 


On CibcleS“— Angulah Properties. 

61. The sums of the alternate angles of any polygon of an even 
number of sides inscribed in a circle are equal. 

62. ABG is any triangle, Xj Yj Z are the middle poimfs of its sides, 
and 4/1 is perpendicular to BO ; prove that Xj Y, Z, D are coney die. 

63. Prove that in any triangle the middle points of the sides and the 
feet of the perpendiculars let fail from the vertices on the opposite sides 
are concyclic. 

64. AB and OD are two chords which intersect within the circle at 
E ; prove that the angle AED is equal to the sum of the angles in the 
segments cut off by AD and BC, 

65. If / is the in-centre of a triangle ABC, and the centre the 
escribed circle wdiich touches BG, show that IBI^O are concyclic. 

66. If 0 be the circum-centre of a triangle ABG prove that the 
bisector of the angle A and the line through 0 perpendicular to BG 
meet on the circum-circle. 

67. If on the sides of a triangle as chords circles are described, such 
that the sum of the angles in their segments remote from the triangle 
is equal to two right angles, these ciides will have one point in 
common. 

68. If two chords'*^ of a circle intersect at light angles, the opposite 
arcs are together equal to a semicircle. 
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69. Circles are described on the sides of a qnadrilateral as diameters ; 
prove tliat the common chord of two circles on any two adjacent sides 
is parallel to the common chord of the other two circles. 

YO. On BCj OAj ABj the sides of a triangle ABC, any points A^, B*j 
C' are taken ; show that the circles described about the triangles 
AWQ\ and BA'C^ and A'WO meet in a point, 

71. Prove that the four straight lines bisecting the angles of any 
quadrilateral form a cyclic quadrilateral. 

72. If four circles be described, all outside or all inside any 
quadrilateral so that each of them touches three of its sides, then 
their centres are concyclic. 

73. * A, Bj Oj D are four points on a circle ; show that the four points, 
where the perpendiculars from any point to the straight lines AB, CD 
meet AG, BD, are concyclic. 

74. * From a fixed point 0 on a given circle there are drawn two 
chords OX, OY, equally inclined to a fixed chord ; show that is 
fixed in direction. 

75. * ABOD is a quadrilateral inscribed in a circle. If AC and BD 
intersect at right angles at 0, and if OQ be drawn perpendicular at AB, 
prove that QO produced will bisect CD, 

76. * In a cyclic quadrilateral whose diagonals are at right angles, 
irove that the distance of the centre of the circum-circle from any 

side is half the opposite side. 

77. * If tvf^ circles touch one another internally, and if a chord of 
the outer touches the inner circle, then the segments of this chord 
made by its point of contact subtend equal angles at the point of 
contact of the circles. 

78. * AB and CD are perpendicular diameters of a given circle, and P 
is any point on the circumference; if the lines AP and BP and the 
tangent at P cut CD or CD produced in £, F and C, prove that £G is 
equal to F& 

79. * If from any point on a given arc of a circle perpendiculars are 
dra^n to the radii bounding that arc, the distance between the feet of 
these perpendiculars is constant. 

80. * A series of circles touch a fixed straight line at a fixed point ; 
show that the tangents to them at the points where they are cut by a 
fixed parallel straight line all touch a fixed circle. 

81. * A/GB is a diameter of a circle whose centre is / ; DC£ is any 
chord through C on a constant arc ££/ if AD and B£ meet in 0, prove 
that the angle DOE is constant. 

82. * If from any point in the circumference circle three lines are 
drawn to the angles of an inscribed equilateral triangle, one of these 
lines is equal to the sum of the other two. 
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83 . '’^ ABf AO are any two chords of a circle ; if Q are tbc middle 
points of the minor ai’cs cut off by theirij and if PQ cuts ABy AO in Xy 
Yj show that 4-^ is equal to A K 

84. * Two circles intersect at A and B ; show that, if from any point 
P in the circumference of one circle, whose centre is 0, PAQ and PBR 
are drawn to meet the other circle in Q and Rj then OP and QR 
intersect at right «angles. 

85. * Two circles intersect, and through one of the points of section 
two straight lines are drawm to meet the circumferences in four 
points ; show that if the two points on each circle are joined, the 
joining lines intersect at a constant angle. 

86. * A, By C are three points on a given circle; if the tangents at A 
and B meet in 0, and from 0 a straight line he drawn parallel to CAy 
it meets BO in the diameter perpendicular to CA, 

87. * The circles circumscribing the four triangles^ formed by four 
intersecting straight lines, go through a point which is concyclic with 
their centres. 


On Circles — Problems. 

88. Describe a circle of given radius to touch two given straight 
lines. 

89. Describe a circle of given radius to touch two given circles. 

80. Describe two circles of given radii to touch one another and a 
given straight line, on the same side of it. 

91. Describe a circle to pass through a given point and to touch a 
given straight line at a given point. 

92. Describe a circle to pass through a given point and to touch a 
given circle at a given point. 

93. Describe a circle to touch two concentric circles and pass through 
a given point. When is this impossible ? 

94. Describe a circle to touch a given straight line and a given 
circle at a given point. 

95. Describe a circle to touch a given circle, to have its centre in a 
given straight line and pass through a given point in that straight 
line. 

96. Through a given point draw a straight line to make equal 
chords in two given equal circles. When will there be two solutions, 
one solution, or no solution possible ? 

97. Find a point 0 within or without any triangle ABO such that 
the circles described about OABy OBO, OOA may all be equal. 

98. Draw a tangenc to a given circle such that the part of it 
intercepted by another given circle may be equal to a given line. 
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99. Witli tlie vertices of a given triangle as centres describe three 
circles which touch one another externally in pairs. 

100- "With the vertices of a given triangle as centres describe three 
circles which touch one another in pairs, so that two of tlie circles He 
within the third. 

101. * Draw a circle touching each of three given equal circles 
internally. 

102. * Divide an arc of a circle into two parts such that the difference 
of the chords of these parts is equal to a given line. 

On Loci. 

103. If P and Q be two fixed points, and R move so that the 
perpendicular from P on QR bisects QR, the locus of /? is a circle- 

104 The locus of the middle points of all lines drawn from a Bxed 
point to meet a hxed circle, is a circle. 

105. Find the locus of the middle point of a straight line drawn from 
a given point to meet a given straight line of unlimited length, 

106. Find the locus of the point P which moves so that the sum of 
the areas of the two triangles PAB, PCD is eons taut. 

107. Find the locus of the centres of the circles inscribed in all 
right angled triangles standing on the same hypotenuse as base. 

108. Given the base of a triangle, and the magnitude of its vertical 
angle, find the locus of the ex-centre which is opposite to the vertical 
angle. 

109. * On a given base BC a triangle ABG is described, such ilanXAG 
is equal to the length of the perpendicular from B on AO; find the 
locus of the vertex X 

110. * Find the locus of a point which is such that the sum of its 
perpendicular distances (1) from two parallel straight lines, (2) from 
two intersecting straight lines is a constant length. 

111. * Find the locus of a point, such that the sum of the squares 
on ite distances from three given fixed points is constant. 

112. * PQf a straiglit rod of given length, slides between two given 
rulers OP, OQ / PJCj QX are perpendicular to OPj OQ ; show that the 
locus of is a circle. 

113. * Given the vertical angle of a triangle and the sum of the sides 
containing it, find the locus of the circum- centre. 

. On Maxima and Minima. 

114. Given two adjacent sides, describe a pamlielogranx of maximum 
area. 
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116. Having given tlie hypotenuse of a right-angled triangle* 
describe the triangle of niaximixm area. 

116. Through a given point within a circle draw the minimum and 
the maximum chords. 

117. A circle is drawn through two given points touching a given 
straight line ; find the point in the given straight line at which the 
line joining the two given points subtends the maximum angle. 

118. From a given point without a circle, whose centre is Oj draw a 
straight line to cut the circumference in P and Q so that the triangle 
OPQ may be a maximum. 

119. Prove that the greatest rectangle that can be inscribed in a 
given circle is a sq[uare. 

120. If the sides of a polygon are not all equal there may he found 
another polygon having the same number of sides and the same area, 
but having a less perimeter. 

121. * One circle is wholly within another, and contains the centre of 
the other ; find the least and greatest chords of the outer circle which 
touch the inner circle. 

122. * ABG is a given triangle and P is a point in its base ; if two 
lines be drawn, through P parallel to the sides of the triangle, show 
that the parallelogram so formed is greatest when P is taken at ther 
middle of the base. 

123. * Of all triangles with given base and area, the isosceles has the 
least perimeter, but the greatest vertical angle. 

124. * The lines joining the feet of the perpendicular drawn from the 
angles to the opposite sides of the triangle, form an inscribed triangle 
whose perimeter is a minimum. 

125. * Of all triangles that can be inscribed in a circle, the equilateral 
has the greatest area. 

126. * Of all quadrilateral figures that can he inscribed in a circle, 
the square has the greatest area. 

127. * Of all polygons of a given number of sides that can be insc^bed 
in a circle, the regular polygon has the greatest area. 

128. * Of all triangles that can be inscribed in a circle, the equilateral 
has the greatest perimeter. 


MiSCELIiANEOirS. 

129. Draw through P a straight line terminated by two intersecting 
lines OAf OB and bisected at P, by joining OP and producing to 0 so 
that PQ = OP. 

130. In any triangle an angle is acute, right, or obtuse, according as 
the median drawn fro!£i that angle is greater than, equal to, or less than 
half the side opposite the angle. 
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131. Tlie straight line AB is bisected at C, and AX^ BYj CZ are 
drawn perpendicular to any other straight line PQ^ which does not pass 
between A and B ; prove that GZ is equal to half the sum of AX 
and BY, 

What difference would it make if PQ did pass between A and B ? 

132. ABG is a triangle of which AX is the median, AD is the bisector 
of the vertical angle, and AP is the perpendicular on BO ^ if AB is 
greater than AC, prove that BX is less than BD, and BD less than BP^ 

133. If two medians are equal, the triangle is isosceles, 

134. * If on the same base and on the same side of it there be described 
any number of triangles with equal vertical angles, prove that the 
internal bisectors of the vertical angles all pass through one fixed 
point, and the external bisectors of the vertical sLugles through another 
fixed point. 

135. * If two triangles be on equal bases and between the same 
parallels, the intercepts made by the sides of the triangles on any 
straight line parallel to the base are equal. 

136. * Three circles, whose centres are B, 0, touch one another 
externally, two at a time, at D, E, f; show that the in-circle of the 
triangle ABO is the circum-circle of the triangle DEE, 

137. * If the diameter of one of the described circles of a triangle is 
^qual to the perimeter of the triangle, show that the triangle is right- 
angled. 

138. * The sum of the diameters of the inscribed and circumscribed 
circles of a n'ght-angled triangle is equal to the sum of the sides 
containing the right angle. 

139. * If the arms of the vertical angle of a triangle, whose perimeter 
is constant, are given in position, then the base always touches a 
fixed circle, 

140. * Having given the hypotenuse of a right-angled triangle and 
the radius of the inscribed circle, construct the triangle. 

141. * Given the base, the vertical angle, and the radius of the escribed 
circl^ opposite to the vertex, constnict the triangle. 

142. * The bisector of the angle A of the triangle meets the 

internal and external bisectors of the angle G in P and Q, and the 
circum-circle of the triangle ABG in /?; prove that R is equidistant 
from P and Q, 

143. * From a given point draw a line to form with a given angle a 
triangle of given perimeter. 

144. * A triangle of constant sise and shape moves so that two of its 
sides pass through two fixed points. Show that the third side touches 
a fixed eii’cle. 

145. * The lines drawn from the centres of the three escribed circles 
perpendicular to the sides they touch are concurrent. 
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227. Squares and Eeetaugles. — Tliis CKapter containa 
several theorems on the areas of rectangles and squares. 
These theorems are obtained by dividing rectangles and 
squares into smaller rectangles and squares, and thus 
showing how the original figures can be built up from 
these parts. 

If we are given any straight line X, and any number 
of other straight lines each equal to X, then the squares 
on these lines are all congruent (Pm.7) and therefore 
equal in area ; thus we may refer to any one of these 
squares as the “ square on Z.” Similarly if we are given 
any two straight lines X, Y, and a set of rectangles each 
of which has two adjacent sides equal to X, Y respect- 
ively, then (Pm.7) these rectangles are all congruent^ 
and therefore equal in area : thus we may refer to any 
one of these rectangles as the “rectangle (Z, Y)" 

These facts are sometimes expressed by saying that the square on X is 
unique, {i. e. has one detiuite shape and si 2 :e), and the rectangle (Z, F) 
is u/iiiqim, 

A A B_jf 

Fig. 347. Fig. 348. 

228. Segments. — ^In Pig. 347 the point P is sai<J to 
divide the line AB internally; in pig, 348, the point P 
(ivhich lies in A B loroduced) is said to divide the line 
externally. In Pig. 347 AB is equal to the sum of AP, PB : 
in Pig. 348 is equal to the ^fference of AP, PB. 

In Fig. 347 AP, PB are the parts of the line AB ; in 
Pig. 348 APj PB are not parts of the line AB. In many 
theorems, however, it is convenient to use some term 
which will applj^to the lines AP, PB whether P lies in 
AB or in 45 produced, and the word segment is nsed for 

330 
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tHs purpose. Tlius in Fig. 347 we say that P divides 
AB internally into segments A P, PB ; and in Fig. 348 we 
say that P divides AB externally into segments AP, PB. 

The word segments may also he applied to areas. 
Thus in Fig. 349 we may say that the line FG divides 
the rectangle A BCD internally into the segments ABGF, 
FGCD; or that the line LM divides the rectangle /I 
externally into the segments ABML, LMCD. 


JEXERCISBS LXXXIV {Riders). 

1. A .straight line is divided internally at a given point : show that 
the difference between the segments is "double of the distance of the 
given point from the middle of the line. 

2. A straight line is divided externally at a given point : show that 
the sum of the segments, is double of the distance of the given point 
from the middle of the line. 


229. Theorem [R.l], — if a rectangle be divided (inteniall3r 
or externally) by lines parallel to its sides then any of the 
quadrilaterals so formed is a rectangle, and its opposite sides 
are equal. 


^ H . F D L 


P 

5 



0 

r 







B G C M 

Fig. 349- 


In Fig. 349 : — 

Given that rect. A BCD is divided (internally or ex- 
ternally) by lines parallel to AB and. AD, 

Bequired to prove that any of the resulting quadri- 
laterals (e. g. PQTS, or HPKL) is a rectangle, and that its 
opposite sides are equal. 
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Proofs — Tlie lines drawn \\AD, are all || one anotlien 
Tlie lines drawn ]\ A B are all || one another. P*3. 

V PS 11 QT and PQ li ST, r. PQTS is ir l^ef. 
Hence PS = QT, PQ = SL Pm.i. 


A H F D L 



Fig. 349. 

Again PQ, PS are respectiyely parallel to and in tke 
same sense as AB, AD, 

p. i.SPQ^ P.4. 

Hence PQTS is a rect. Pm. 3. 

Similarly is a rect., and HP^LK, HL = PK, 

CoBOLLAHT. — If a rectangle be divided (internally or ex- 
ternally) by lines perpendicular to its sides tbeCi any of the 
qtuadrilaterals so formed is a rectangle. 

For lines which are perpendicular to one side of a 
rectangle are parallel to two other sides. P.2. 

EXMEQISES LXXXV. 

{In these exercises jproofs are not required . ) 

1. In Fig. 350 P, -S’, F denote the lines D0, BC, 
respectively, or lines equal to them in length t ; thus the rectangle 
is rect. (P+6, X+ T) ; also rect EFKH is rect (6, P}, lor it 
is contained by two lines EH, £P which are respectively equal to DG, 
BO* hTame the rectangles AE, DM, BE, in a similar manner. 

Hence complete the following statement — 

rect, (P+ 6, Z+ F) = rect. (P, -SC) +...+... + .. . 

t Hote that P, Q, JT, F denote lines, not measures of lines in terms 
of some unit of length. The distinction is of great importance : for so 
long as we are dealiipg with lines and not measures, it does not matter 
whether these lines are or are not commensurable to each other or to 
any unit of length. 
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2. In Fig. 351 P, Qj Y, ^denote the segments of the sides of the 
rectangle. Draw a rough copj of the figure and m each of the small 
rectangles write its name* Hence express reck (P+^, X-f F+X) as 
the sum of six rectangles. 


G H K 



A B C X Y Z 

Fig. 350. Fig. 351. 


3. "Write down an equation (inyolving rectangles and squares) cor- 
responding to each of the diagrams in Fig. 352. The letters P, $ . . . 
denote the segments of the sides. [If you find any figure difficult, 
draw a rough copy and in each rectangle write its name.] 


4. Using Fig. 365 express rect. (P, X - F) as the difference of two 
rectangles. 



X Y Z X Y XX 



Fig. 352. 
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230. Theorem [1^.23. — me rectangle contained by any 
given line aaid the sum (or dlderence) of two other given lines is 
equal to the sum (or difference) of the rectangles contained by 
the first line and each of the other two lines. 

ia Fig. 353 

P, X, F,t are any three straight lines, and X > Y ; — 
liequired to prove that 

(i) rect. (P, X+Y) = rect. (P, X) + rect. (P, Y\ 

(ii) rect. (P, X — Y) ~ rect. (P, X) — rect. (P, Y). 


P X Y 



Fie. 853. Fig. 354. Fie, 355. 


Gems . — Draw AB =X, and take a point CvaAB produced 
(Fig. 354), or in AB (Fig. 355), so that BG =,.^. 

Draw ± AC and equal to P. 

Complete the rect. A FDD, and draw££ \\AF. 

Proof . — ^In either figure : — 

•.* BE II which is a side of rect. AD, 
quads. 4f, C£ are rects. and = /lF=P. kj. 

Hence /l£ = rect. (P, Z), C£=rect. (P, Y). 

(i) In Fig. 354:— 

A0=X+Y, .‘. rect. /lZ3=rect. (P, Z+Y). 

Also rect. AD = rect. AE +rect. CE ; 

hence rect. (P, Z+ Y)=rect. (P, Z)+rect. (P, Y). 

(ii) In Fig. 355 : — 

/4C=Z- Y, .*. rect. /Il?=rect. (P, Z- Y). 

Also rect. AD = rect. AE —rect. CE ; 

hence re et.j:P, Z- 10= rect. (P,Z)-rect. (P, Y). 

t See footnote on page 332. 
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COBOLLAPT. — Tlie rectangle contained “by any given line and 
tlie sum of any number of other given lines is equal to the sum 
of the rectangles contained by the hrst line and each of the 
other lines. 


In Fig. 356, rect. A/C^rect 
hence rect. (P, X+Y+Z) 

=rect. (P, JQ+rect. (P, !F)+rect. (P, Z), 


F G H K 


p 

X 

Y 

Z 

\ t 

C D 


Tig. 356. 



231. THBOREil [B.S], — ^If a line be divided at any 

%>oint^ then the square on the line is equal to the sum of the 
squares on the segments phis twice the rectangle contained 
by the segments. 

Li Fig. S57, AB is divided internally at C : — 

Required to prove that 

sq. on i45 = sq. on /IC+sq. on CB-{-2 rect. (ACj CB). 

Cons . — On >45 dra'w sq. ABDE, 

From -4£ mark off ^£ = <4C / then FE = CB, 

Bmw CK\\AE and FHG \\AB. 

Proof . — •.■ sq. AD has heen divided by lines dravra 
par«lLel to its sides, 

.’. every quad, in the figure is a rect. (or sq.), and 
opposite sides of any quadrilateral are equal. E. i. 

AF = AC, rect. AH = sq. on A C. 

HG = CB, and HK = FE — CB, rect. //P = sq. on CB. 

CH =AF =AC, rect. 55= rect. {AD, CB). 

FH=AC and FE = CB, rect. FK=icect. {AC, CB). 

Now sq. /4P = sq. >4^ + sq.//5 + rect. C 6’+ rect. fix'/ 

Jhus sq. on/45=sq. oxL/lC+sq.oii55+2rect. (-45; CB). 
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Corollary 1. — ^Tlxe square on the sum of two lines is equal 
to the sum of the squares on the two lines plus twice the 
rectangle contained hy the two lines. 

For in Fig. 357 5 is the sum of the lines A 0, CB, 

Corollary 2. — The square on any line is equal to four 
times the square on half the line. 

For in Fig. 357, if G bisects AB, then each rectangle 
will be eq^ual to the sq. on A 0. 


232. Theorem — if a line bedivided externally a.ii any 

point, then the square on the line is equal to the sum of the 
squares on the segments minus twice the rectangle contained 
by the segments. 


In Fig. 358 AB is cliyided externally at C ! — 
Hequired to prove that 

sq. on /liS = sq. on /h/ + sq. oiq.BG -2 rect. {AC, BC). 


Cons, — On AC draw sq. ACDE, 
From AE mark off AF=AB; 
then FE = BC. 

Draw BK H AE and FGH H AC. 

Proof. — sq. AD has been 
diyided by lines drawn parallel 
to its sides, every quad, in the 
figure t is a rect. (or sq.), and has 
its opposite sides equal. R.1 

AF=AB, rect. /4f? = sq. on AB, 



Fig. 35S. 


GH — BC, and GK = FE = BC, rect. fiD = sq. on BO, 

CD — AC, rect. BD—Toot. {AC, BC). 

FH = AC ‘Audi FE = BC, .'. rect. FD — root. {AC, Bp). 


Hence sq. on /I5 + 2 rect. {A C, BO) 

= Bq. /I G 4- rect. flD+rect. FD 
= sq. /IG+rect. BD+i'Oct. f/C+sq. GD 
= sq. AD +sq. GD 

= sq. on/IC -fsq.onSC. 


Thus sq. on.^fi = sq.onv4C+sq.onBC — 2rect. {AG, BC). 


t See footnote on p. 337. 
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COEOLLAPy. — The square on the difl^renoe of two lines is 
e^iial to the sum of the squares on the two lines minus twice 
the rectangle contained by the two lines. 

For, ill Fig. 358, >45 is the difference between AC, CB. 

EXJERGISJES LXXXVI {Riders). 

{In Qmstiom prove direct from a figure,^ 

1. Eect (P+ft X+P) 

= rect. (P, X)^- reet. (§, X) + rect. (P, F)>j reci {Q, Y). 

2 . Sq. on (P+2(?)=sq. on P+4 sq. on 6 + 4 rect. (F, Q). 

3 . Eect. {F+Q, X- 7) 

= rect. (P, X) + rect. (Q, X)-rect. (P, F)-rect. (6, Y). 

4. Eect {F~-Q,X-Y) 

= rect (P, X) + rect (6, F)-rect (P, F)‘-rect (6, X). 

(Ill Questions 5-10 give only the figure arid the remlis without proofs.) 
6. Eact. (P, 26). 6. Rect (2P, 36)* 7. Sq. on4P. 

8. Eect (P+6, P+26). 9. Eect (P+26i 2P+6). 

10. Eect. (P +6, P + 6 "P P). 

233. Fret. Ex . — In Fig. 359 name the rectangles FD, GG in terms of 
tffe lengths X, F. These same two rectangles can be joined so as to 
form one rectangle ; draw a figure to represent this, and name this one 
rectangle in terms of the lengths X, F. 

Appeal to the figure. — It is worthy of notice that in theorems 
E.l — E.5 we assume evidence of the figures that the constructions 

used divide the given rectangles into quadrilaterals (placed in certain 
relative positions with respect to one another) and do not divide them 
into triangles, pentagons, etc. 

This appeal to the figure is no new element in the line of geometneal 
argument, and many instances can he quoted from earlier chapters. 
Thus in Theorem A. 2 we have assumed from the figure that two inter- 
secting lines form four angles : the proof of Theorem P.4 rests on the 
fact tlfeit no other type of figure can he drawn than those given in the 
test : the proof of Theorem T.l assumes that the line OE does not 
fall withmt the angle AGO ; and so on. In short, it is usual to accept 
the drawings themselves as sufficient demonstration of the or 
types of figure which can be produced by the given constructions. 

This practice may of course be regarded as a serious lapse in logic, 
but it can only be avoided by adopting several new axioms and by 
greatly complicating all geometrical argument. The axioms requirea 
are given in Prof. Hilbert^s Foundations of Geomtery {Cha.^teT 1.) — a 
book which forms a splendid exercise in pure logic. But it is only 
necessary to read these axioms and the illustratioift of their use given 
by the author to be convinced that the appeal to the figure is a necessity 
in school work and highly desirable in all geometry, 

MAT, QEO, 
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Theorem [Ii.5]. — The auference between tbe sanares on 
two given lines is eiiual to tbe rectangle contained by tbe sum 
and the difference of the two given lines. 

In Fig. 359 X, Y are two lines of whicli X > Y. 
Required to prove that 

sq. on X— sq. on Y =rect. (X+ Y, X~ Y). 


a 


A C B 

Fig. 359. 

Gons . — ^Draw AB^X, and from AB mark off ^C = Y'; 
then BC = X—Y. On AB draw the square ABDE. 

From /l£ mark off AF= Y ; then FE—X~ Y. 

Draw FG j| AB, and OH H AE. 

Proof. — AD has been divided by lines drawn parallel 
to its sides, .’. every quad, in the figure is a rect. (or 
sq.), and opposite sides of any quad, are equal. E.i. 

AF = AG=-Y, .'. rect. >4// = sq. on Y. 

ED = AB^X, .-. rect. fD=rect. (X- Y, X) ; 
DH==AF=Y, rect. C<? = rect. (X~Y, Y;. 

Thus sq. on X — sq. on Y= sq. AD - sq. AH. 

= rect. Ff)+rect. CG, 

=rect. (X- Y, X)+rect. (X- Y, Y). 
But," by Theorem R.2, 

rect..<X- Y, X)+rkt.(X- Y, Y)-rect. (X- Y, X+F). 
Hence sq. onX— sq. on Y=rect. (X+Y, X— Y). 

CoROLi»A.iiY 1* — If a line be divided eqLually and also nn- 
eqnaUy, tlien tbe {^eetan^le contained by tbe unequal segments 
is equal to tbe square on half tbe line minus tbe square on tbe 
line between tbe points of section. 
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In Fig. 360, G bisects AB, and D divides unequally. 

Tlien AD = AC + CDf and DB — CB - CD — AC — CD, 

Hence rect. (AD, DB) — rect. (AC CD, AC — CD) 

= sq. oxL AG ~ sq. on CD, K. 5 , 

A C D B A C B D 

Tig. 360. Fig. 361. 

Cop.OLLAEY 2. — If a line is bisected, and produced to any 
point, tben tbe rectangle contained by tbe wbole line and the 
part produced is eq,ual to tbe s<iuare on tbe line made up of tbe 
balf and tbe part produced minus tbe square on balf tbe line. 

In Fig. 361, is bisected at C and produced to D. 

ThB-Q.AD^GD + AC, and BD^GD - CB = CD - AC. 

Hence rect. (AD, BD)=rect. (CD-i-AC, CD — AC) 

= sq. on CD - sq. on AO. E. 5 . 


234. Theorem [E;.6]. — The sum of tbe squares on tbe 
sum and difference of two lines is equal to twice tbe sum of the 
squares on tb# two lines ; also tbe difference of tbe squares on 
tbe sum and difference of two Unes is equal to four times tbe 
rectangle contained by tbe two lines. 

In Fig. 362, X, Y are any two lines 
of wbicb X>Y : — jy 

Required to prove that Y— — 

(i) sq. on (X+r) + sq. on (X-Y) Fia. 362. 

= 2 sq. on X+2 sq. on Y ; 

(ii) sq. on (X+F)-sq. on (X-7) = 4 rect. (X, Y). 

Proof. — By Theorems R.3 and R.4 we have 
sq.on(X-}-r) = sq.onX+sq.onr+2 rect. (X,Y) (a) 
sq. on (X-Y) = sq. on X+ sq. on F — 2 rect. (X, Y) (b) 

Li equations (a) and (h) add equals to equals ; thus 
sq. on (X+30+sq.- on (X-Y) = 2 sq. on X+2 sq. on F. 
In equations (a) and (b) subtract equals from equals, 
thus sq. on (X+F) — sq. on (X— F) = 4 rect. (X, F). 
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EXERCISES LXXXVII [Riders). 

1. Prove E. 3, Cor. 1 from E.2. 

2. Prove E.4, Oor. from R.2. 

3. Prove R.5 from R.2. 

4. Using R. 2 express sq. on as the sum of certain sejuares 

and rectangles. 

235. Equivalent Algebraical Formulce. — Tbe TKeorems 
■which, we have j'ast proved (R.2 — ^R.6) express the area 
of various rectangles or squares in terms of the areas of 
other rectangles or squares. ISTow we know (from Ar.l) 
that the area of a rectangle is tho product of the 
lengths of two adjacent sides, and the area of a square 
is the square (in the algebraical sense) of the length of 
its side. Hence, using these theorems, we can express 
various algebraical squares and products in terms of 
other algebraical squares and products, i. e. we can 
dedtice certain algebraical results in multiplication. 
This algebraical interpretation of theorems R.2 — R.6 is 
of considerable importance, and is worked-nut in detail 
in Exercises LXXXVIII. 

Of course this method does not prove these formulae for incommen- 
surable numbers till Case III. of Theorem Ar.l has been established. 

The reverse process is also possible, viz. to deduce 
these geometrical theorems from the corresponding 
algebraical formtilae. For this reason some teachers 
prefer to treat Theorems R.2 — R.6 as algebraical 
theorems which are capable of geometrical illustration. 
For the sake of such we repeat the theorems in this form 
in § 236-239 and Exercises LXXXIX. 

It is, however, to be noted that these algebraical theorems are in all 
elementary books proved true only for commensurable magnitudes 
and their truth for incommensurable magnitudes is assumed. Thus 
we do not get a logically valid treatment of these theorems by appealing 
to Algebra — at alhevents to the Algebra which has been mastered by the 
student at this siAge. The authors of this book therefore regard the 
geometrical treatment of theorems R.2 — R.6 as preferable to the alge- 
braical, for the former is logically complete. 
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EXmiGIBES LX XX FI IL 

1. In Fig. 363 suppose tli«at tlie lines AFj AB^ BG, CD contain resj>ect- 
ively Xy y, z units of length ; how many units of area are there 
in the rectangles AG, BH, OKj AK? 

Now use Theorem E.^ Cor. to establish the algebraical formula 
^y+z) 

What algebraical formulae can be deduced from the following 
theorems ? — 

2. E.3. (Let the two segments contain x and y units of length). 

3. R.4 (see hint for Ques. 2), 4. R.5. 5. R.6. 


ALTERKATIVX TREATMENT OF THEOREMS R.2-E.6. 

236.1 Geometrical illustration of the formula 
P {x+y+z) = px+py^pz. 

[This formula corresponds to Theorem R.2. Cor.] 

Cons. — ^In Fig. 363 let ADKF 
he a rectangle divided by lines 
BG, CH, each || AF. 

Let AF, AB, BC, CD contain 
p, X, y, z units of length 
respectively. 

Proof. — BG, CH are 1| AF, 
each of the quads. AG, BH, 

CK is a rect., and BG = 

CH^AF. E.l. 

‘.'AF contains p units of length, and AD contains 
(x+y+z) units of length, 

rect. A K contains p (k+jz+s) units of area. At.1. 

Similarly the rects. AG, BH, CK contain respectively 
pa, py, pz units of area. 

But rect. = rect. .^G+reet. BH -j^rect. CK, 

Hence p{x+y+z)= px -{■ py + pz 

t §§ 236-239 should be either omitted or used instead of §§ 230-235 
aud Exercises LXXXVIII. Exercises LXXXIX should however be 
worked by all students. 



A B CD 


Eig. 363. 
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237. Geometrical illustration of tlie formula 

(x+/)2 = x2+/+2x/. 

[This formula corresponds to Theorem R.S.] 

Com . — ^In Fig. 364 let ABDE he a* square, divided by 
lines CK, FG parallel to the sides. 

Also let AF = AC : then FE = CB, 


E K D 



JFie. 364. 

Let ACi CB contain x, y units of length respectively. 
Then AB contains (ai+y) units of length. 

Proof. — FG, CK are || the sides of the square, 

.’. each quad, in the figure is a rect. and has its 


opposite sides equal. r,i, 

■.■AF = AC = x, 

sq. AH = units of area ; Ar.l 

HG = CB=y, and HK^FE = CB== y, 

sq. HD = y^ units of area ; Ar.l, 

FH =AC — x, and FE=CB = y, 

.’. rect. FK = xy units of area ; Ar.l. 

CH =AF = AC = x, and CB =y, 

rect. CG = xy units of area ; Ar.l. 

vAE=AB = (x+y), 

sq. = (x+yY units of area. Ar.l. 


But sq.''4£> = sq. /l//+sq. HD -{-rect. FK-h rect. CG 
hence (x-]-yY= ^2xy. 




teti dOMPOsiTtosr oi- eeotangles. 
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238. Geometrical iilustration of tlie formula 

(x-/)2=x2+>'2-2x/. 

[This formula corresxioiids to Tlreorein R.4.] 

Cons. — In Fig. 305 let ACDE be a square, divided by 
lines BK, FH parallel to tbe sides. 

Also let AF =AB ; tben FE = BC. 



Fig. 365. 

Let AC, BC contain as, y units of length, respectively. 
Then A B contains (x — y) units of length. 

Proof . — • • FH, BK are 1| sides of the square, 

each quad, in the figure is a rect. and has its 


opposite sides equal. K.l. 

AE = AC = x, sq. = units of area ; Ar.l. 

•.-G// = BC = 2 /,and GK = FE=^BC^y, 

sq. CD —y^ units of area ; Ar.l. 

■.■FH = AC = x, and FE^BC = y, 

.'. rect. FD = xy units of area ; Ar.l. 

BK = AE = AG = x, and BC = y, 

rect. BD = xy units of area ; Ar.l. 

■:AF^AB-(x-y), 

sq. AG = (x — yy units of area. Ar.l. 

Now sq. /IG+rect. FZ?+rect. BD 

= sq. ylG+rect. fD-frect. 6/f +sq. fi/) 
= sq. AD +sq. GD 

thus (x-yy-j-xy+^V' = 


that is (x — yj^ - v? dry^ — '^xy. 
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239. Geometrical illustration of the formula 
x2-/ = (a+/)(x-/). 

[This formula corresponds to Theorem 11.5.] 

Coils . — In Fig. 3GG, let ABDE he a square divided in- 
ternally and externally hy lines CH, FL, KL, which are || 
sides of the square. 

Also let DK =AF—A0; then FE = CB. 


JC 

x-y 

F 

H 

y 


y 

x-y 


A C B 

Fig. 366. 


Let AB, AD contain x, y units of length reg]pectively ; 
then CB contains {x — y) units of length. 


Proof. — CH, FL, KL are i| sides of sq. AD, 

.'. every quad, in the figure is a rect. and has 
its opposite sides equal. K, i 

■: DG^FE^CB,s.nd.DK=^AF=^CH, 

.'. rect. GK^xect. CG. Pm. 7. 


ED — AB ~x, DK = AC —y, EK = (x + y) : 

also FE^CB==(x-y) ; 

rect. FK = {x + y) (x~y) units of area. 
AE = AB =^x, sq. 4 0 = x® . 

AF~AC = y, .'. sq. AH = y^ rmits of area. 

Now sq. AD - sq. AH = rect. fZ) + rect. CG 
= rect. fZ) + reet. GK. 




Ar.l. 

Ar.l. 

Ar.l. 


that is sq. A[P-sq. AH=^xect FK; 
Hence — = (ac + y) (x — y). 
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EXERCISES LXXXIX. 

Illustrate the following algebraical formiilie bj geometrical figures : — 
1, p {x + y) ~ px 4- py, 2, p {x-y) — px - py. 

3, Q? + /?') = px py -V qx^- qy, 

4:* (p + q) (x ~ y) - 27X + Qx - py - qy, 

6. {p - q){x - y) ==px qy - py - qx, 

{p q + t) {x y) := px qx rx py + qy ■{ ry, 

7. (a; + ?/ 4- 4- 2/*^ 4- 4* 2 4- %xz 4* %yz, 

8. What algebraical formula is illustrated bj Fig. 367. 

9. Use Fig. 368 to illustrate the algebraical formula 

{a + 6)24(01 - 6)2 = 2^2 4 262. 


b 

6 

b 

a-b 

a-b cL-h 

a-h 

h 

. •- 


Fig, 367. 


h 

■ 

B 

b 



a~b 

a-b 

b 

h 


Fig. 368. 


Riders. 

10. [R.7] If a line is divided equally and nneqxtaUy, then the 
sum of the squares on the unequal segments is equal to twice 
the sum of the squares on the half-line and the line between the 
points of section. 

11. [R.8] If a line is bisected and produced then the sum of the 
squares on the whole line and on the part produced is equal to 
twice the sum of the squares on half the original line and on 
the line made up of the half and the part produced. 

12. If Aj Bf G, D be four points taken in order on a straight line 
prove that rect. {AB^ GO) 4- rect. {BG, AD) = rect. {AO, BO), 

13. [RT.3] In a right-angled triangle the square on the line 

drawn perpendicular to the hsrpotenuse from the opposite 
vertex is equal to the rectangle contained by the segments 
into which this line divides the hypotenuse. [R,3. 

14. '*^ Squares are desciibed on two adjacent sidlfe of a rectangle 1 show 

that the rectangle contained by the diagonals of these squares is double 
the area of the original rectangle. [A.lc ; RT*2 ; R.3. 
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REGTANaLE-TEEOBEMS ON TRIANGLES 
AND CIRCLES, 

240. ITotatioii, — Tlie area of tlie rectangle contained 
by any two lines is tlie product of the lengths of these 
lines (Ar.l), and the area of the square on any line is 
the (algebraical) square of the length of this line. As 
then algebraic squares and products correspond to 
geometrical squares and rectangles it is convenient to 
use the algebraic notations to denote the corresponding 
geometrical figures. Thus throughout the remainder of 
this book we shall use the symbol to denote the 
square on the line AB, and the symbol AB.GD to denote 
the rect. contained by the lines AB and CD. No con- 
fusion of ideas need arise from this practice : for 
example, if X and Y represent two lines, and x and y 
represent two numbers, then X, Y will represent a 
rectangle, but xy will represent a •product. 

Revise carefully Theorem RT.2, which proves the 
jrelatiqn between the areas of the squares on the sides of 
a right-angled triangle. 

Theorems T.8 and T.9 establish the coiresponding 
results for acute-angled and obtuse-angled triangles. 


BXERGIsm XC. 

1. Draw a triangle SC, making (aay) BG=2", CA = 1'5". 

On AB, BO, CA construct the squares ABNP, BCHK, CALM. (Gf. Fig. 
369.) -Onw ADX ±BC, meeting BG and KH at 0 and X: draw 
BEY xCA, meeting CA and ML atf and Y: draw CFZiAB, meeting 
AB and PN at F an*'. Z. 

Find the area of each of the rectangles AZ, BZ, BX, CX, GY, AY. 
fFhat do ym mtice about the results? 
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2- Each of the following statements applies to Fig. S69 : can yon fill 
iu the blanks ? 

(i) + CB^ - (OA. ) (OB. % 

(ii) AB^ = OA^ +GB--2 (GA, ). 

(iii) AB^ = OA^ + GB^~ 2 {OB. ). 

Use the restdts of Qitcs. 1. 

P 



Fig. 369. 

3. Draw a triangle ABG making (say) AB ^ 5 cms., BO = i cms.j 
2 cms. Using this triangle repeat Ques, 1, following the same 

instructions in every particular, and producmg the lines where neces- 
sary. N”ote carefully the modifications in the figure caused by the 
change in the shape of the triangle, 

Mnd the area of each of the rectangles AZ, BZ, BXj CX, CYj AV. 
JVhcU do you notice cdxmt the remits ? 

4. Each of the following statements applies to the figure in Ques. 3, 
Using your results in Ques. 3, can you fill in the blanlS ! 

(i) AB^ = CA^ + GB^ + (CA. ) -i- (OB. ). 

(ii) AB^ =:^ CA^ -h OB^ -h 2 (CA. ). 

(iii) AB^ = OA^ + CB^ -h 2 (OB. ). 

5*. Each of the following statements applies to the figure in Ques. 3. 
Using your results in Ques. 3, can you fill in the blanks ? 

(i) B0^ = AB^ + AO^ - (AB. ) ~ (AO. 


34:8 IfEOTANGLE-THEOREMS ON TRIANGLES AND CIRCLES. 

241. Theorem [T.8]. — m an obtuse-angled triangle tlie 
square on the side opposite to the obtuse angrle is equal to 
the sum of the squares on the sides containing the obtuse 
angle twice the rectangle contained by one of these two 
sides and the projection of the other upon it. 

In A ABC (Fig. 370) 

Given that Z-C is ohtuse, and that AD ± BC, 



Hequired to 'prove that 

AB^=CA^ + GB‘^ + 2 GB.CD.^ 

Proof, — line BD is divided internally at C,'^ 

.-. BD^ = CB^ + C/}2 + 2 GB.CD. r.3. 

To each of these equals add AD^ ; 

thxis BD^ + AD^ = CB^ + GD^- + AD‘^ + 2 CB.GD («) 

Since z. D = R, .'. BD'^ + AD^ = 45®, RT.2. 

and 4- 40® = C4®, RT.2. 

Apply these two residts in equation (pi) ; 
thus 45® = 05® + C4® + 2 GB.CD. 


t In Theorems T.8 and T,9 the name of each line mentioned on the 
right side of the equation commences with the letter G. This is a 
useful mnemonic. 

+ The student should notice the tacit assumption in Theorem T.8 
(Fig. 370) that if A 4CS is obtuse, then D falls in BG produced ; also 
the corresponding assumption in Theorem T.9 (Pigs. 371, 372) that if 
angles B and G are both acute then D falls in BG, mit that if A 45C is 
obtuse then D falls in ^B produced. These facts can be proved without 
serious difficulty, but this is generally reckoned a legitimate case for 
an “appeal to the figure.” (See footnote on p. 337.) 
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242. Theorem [T.9]. — in any triangle thie on tlie 

side opposite to an acute an^Ie is equal to the sum of the 
squares on the two sides containing that an^le mmm twice 
the rectangle contained by one of these two sides and the 
projection of the other upon it. 

In A (Figs. 371, 372, 373) 

Given that a <? is acute and that AD J_ BO, 

Required to prove that 

= C42 + CB^- 2 CB.CD. 



Fig. 371. Fig. 372. Fig. 373. 


Proof. — There are three cases : — 

Case I. Where D falls within BG (Fig. 371). 

Case II Where D falls in CB produced (Fig. 372). 
Case In. Where D falls at B (Fig. 373). 

Cases I and II (Figs. 371, 372). 

In each case, line BD is divided externally at C. 

.-. BD^ = CB2 4- CD2 - 2 CB.CD. r.4. 

To each of these equals add A D^, 
thus ^ CB^ + CD^ + AD’^-2 CB.CD («) 

iSince AD ± BC, BD^ + AD^ = AB^ ET.2. 

and CD^ + AD^ = CA^. ET.2. 

Apply these two results in equation (a) ; 
thus AB^ = _j_ C42 - 2 CB.CD. 

Case ni (Fig. 373). 

In this ease a = R* 

AB^ = GA^ - CB^ ET.2. 

= C/12 4- CB2 _ 2 C»K 

AB^ = CA^ d- CC^ - 2 CB.CD, 


That is, 
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243. Alg^ebraical piraofs. — Using algebra, and Figs. 374 and 375, tlie 
preceding proofs of Theorems T.8, T.9 can be considerably shortened. 
In the following equations, where there are double signs, use the 
upper signs for Fig, 374 and the lower for Fig. 375 : — 



Fig. 374. Fig. 375. 

By RT. 2, AD^ = ± x)\ 

Thus 2 ax. 

Whence ±2 ax, 

244.^ Alternative proofs of Theorems T.8, T,9. — The 

following proofs are rather harder, hut much more in- 
structive than the proofs given in §§ 241, 242. 

PreL Ex, In Fig. 376 squares are drawn on the three sides of the 
triangle >450 / AD, BE, OF, are perpendicular to RC, (7>f^ respectively. 
Prove that (i) a NB0= a ABK, and (ii) rect. BZ = rect. ^X, 

Theorem [T.8]. — in an obtuse-angled triang’le tlie square 
ou the side opposite to tbe obtuse angle is equal to tbe sum. 
of tbe squares on tbe two sides containing tbe obtuse an^le 
flus twice tbe rectangle contained by either of these two 
sides and the projection of the other upon it. 

In. £\ ABC (Fig. 376) 

Given that L. /4Cfi is obtuse, and that AD X BC, 

Required to prove that AB^ = CA^ + CB^ + 2 CB.CD. 

Cons. — Let AN, BH, CL be the squares on the three 
sides of the triangle, and let 5£ he ± CA, and CF X AB. 

Let AD, BE, CF meet HK, LM, NP \xi.X,Y, Z, respectiTely. 

3om AK, CN.^ 

Prcof, (i) BH is a square and DX ± side BC, 

BX and GX are rects. R.i. 

Similarly each o5 the quads. AY, GY, BZ, >1Z is a rect. R. i . 

t The joins of these points are not shown in Kg. 376. 
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(ii) I.NBA = lCBK : for eacli = R. Com. 

To each add ^ ABC; thus jL NBC = lABK, ' 

la As NBC, ABK, 

( NB = AB, ) 

■.‘■I BC=BK, \:./\NBC = AABK. c.i 

( i.NBC== L.ABK, ) 

rect. BZ and A I^BC are on the same base NB and 
between the same parallels NB and ZC, 

/. rect. BZ = 2 ANB6. Ar.3. 

Similarly rect. BX = 2 Z\ABK, Ar.3. 

Bnt A NBC = A ABK ; 

hence rect. fiZ = rect. (n) 



Similarly f rect. AZ = rect. AY {b) 

and rect. CX = rect. GY (c) 


(iii) Thus sq. BP = Tect. dZ+rect. BZ 

= rect. A Y +rect. BX [Using (a) and (6) 
= sq. Cl+rect. CK+sq. d/T+rect. CX 
= sq. Cl+sq. CX-{-2reet. CX [Uaing{c) 
That is AB^ = CA^ + GB^ + 2CB.CD. 

t The three results (a), (b) & («) are most easily remembered by 
noting (1) that they deal with rectangles, not squares, and (2) that each 
vertex of the given triangle is a common vertex of two e^ual rectangles — 
c. g. A is a. common vertex of the equal reptangles A Y and AZ. 
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245.* Theorem [T.9]]. — in awy trlang^le the square on a 
side opposite to an acute ang^le is equal to taxe sum of tlie 
squares on tlie two sides contamin^ tlie acute an^le mvnriis 
twice tlxe rectangle contained by cither of these two sides 
and the projection of the other upon it. 





In A (Figs. 377, 378) 

Given tliat side 45 is opposite to the acute ^C, and 
that AD ± BCj 

Bequired to prove that 

452 = 542 + 552 - 2 CB.CD. 

Cons . — Let BH, CL, AN he the squares on the three 
sides, and let CFbe X 45, and BE X 54. 

Let 45, BE, CF meet HK, LM, NP in X, Y, Z, respectively. 

Join 4 AT, CN. 

Proof — (i) It can he proved, as in T.8, that each of 
the quads, AZ, BZ, AY, pY, BX, CX is a rect. 
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(ii) It can lie proved, as in T.8, tliat 

A NBC = aABK, 

and hence tlrat rect. iff/ =rect. fiA" (a) 

Similarly rect. /4 K=rect. /IZ (&) 

and rect. rect- CA (t) 

(iii) Case I. — When A ABC is acute-angled (Fig. 377). 
sq. AN = rect. ^Z -f reel BZ 

= rect. AY rect. BK [Using (a) & (&) 

= sq. CL — rect. C/ -j- sq. CK — rect. CA 
= sq. CL + sq. CK — 2 rect. CX [Using (c) 


That is AB^- = CA^ + CB^— 2 CB.CD. 

L 


Z 

X K H 

Fig. 378. 

CJ&E II. — When A ABC is obtuse-angled (Fig. 378) : — 

sq. AN = rect. A Z— rect. BZ, 

= rect. A Y — rect. BX [Using (a) & (&). 

= (sq. CL — rect. CK) — (rect. CA — sq. CK) 

= sq. CL-\- sq. C A — rect. CK — rect. CA 
= sq. CL-\- sq. CK — 2 rect. CX, [Using (c). 

That is = C/12 + Cfi2 - 2 CB.CD. 

Hote.— T he third case, where A fi = E, is left as an exercise to the 
student. 

MAT. GEO. 




A A 
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246. Theorem [T.IO]. — The sum of the squares on the 
two sides of a triangle is equal to twice the sum of the 
SQLuares on the half of the base and the median which bisects 
the base. Also, the dijfference between the squares on the 
sides of any triangle is equal to twice the rectangle contained 
by the base and the projection on the base of the median 
which bisects it. 

la. A ABC (Figs. 379, 380) 

Given that 6 hi sects BC, 

Beguired to "prove that 

(i) AB^ + 402 = 2 GB^ + 2 GA^ 

(ii) AC^-AB‘^ = 2 BD.GD. 

Cons . — Draw AD ± BC. 



ITg. 379. Fig. 380. 

Proof . — a AGG, L.AGC is obtuse, 

AG^=^GC^+GA^+2 GC.6D. TS 

But GC = GB, GC^ = GB ^ ; Pm. 7 . 

hence AC^ = GB^+GA^+2 GB.6D (a) 

In A ABG, I.AGB is acute, we have (by T.9) 

AB^ = GB^ + 6A^~2GB. GD (S) 

Add equations (a) and (b) 
thus + 4 C 2 = 2 q_ 2 GA^ 

Subtract equations (a) & (h), 

thus 4 C 2 - 4B2 = 4 gB. GD = 2 BC. GD. 

IsTote. — T he third possible case, in which D coincides with G, is left 
as an exercise to the student. 

CoKOLLAETT 1. [1^7], — The locus Of a point, whicli moves so 
that the sum of the squares on its distances from two fixed 
points is constant, is a circle. 
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In Fig. 379 or 380 suppose that B and 0 are fixed, and 
that A moves so that the sum of the squares on is 

equal to some constant area S. 

Then by T.IO, GB^ + GA'^ - ig, 

i.e. GA~ = — GB- — constant, 

for G and B are fixed points. 

Thus GA is of constant length, 
whence the locus of d is a circle whose centre is G. 

CoKOLLAKY % [L.8].— If a point moves so tliat the sqnaxe on 
its distance from one fixed point exceeds the SQ.naxe on its 
distance from another hy a constant area^ then the locus of 
the moving point is a line perpendicnlar to the join of the 
fixed points. 

In Fig, 379 or 380 suppose tFat B aud C are fixed and 
that k moves so that the sq^uare on /I C exceeds the square 
on >15 by some constant area S. 

Then by TJO, fiC. GZ) = 

But 5C is constant, /. G5 is a constant length, and 
hence /? is a fixed point. 

Because the projection of >4 on SC is a fixed point, 
therefore the locus of >4 is a line perpendicular to BO, 

247- Formulae, — Theorems T. 8, T. 9, T. 10 can obviously be expressed 
algebraically by the following formulae : — 

c? = 4- 6^ + Soaj, ^ ^ ^ 2m^ -f 

where a, 5, c represent the lengths of the sides of any triangle, x is the 
projection of the side b upon the side a, m is the median which bisects 
the si& a, and h is the projection of this median on the side a. 

These formulae can be used in many types of calculation. 

Example. — The sides of a triangle measure 3 cm., 5 7 arts. 

Fviid the length of the preelection of ^ first side upon the second. 

In the above formulae, x is the projection of & upon a ; the question 
requires the projection of the side 3 cms. on the side 5 cms. Thus we 
put & = 3, a = 5, c = 7, in one of the first two formulae — ^we need not 
determine which — and solve for x. 

Then 49 = 25 + 9 ± lOiK. Obviously the posit^e sign is correct, 
which indicates that the sides 3 cms. and 5 cms» contain an ohtim angle. 
We then have lOa; = 15, iK == 1'5. 
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EXERCISES XCL 
Calculations. 

1. In A ABO, AC = 20'', BO = 30", projection of AO^ on BO = 6". 
Calculate the length of AB (i) if A is acute, (ii) if A is obtuse. 

2. In A PQR, PQ ^ i miles, OR == 5 miles, RP — 6 miles. Calculate 
the length of the projection of Pfi (i) on QR and (ii) on PQ. 

3. The sides of a triangle measure 2 yds., 3 yds., and 4 yds. respect- 
ively. Taking the two sides which include the largest angle, calculate 
the projection of each of these two sides on the other. 

4. In the triangle of Question 3, take the two sides which include the 
smallest angle. Calculate the projection of each of these two sides on 
the other. 

5. The base of a triangle measures 7 ft., and its sides measure 5 ft. 
and 6 ft. Calculate the projection of the shorter side on the base. 
Hence calculate the altitude of the triangle, and hence its area. 

6. The base of a triangle measures 4 ft. and its sides measure 6 ft. 
and 3 ft. Calculate the projection of the shorter side on the base. 
Hence calculate the altitude of the triangle, and hence its area. 

7. In the triangle of Question 2, calculate the length of the median 
■which bisects PQ, 

8. In A ABO, AB = 3", AC = 4", and the median AG = 3". Calcu- 
late the length BO. 

9. A, Bj C, D are four points in a straight line, andr*4^ = BO ^ CD 
= 2". P is a point without the line such that PA = 4", PB = 3". 
Calculate the lengths PC, PD. 

10. Two adjacent sides of a parallelogram measure 3 ft. and 4 ft. , 
and one diagonal measures 6 ft. Calculate the length of the other 
diagonal. 

Biders. 

11. Two right-angled triangles ABC, ABD are drawn on the same side 

of the same hypotenuse AB, If the sides BO, AD intersect internally 
at 0, prove that AO.OO BO, 00, T.8. 

12. ABOD is a rectangle and P any point in its plane. Prove that 

PA^ + PC2 = + p/)i. 

13. The sum of the sq[uares on the sides of a parallelogram is equal 
to the sum of the squares on its diagonals. 

14. The sum of the squares on the sides of any quadrilateral 

exceeds the sum of the squares ou the diagonals by four 
times the square ou the line joining the middle points of the 
diagonals. T.IO. 

15. If the sum of^.he squares on the sides of a quadrilateral is equal 
to the sum of the squares on the diagonals, the quadrilateral is a 
parallelogram (see Question 14). 
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16. State what result is obtained from Theorem T.IO — 

(a) When lA becomes more and more obtuse, the point A 
moving nearer to BG and ultimately lying in BO. 

(i) When I.A becomes more and more acute, and 1.B move 
and more obtuse, the point A ultimately lying in CB 
produced. 

248. The remainder of this chapter deals with certain 
rectangle-theorems which can he estahlished for chords 
and tangents of circles. 

EXEEGISES XCIL 

In these Exercises teacher and class ma^ work together, 

1. Draw a circle of radius Take a point P within the circle (say 
about 1 *2" from the centre). Through P draw three different chords. 
Measure the segments of eacli chord and in each case calculate the area 
of the rectangle contained by the two segments. What do you infer ? 

2. Repeat Question 1, taking the point P (i) nearer the (ii) nearer 
the centre. What do you infer from your results ? 

3. A point P is taken, within a circle of centre 0 and radius r, at a 
distance d from the centre. A chord is drawn through P at right 
Agles to OP, Prove that the area of the rectangle contained by the 
segments of this chord is 

4. In Question 3 a chord is drawn passing through P and through the 
centre. Provf that the area of the rectangle contained by the seg- 
ments into which this chord is divided at P is - cP. 

What do you infer from Questions 1, 2, 3, 4 ? 

5. Draw a circle of radius 1''. Take a point P without the circle (say 
about 1'6" from the centre). Draw three different chords passing 
through P. Each chord is divided externally into two segments at P. 
In each case calculate the area of the rectangle contained by the two 
segments. Wbat do you infer 1 

6. A point P is taken without a circle of radius rat a distance from 
the centre. A chord is drawn passing through P and tlirongh the 
centre. Prove that the area of the rectangle contained by the segments 
into which this chord is divided at P is (P-r^. 

What do you infer from Questions 5, 6 ? 

7- In Question 6 a tangent PT is drawn fromP to the circle. Prove 
that the area of the square on the tangent is d^- 7^. 

What do you infer from Questions 6, 6, 7 ? 

8.* Show that the result of Question 7 can be inferred from the resitU 
of Question 5. 

249. Prel Ex,--ln Fig. 381 prove that (i) = MB^-MP^, 

and (ii) AP. PB = - MF-. 



358 KEOTAUGIiE-THEOEEMS OH TRIAHGLES AHD CIRCLES. 


Theorem [RO.IJ. — if two chords of a circle inter- 
sect at a point witliiii tb.e circumference, then the rectangle 
contained by the segments of the one chord shall he equal to 
the rectangle contained by the segments of the other. 

In. Fig. 381, chords AB, CD intersect at the point P : — 
Required to 'p'ove that AP.PB = CP, PD. 



Gons . — Let 0 he the centre of the circle. 
Join OBj OD, OP. Draw OM ± AB. 


Proof. — Oily _L chord AB, M bisects AB, Ch. i. 

0M±PB, .■.0B^=MB^+M0^ rt.2. 

and 0P^ = Mr-+M0K ET.2. 

Subtracting, 0B^-0P^=MB^-MP^ 

= {MB-MP){MB+MP) R.5. 

= (MA -MP) {MB+MP) 

i.e. 0B^--0P^ = AP.PB (rt.) 

Similarly 0D^-0P^ = CP.PD. 

But 00 = 08, 0D^ = 0B^. Pm. 7. 

Hence 0B^-0P^ = CP.PD (b) 


Compare equations (a) and (b), 
thus AP.PB = CP. PD. 

CoROLLAUY.^ — If a chord of a circle is divided internally 
at any point, thex^> the rectangle contained hy the segments 
of the chord is equal to the difference between the squares on 
the radius and on the line joining this point to the. centre. 
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250. Theorem [^RG. IcJ. — if two Imes divide eacH otNer 
internally so tHat tlie rectangle contained by tbe segments 
of tlie one line is equal to tlxat contained by tbe segments 
of tbe otber, then the four e:xtremities of tbe two lines are 
concyclic points. 

In Fig. 382, the two lines AB, CD divide each other 
internahy at the point P : — 

Given that AP.PB — CP.PD, 

Hequired to ■prove that A, B,C,D are concyclic points. 



Com. — circle can be drawn through the three 
points A, 0, D. . Ch.3. 

Let this circle meet AP a second time at the point Z, 

Proof. — IxlQCAD, chords AZ, CD intersect at Pj 

AP.PZ=CP.PD. EG.l. 

But AP.PB = CP. PD. Ey^. 

Thus AP.PZ=AP.PB, 

whence PZ—PB.'f 

Also Z and B fall on the same side of P ;X hence Z 
coincides with B, 

Thus A, B,C,D are concyclic points. 

t If two rectangles are equal and have one pair of equal sides, then 
they are congruent. Easily jiroved by superposition and reductio ad 
ahsii/rdam. Thus it follows that if AP,HK=AP,LM then HK=^LM, and 
further that AP^=:AP.ST then AP=:8T, 

t Another “appeal to the figure.” The underlying assumptions 
are that P falls within © AOD, and thus AP 'oMen ’produced through P 
meets the circle at some point Z. 
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EXERCISES XOIIL 
Riders. 

1. Two lines AB, CD divide each other internally at a x)oint P. 
Given AP.PB^OPsPD prove that as APG, DPB are equiangular : 
and conversely. 

2. In A ABCf the lines AD, BE, OF are respectively perpendicular to 
the sides BG, CA, AB ; also these three perpendiculars pass through a 
common point A Prove that 

AP.PD:==BP.PE^GP.PF. 

3. If through any point in the common chord of two circles which 
intersect, there be drawn two other chords, one in each circle, their 
four extremities are coneyclic. 

4. Pind the locus of all points which divide chords of a given circle 
into two segments, the rectangles contained by which are equal to a 
given square. 

5. A chord PAQ cuts the diameter of a circle in A at an angle of JR, 

prove that AP^+AQ^ is constant. [R.6. 

6. ABC is a triangle, obtuse-angled at A ; draw a line AD through A 
meeting BC in D and such that AD^=BD.DG. 

[Draw Q ABC. 

Calculations. 

•/. In Fig. 381, P0 = 2", PD::^r, Py4 = l*5" ; find />R. 

8. an Fig. 381, P>4=1*2^ PB = Z-Z'\ PD = 27" ; find CD. 

9. In a circle a chord of length 3" cuts off a segment of altitude 
1*2". Find the diameter of the circle. 

10. In a circle a chord of length I cuts off a segment of altitude h. 
Find the diameter of the circle. 

11. In a circle of radius 20 cms. a chord is drawn through a point 
5 cms. from the centre. Find the area of the rectangle contained by 
the segments of this chord. 

12. P is a point in a chord AB of a circle whose centre is 0, Given 
that PA~1 cm., PB = 2 cms., 0P=3 cms., find OA. 

251. Prel. Ex . — In Fig. 383 prove that (i) OP^ - 0B^=MP^ - 
and (ii) PA,PB=Mf^ - MB^. 

Theorem [R0.2J, if two cliords of a circle intersect 
at a point wltRont the circnxnferencej tlien the rectangle 
contained by the segments of the one chord shall be equal to 
the rectangle contained by the segments of the other. 

In. Fig. 383, cliords A B, CD intersect at tlie point P : — 
Bequired to prove that PA.PB = PG.PD. 

Cons. — ^Let 0 be^the centre of the circle. 

Join OB, OD, OP, Draw OM J_AB, 
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Proof. — *.■ OM JLcliord AB, M bisects AB, Gh.i. 

••• OM±PB, OP^=MP^+MO^- RT.2. 

and 0B^ — MB^-+M0^. IiT.2. 



Subtracting, OP^ — 0B^ = MF“ — MB^ 

= (MP-MB)(MP+MB) it.5. 
= (MP-MA) (MP+MB), 
i.e.0P^--0B^ = PA.PB (a) 

Similarly OF - OD^ = PC. PD. 

But 0D~0B, 0D^-=0B\ Pm.7. 

Hence 0F-0B^-=PC.PD. (6) 


Compai*e equations (a) and (b), 

tbus PA.PB = P0.PD. 

COEOLLABY 1. — If a cliord of a circle is divided externally at 
any point, tlien tlie rectang^Ie contained liy tbe segments of the 
chord is equal to the difference between the square on the radius 
and the square on the line Joining the point to the centre. 

CqBOLLAEY 2. [RC.3]*. — If a chord of a circle is divided ex- 
ternally by a tangent, then the square on the tangent is equal 
to the rectangle contained by the segments of the chord. 

In Fig 383, suppose that the secant PCD swings round 
P until the points C and D coincide. 

Then PC is a tangent to O ABC, Also PC.PD^ PC^, 

BvitPG.PD=^PA,PB; henoe PC^- = PA.PB, 

Note. — From Theorems EC. 1 and EC.2 we obtain the result that 
PA.PB=th,e difference between OB^ and OF^ (— whether P 
lies within or without the circle (Figs. 381, 383). 
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252. Theorem [RO.3]. — K a chord or a circle is divided 
externally by a tangent, tbe rectangle contained by tbe seg- 
ments of the chord is equal to the square on the tangent. 

In Fig. 384, tangent PT intersects chord AB at P, 
Required to prove that PB = PP. 



Cons . — Let 0 be the centre of the circle. 
Join OB, OT, OP. Draw 0M±AB, 


Proof, — Oil/±chord AB, .'. M bisects AB. Cli.i. 

•.* OM X PB, .-. OF^ = MP^ -f- M0\ RT. 2 r 

and OB^ = MB^ -{- MO^. IIT.2. 

Subtracting, OP^ _ qb^ = il/ps _ yj/gs 

= (A/P - MB) (MP+MB) E.5. 
= (MP - MA) (MP+MB) 

i.e. 0P^--0B^ ^ PA.PB («) 

L OTP (Tn.l), .-. 0P2 - t?P = PP. et.2. 

But OT = OB, OT^ = OBK Pni.7. 

Hence OP^ - ^ 


Compare equations (a) and (h ) ; thus P4.PB = PT\ 

253. Theorem [RC.2c3* — w two lines divide each other 

externally so that the rectangle contained by the segments of 
the one Hue is eq.ual to that contained by the segments of the 
other, the four extremities of the two lines are ooncyclic points. 

In Fig. 385, the two lines AB, CD divide each other 
externally at P ; — 

(^ven that PA.PB = PC. PD, 

Required to pivive that A, B, C, D are concyclic. 

(Jons . — Draw a circle through the points A, C, D. Gh.3. 
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Proof. — PA is not a tangent to G AGO ; for if it were 
we slxonld ]iave PA^ — PC. PD, whicli is not the case. 
Hence PA meets the some second point Z, 


In G AGO, chords >4 Z, CD 
intersect at P, 

PA PI — PC. PD, ec.2. 
BvAPA.PB ^ PC.PD. Hyp. 
Thus PA.PZ = PA.PB; 
whence PZ — PB,1[ 

Also Z and B lie on the 
same side of P, 
hence Z coincides with B. 



Thus A, B,C, D are concyclic points. 


254. Theorem [RC.Sc]. — if a cUord of a circle is divided 
externally at a given point and if a line is drawn from tMs point 
-to the circumference sncli that the sqtnare on this lino is eqnal 
to the rectangle contained hy the segments of the chord, then 
this line touches the circle. 

In Fig.'BSS 

Given that PA.PB — PP, 

Required to prove that PT 
is a tangent to the circle. 

Proof. — If possible, sup- 
pose that PT is not a tangent 
to G ABT ; then PT will meet 
O* again at some point Z. 

chords ABjTZ meet at the point P, 

PA.PB = PT.PZ. RC.2. 

But PA.PB = PTl Hyp. 

Hence PT.PZ = PP, and therefore PZ = PT,\ 

But this is not the case, for Z and T are on the same 
side of P. Hence PT must he a tangen+ to O ABT. 



t See footnote oji p. 359. 
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EXERGISES XCIV. 

Riders* 

1. If two circles intersect, then the common chord produced bisects 
each of the common tangents* 

2. Two lines AB^ CD divide each other externally at a point P, 
Given that PA.PB = PC, PD prove that as APCj DPB are equiangular : 
and conversely. 

3. From a point P are drawn two straight lines PAB and PT. 
Given that PA,PB — PP prove that As APT^ TPB are equiangular: 
and conversely* 

4* In A ABO, the lines AD, BE, CF slvb respectively perpendicular 
to the sides BO, GA, AB ; also these three perpendiculars pass through 
a common point P. Prove that AF,AB = AP.AD = AC,AE, 

Write down two other similar results in the same figure. 

6. Tangents are drawn to two inteisecting circles from a point in 
their common chord produced. Pi^ove that these tangents are of equal 
length. 

6. Two chords of two intersecting circles meet on the common chord 
produced. Prove that the four extremities of these two chords are 
coneyclic. 

7. Two circles touch one another, and two chords of these circles 
meet on the tangent at the point of contact. Prove that the four 
extremities of these two chords are concyclic. 

Calcttlations. 

8. Ill Fig. 383, P>4 = r^ = PC = 1*2" ; find CD, 

9. In Fig. 384, P>1 = 1*2", >4C = 2*3"; find PL 

10. In a circle of radius 12 cms. a chord is drawn. Find the area 

of the rectangle contained hy the .segments into which tins chord is 
divided by a point 20 eras, from the centre. ^ / 

11. In Fig. 383, given that PA— 2 cms., AB— 3 cms., QP— 5 cms., 

find CA ^ 

255. Multiplication, Division and Square Root. — By meanr of 
Theorems RC.l, RC.2, RC.3 various arithmetical processes can be 
performed by geometrical construction. For example ; — 

(i) To evaluate — Draw a circle of convenient size (Fig. 384) : 

draw a chord BA of length (& - a) and produce it to P, making P>4 = : 

draw and measure the tangent PT, 

(ii) To evaluate — Draw a circle of convenient size (Fig* 384) : 

draw a tangent PT of length a i with centre P and radius h draw an arc 
cutting B, Join PB meeting O®® again at A : measure PA, 

In both cases the proof is easy. 

Note. — A better method for determining can however bo 
cbtained from § 257. See Ques. 1-3, Exercises XOVII. 
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JSXSMGISSS XCV. 

PBOBLEMS IN PEACTIOAL GEOMETRY. 

1. Use Theorem RO.l to evaluate the following: — 

(i) la X 25 -f 31, (ii) 3*7 -f 5'7, (iii) 570 ^ 37, (iv) 2*3^ ^ 3-3. 

2. Use Theorems RC.2 and EG. 3 to evaluate the following : — 

(i) 7-3 X 3-7 4*3, (ii) 3*7 x 4'S ^ 4*7, (iii) 4-3^ 5‘7, (iv) 

3-7^ ~ 2*9, (v) ^7*3 X 37, (vi) ^^29 x 43, (vii) >^47, (viii) v^l37. 

CALCULATIOKS. 

3. Find the sum of the .areas of the squares on the medians of a 
triangle whose sides measure a, 5, c. 

4. The sides of a triangle measure 3, 5, 7 ft Calculate its area. 

5. The medians of a triangle measure 2'', 3"', 4" : find the sides* 

6. Pr is a tangent to a circle and P>1P a secant Given aP=R, 
P^=^, PA — a^ find the radius of the circle. 

7. Pr is a tangent to a circle and PAB a secant Given i.P=R, 
PA = 2ay PB = 2b, find the distance of P from the centre. 

8. Calculate the diameter of a circle which circumscribes a triangle 
whose sides measure 5, 5, 6 ft. 

9. Calculate the diameter of a circle which circumscribes an 
equilateral triangle of side 2". 

10. ABjGD are two perpendicular chords of a chcle which intersect 
at a point P within the circle. Given that PA^V^j PB = 4:'\ PG= 
calculate PD and the radius of the circle. 

11. ABj are two perpendicular chords of a circle which intersect 
at a point P without the circle. Given that Py4 = 1", PP=4", PG==^ 'S'', 
calculate PD and the radius of the circle. 

BIDEES. 

12. The chords of two intersecting circles which are bisected at any 
point of the common chord are equal. 

13. If the tangents from a given point to any number of intersecting 
circles are equal, all the common chords of the circlesL imss through 
that point. 

M. Circles are described passing through two fixed points ; find the 
locus of a point from which the tangents to all the circles are equal 

15. The square on the straight line drawn from the vertex of an 
isosceles triangle to any point in the base is less than the square on 
either of the equal sides by the rectangle contained by the segments of 
the base. 

16. In A ABO, AC=fR; prove that >413^=: CA^ + OB^ + GA.OB. 

17. -4 PC is a triangle having the angle A a right angle ; prove that 
four times the sum of the squares on the medians BE, OF is equal to 
five times the square on the hypotenuse BG. ^ 

18. P is a point in the base BO of a triangle>4PC such that BE =: 2 EG. 

Prove that AB^ + 2 AO^ ^ 6 EC^ + 8 AB. T.8, T.9. 
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19,* F is a point in tlic base BQ of a triangle ABO sucli that 
m FB = u FG, Prove that 

A(?= m % FB^ + (w + ?^) AF^ T.8, T.9. 

20*» If tbe diagonals of a parallelogram ABOD intersect in G, and if 
P be any point, prove that the sum of the squares on PA^ PB, PC, 
PD is equal to the sum of the squares on GA, GB, GO, GD, together with 
four times the square on PG, 

21* If A, B, C, D are fixed points, and F is a point such that the sum 
of the squares on PA, PB, PC, PD is constant, prove that the locus of 
P is a circle, whose centre is the point of intersection of the straight 
lines joining the middle points of AB^ CD and of AD, BC, 

THE RADICAL AXIS* 

256. Definition, — T he radical axis of two given circles is 
the locus of a point from which the tangents to the two circles 
are of equal length. 

Thus in. Fig. 387 if P moves so that tangent PC = 
tangent PD^ then the locus of P is the radical axis, 

ThEOEEM.^ — T o prove that the radical axis of two circles 
is a straight line perpendicular to the join of their centres. 



Given that PC = PD. 

Bequired to prove that locus of P is a st. line 1. A B. 
Proof.— : PC = PD, PC^ = P/)2 . 

i.e. PA^ ^ AC^ = PB^ - BD^ ET,2, 

PA^ -- PB^ AC^ ^ BD^ ^ AF^ ^ BGK 

Thus PA^ — PB- is constant : 

hence the locus of P is a st, line ± AB. L.8. 
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Problem.^ — T o construct the radical axis of two given 
circles. 


In Fig. 389 

Bequired to construct the radical axis of the two circles 
GQH, KLR. 



Gons . — With any convenient centre and radius describe 
a circle GKL cutting the two given circles at G, H, and 
Kj L respectively. 

Let the chords GH and KL intersect at P. 

Through P draw PX perpendicular to the join of the 
centres A, B. 

Then PX is the required radical axis. 


Proof . — Let PQ, PR be tangents to tbe two given 0s. 


In 0 GQH, PQ^ = PG. PH. 

EC. 3. 

In O GKL, PG.PH = PK. PL. 

EC. 2. 

In O KRL, PK.PL = PR^. 

EC. 3. 

TIius PQ^ = PR^, whence PQ = PR. 


. • . P is a point on the radical axis. 


But the radical axis is a st. line x A B, 

Proved. 


Hence PX is tbe required radical axis. 

Note, — I f tbe two circles touch or cut tbe above construction may 
be replaced by tbe simpler constructions in tbe next two riders. 
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EXERCISES XGVI* {Riders). 

1. If two circles touclL one another internally or externally 
their radical axis is the coxumon tangent at their point of 
contact* 

If two circles cut one another their radical axis is their 
common chord produced.t 

3. Given three circles Xj Y, Z, whose centres are not collinear, 
prove that the radical axes of the three pairs of circles (X,Yy 
(K^Z)> {Z,X) are concurrent. 

Dbfinitiok — T he radical centre of three circles is the point of 
intersection of their three radical axes. 

4. Show how to divide a given line so that the difference on the 
squares of the segments is equal to a given square. 

5. The centres of two circles are A, B, and AB cuts the circumferences 
at Hf K respectively i also their radical axis meets AB at X* If radius 
AH > radius BK, prove that AX^ - BX^ — AH^ - BKK 

6. In the figure of Qaes. 5, prove the following construction for the 
radical axis : — 

Draw BM L AB; with centre K and radius AH describe an arc cut- 
ting BM at M. Bisect AM at right angles by a line cutting AB at 
The line through X 1. AB shall be the radical axis. 

7. Two circles do not intersect : show that the middle points of their 
four common tangents are collinear. 

S, Find the locus of the centre of a circle which cuts two given 
circles orthogonally. 

9. Show how to draw a circle to cut each of three given circles 
orthogonally. 

10. P is a moving point, and A a fixed point ; also PT is the tangent 
from P to a fixed circle. Find the locus of P if Pf == PA. 

11. Aj B, Oj D are four points on a straight line. Find a point 0 on 
this line such that OA.OD = OB.OC. 

12. Find the locus of a point P, if the difference of the squares on 
the tangents from P to two given circles is constant, 

t If //, /f are the points of intersection, then according to the defini- 
tion given above the radical axis includes only the ;proditced portions of 
HK. In advanced mathematics however the radical axis is reckoned 
to include the whole line ; the tangents from a point between H and K 

arft i'mamm/t.'nj anrl fionaL 




CHAPTER XVII. 

PROBLEMS ON BEGT ANGLES. 


257. Problem. — To construct a equal to a given 

rectangle. 

In Fig. 390 : — 

Required to construct a square equal to rect. A BCD. 


Cons . — ^Produce 45 to £/ making 
BE=BC. 

On diam. 4£ describe a semi- 
circle. 

Draw BG ±AE, to meet 0“ at G. 
Then will BG^ = rect. AG, 

Proof . — Let GB meet again, at H. 

•. • diam. AE x chord GH, 

B6 = BH. Ch.l. 



'. • chords AE, GH intersect at B, 

6B.BH = AB.BE; EC.l. 

IJiat is GB^ = rect. AC. 


Fig. 390. 


258. Problem. — to divide a given line internally so tliat 
the rectangl% contained By ^e segments Is equal to the square 
on a given line. 

In Fig. 391 

Required to divide AB internally so that the rect. con- 
tained by the segments shall be equal to the sq. on X, 

Gons . — On diam. AB describe 
a semi-circle. 

Draw BD J_ A B and equal 
to^. 

Draw DE |1 45 to meet at ^ 

£. Draw EF _L 45, 

Then AF.FB = XK 

Proof — EF II DB (P.2) and ED 1| 

FB,.\EF=DB. Pm.l. Fig. .391. 

Let££ meet again at G. 

•. * diam. AB x chord EG, EF = FG. Oh.l. 

*.• chords .45, £G intersect at /> 

. ■. AF.FB = EF.FG = EF^ ££2. EC.l. 

that is AF.FB = X^. 
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PROBLEMS ON RECTANGLES. 


259* Frtl, Ex, — (i) In Fig 392 £ is the centre of the arc J)F and 
bisects the also BD jl AB. Show that AF.FB — BD'^, (ii) Hence 

show how to divide AB externally so that the rectangle contained by the 
segments is e<^ual to the sq[iiare on C\ 


Problem. — To divide a given line externally so tUat the 
rectangle contained by the segments is eq.xial to the sqimare on a 


given line* 

D C 



Tlieii will AF.FB = G'^. 


In Fig. 392 ^ 

Required to divide A B ex- 
ternally so that the rect. con- 
tained hy the segmenta shall 
be equal to the sq. on O. 

Cons . — Bisect AB lat £* 
Draw BD ± AB and. = 0. 
With centre £ and radins ED 
describe an arc meeting AB 
produced at £ 


Proof.-- CF^BD^:= ED^ - EB^ ET.2* 

^{ED ^ EB){ED- EB) R.5. 

= (££ 4 - EA) (Ef-^EB) 
that is = AF.FB, 


EXEMGIBES XCVIL 
Practical Geometry. 

1. Adjacent sides of a rectangle measures 3 cms. and 2 cnifi. Con- 
struct a square of equal area, and measure its side, Yerify by 
calculation. 

2. Adjacent sides of a rectangle measure 1*5" and Find by 
construction and measurement the side of a square of e<|u:ah area. 
Verify by calculation. 

3 . Give a geometrical construction for determining the value of Jah 

where a and h are given numbers ? § 257. 

4. Evaluate geometrically (i) jv/5 ; (ii) ys/10 ; (hi) ; (iv') ; 

(v) sjl0] (vi) y-d; (vH) av/ 2*3; (viii) >^*75. 

5. Divide a line of length 7 cms. (i) internally (ii) externally so that 
in each case the rectangle contained by the segments shall have an area 
of 9 sq. cms. Measure the segments. 

6. Divide a line length 2" (i) internally, (ii) externally, so that in 
each case the I'ectangle contained by the segments shall have an area 
of *49 sq. in. Measure the segments. 
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7. Give a geometrical construction for finding two numbers wliose 

sum?Ls CL and product 5*^. § 258. 

8. Find geometrically two numbers whose sum is 9 and whose pro- 
duct is (i) 9^, (ii) 4, (iii) 2J. 

Hence solve the quadratic equations : — 

(iv) a3^-9a; + 9 = 0, (v) cc^ + 9a5+4 = 0, (vi) 86£c -1-9=0. 

9. Find geometrically two numbers whose sum is 20 and whose pro- 
duct is (i) 100, (ii) 49, (iii) 70. 

10. “What is the greatest possible value of the product of two 
numbers whose sum is (i) 6, (ii) 7, (iii) % ? 

11. What is the least possible value of the sum of two numbers 
whose product is (i) 9, (ii) 2 J, (iii) x \ 

12. Give a geometrical construction for finding two numbers whose 

difference is a and product § 259. 

13. Find geometrically two numbers whose difference is 5 and whose 
product is (i) 9, (ii) 4, (iii) 2J. 

Hence solve the quadratic equations : — 

(iv) 05^ - 5^3 - 9 = 0, (v) cr- + See — 4 = 0, (vi) 4x*^ - 20x —9 = 0. 

14. Find geometrically two numbers whose difference is 20 and 
whose product is (i) 100, (ii) 49, (lii) 70. 

.260. Or Medial SectiOR : — 

Definition. — If a given line is divided at a point into two 
segments sucR tRat tRe square on one segment is equal to tRe 
rectangle confined Ry tRe given line and tRe otRer segment, 
tRen tRe line is said to Re divided in medial seciioTi (or in extreinc 
and mean ratio). 

b 2 c h 

Fig. 393. 

A line may be divided eitker internally or externally 
in medial section. Thns in Fig. 393 the line AB is 
divided internally in medial section at G, and is divided 
externally in medial section at D, 

In other words 

(segment AOy = line AB. segment BC, 
and (segment AOy = line AB. segment BD. 

V erify the.'se statements by measurement and calculation. 

261. Prel. Ex.— hi Fig. 394 AB =L, AC = X, BD = hL, BD x AB, 
D is centre of arc EBF, A is centre of arc EC. Prove that 

(i) E2 = X{X + L), EC.3. 

and hence that (ii) = L [L - X}. 11.2. 
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Problem. — To divide a given line internally in m<»dial 
section. 

In Fig, 391 : — Bequired to divide >45 in medial section. 


r 



Cons . — Draw BD ± AB, 
and equal to|- >15. Join 
>15. 

Witii centre D describe 
arc BE meeting AD at E. 

With, centre A describe 
arc EC meeting >15 at C. 

Then C divides >15 in- 
ternally in medial section ; 
that is AC^ = AB.BC, 


Proof, i — Let arc EB meet AD produeed at F. Let AB = L, AG — X. 
Then DB^^L, EF= L, AE = X, AF = X + L, BC = L - X. 


Now in O EBF, AB i radius DB ■, AB touches 0 EBF. Tn.l. 

Hence AE.AF = AEF; i. e. X(X+L) = IP. EC.3. 

X^ + X.L = E,2. 

.-. X^ = IP - L.X 

= L[L-X). E.2. 

that is A(^ =: AB.BC. .. 


262. Prel. Ex.— In Fig. 395 >15 = L, AC = X, BD = JZ, BD x >15, 
D is centre of arc EBF, A is centre of arc EC. Prove that 

(i) IP = X (X-L), EC.3. 

and hence that (ii) = Z (Z+ Z). E.2. 


Problem. — to divide a given line externally in medial 
section. 

In Fig. 395 

Required to divide AB externally in medial section. 

Cons . — ^Draw BD JL AB, and equal to ^>15. Join AD. 

With centre D and radius DB describe arc BE meet- 
ing >15 produced at £. With centre A and radius AE 
describe arc EG, meeting BA produced at C. 

Then C divides AB externally in medial' section ; 
that is >15^ = AB.BC. 


t This proof is aue to Mr. E. F. Davis, by whose kind permission it 
is inserted here. 



PROBLEMS OH RECTANGLES. 


373 


/‘/po/.— Let are EB meet AD at F. Let AB == L, AO = X. 
Then BD = iL,EF= L, AE = X, AF = X-L, BO = X + 

Now in © EBF, AB x radius DB ; AB touches © EBF. 
Hence AE.AF = AB^ ; i. e. X (X-X) = L\ 

X2 - X.L=L\ 

X2 = X® + X.X 
= X(X + X). 

that is aG^ = AB.BO. 


Fig. 395. 


EXERGIBEB XOVIIL 
Pkactical Geometey. 

1. Take a lile ABf 8 cms. long. Divide it mtemally in medial 
section at C (AG to be the larger segment) and measure the segments. 
Verify the accuracy of your work by calculation. 

2. Construct triangles having their sides equal to the following lines 
in Question 1 : — 

(i) AB, AB, AO; (ii) AC, AO, BO; (hi) AO, AC, AB. Measure the 
angles of each triangle. 

In each triangle what simjple relation do yon notice between the 
angles ? 

8. Tike a line AB, 3 cms. long. Divide it externally in extreme and 
mean ratio at 0 (AG to be the smaller segment) and measure the 
segments. Verify the accuracy of your work by calculation. 

4. Eepeat Question 2, taking the lengths from Question 3 instead 
of from Question 1. 

Calculations, 

5. A line of length V' is divided internally in medial section. Cal* 
cnlate the lengths of the segments algebraically. 

6. A line of length a is divided internally in medial section. Cal- 
culate the lengths of the segments algebraically, and explain the 
double answer. 



Tn.l. 

RC.3. 

B.2. 

E.2. 



374 


PROBLEMS Olf RECTANGLES. 


Riders. 

7. >15 is divided internally in medial section at C. Prove that BO, 
the smaller segment, is divided externally in medial section at >1, 

8. >15 is divided internally in medial section at C, and from 
the larger segment AC a portion AD is cut oflf equal to BO. 
Prove that >1C is divided internally in medial section. R.2. 


263. Problem. — To construct an isosceles triangle having 
each base angle double of the vertical angle, given one side of 

In Fig. 396 : — 

Required to describe an 
isosceles triangle having AB 
for one of the equal sides, 
and having each base angle 
double of the vertical angle. 

Go7is . — Divide A B inter- 
nally in medial section at D, 
A D being the larger segment. 

§ 2^1. 

Describe A BOG having 
BC = CD = DA. Join 4 C. 

Then A 4P£ is the re- 
quired triangle ; that is 
Afi = aC - 2a4, 

Proof . — Describe a circle through A, D, C. 

Now divides A£ in medial section ; 

i. e. AD^ = BD.BA. 

B(^ = BD.BA. 

Hence BG is a tangent to © ADG. 

Also OD is a chord of the same circle ; . \ /. BOD ^ L A. 

In A DAC, *-* DA ^ DC, a DCA = l A. 

Hence a BCA = 2 a >4, 

In A DAGf ext. A BDO — l. A -h L DGA = 2 l A. 

In A CBD, GD = GB, a ^ = a BDO. 

Hence l B = 2 A. 


Co7lS. 


nc.dc. 

rA0,5. 

T.2. 

T.l. 

T.2. 



Fia. 396. 


COHOLLABY . — To descri1>e an angle eq.ual to 

Cons . — ^In Fig. 396 bisect a 4. Then ^a4 =‘^ E. 
Proof.— Fov A / + A 5 + A 5 = 2 R, ' T.l. 

.*. A>4+2Ai4+'2Ay1 = 2R, 

. 5 A >1 = 2 R, whence ^ i. A = JB. 
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264.^ Problem. — To coiastmct an isosceles trianirle ItaTin^ 
eacli base angle doable of tbe vertical angle, given tbe length, 
of the base. 

In Fig. 397 

Required to construct an isosceles triangle Facing its 
base equal to DE, and having each base angle double of 
the vertical angle. 



Cons . — Cki diam. DE describe a circle. 

At D draw tangent DC = DE. 

Through C draw secant OF A passing throiigh centre 0, 
Describe A DFB having CB = FB = DE. Join BA. 
Then ABC is required triangle; 

i.e. lB = lO = 2 i-A. 


Proof . — CD tQv.ohos Q ADF, CD^ = GF.CA. R0.3. 

Bfft CD = DE =CB; = CF.CA. 

Hence GB is tangent to © ABF. RC.Sc. 

Also BF is a chord of the same circle L CBF — l A. AC.5. 
In A ABF, ■.■ FB= DE = FA, .\ L FBA = L A. T.2. 

Hence a = 2 a >4. 

In A ABF, ext. a BFO - l A ^ i. FBA = ^ L A. T.l. 

In A BFC, ••• BF=BG, L. BGF = L. BFC. T.2. 

Hence L BGA •=^% l. A, 


t This construction is due to Mr. R. F. Daxi^, by whose kind per- 
mission it is inserted here. 
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EXERCISES XCIX, 

Peaotioab. 

1. On a base of length 1*6" describe an isosceles triangle having each 
base angle double of the vertical angle. Find its area. 

2. Take a line AB of length 6 cms. Divide it internally in medial 
section at 0—AC being the larger segment. Construct a iientagon 
PQRST such that each side is equal to AO and that each of the 
diagonals PRf PS is equal to A B. 

Measure all the angles and all the diagonals of this pentagon. 

Eiders. 

3. Show that a polygon can be inscribed in a given circle each of 
whose sides subtends at the centre an angle equal to A ^ in the figure 
of §263. 

How many sides has this polygon ? 

4. A radius of a given circle is divided internally in medial section. 
Show that a polygon can be inscribed in the circle each of whose sides 
is equal to the larger segment of the radius. 

How many sides has this polygon ? § 263. 

5. Without using a protractor, construct an isosceles triangle having 
each angle at the base one^third of the vertical angle, given the length 
of the base. 

6. Produce a given line to a point 0 such that B divides AG in 

medial section, and AB is the larger segment. ^ 

265. Graphical Solution of Quadratic Equations, — Any equation of 
the form aixP + hx + c =. Q is called a quadratic equation. Such an 
equation has two and only two roots, and by a well-known theorem in 

h • 0 

algebra the sum of these roots is - and their product h Given 

the sum and product of the roots it is possible to solve the equation 
(^. e. to fi.nd the roots themselves) ly a geo'indrical constr'mtion?i The 
method here given J was discovered by the famous writer ThOmaa 
Carlyle. 

The problem is complicated by the fact that the roots may be 
positive or negative or even imaganary.JJ Consider first the following 
simple example in which none of these difSculties occurs. 


t Provided that the coefficients are real quantities. 
t Another method of attacking this problem has been indicated in 
Questions 8 and 18 of Exercises XOVII. Carlyle’s method is, however, 
superior, as it does not involve the extraction of a square root, and it 
solves all quadratics (tven if the roots are imaginary) by one single rule. 
tt Quadratics with real coefficients may have imaginary roots. 
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266. PreL Ex . — In Pig. 398 OH and MK are ± to OM, and HK is 
dilm. of © /y^r. Prove tiiat (i) OP + OQ = OM, (ii) OR OQ = OH. MK. 

Example. — Solve the qimdTatic 

- 5a: 4- 3 = 0, 

Galmlation. — Here a = l,5= —5, 

I c 

Tims sum of roots = - — ^ 5 ; product of roots =~ = S, 

Bequircd to jind two numbers wliose sum is 5 and whose product is 3. 



Com, — Choose some convenient unit of length e.g. the inch. (In 
rig. 398 the unit is 

Draw OM to represent the st«m of the roots, i, e., OM = 5 units. 

Di*aw two lines OH, MK, each j_ OM, and such that the py'oduct of 
their lengths represents th.Q product of the roots; e. OH k MK ^ Z. 

Say OH = 2 units, MK =: 1-5 units.J 

Draw 0 on diam. HK, intersecting OH in L, and OM in P and Q. 

Then OP, OQ r present the roots of the quadratic. 

Explanation. — It is easy to prove that lHLK= L.H ; 

whence LK H OM, and 0L=MK. 

Draw OAB from the centre C, ± to LK and to OM. CB bisects LK 
and therefore OM : also CB bisects PQ. Hence 0P=QM, 

TAus OP+OQ=:QM + OQ=^OM=:5, 

and OP.OQ==^OH.OL=^OH.MK=d. 

Hence OP, OQ represent the required roots of the quadratic. 

By measuring OP, OQ the roots are found to be *7 and 4'3. 

EXERCISES C. 

Solve geometrically the following quadratics ; — 

1. + 4 = 2. 3. 2a^-7a:4-2 = 0. 

4. 5. 3a:^-6a?+2=:Q. 6. 10a; + 5"0. 

J If OH and MK dilfer greatly in length it may be difficult to get 
accurate results. 
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^67. General Method. — The method for solving apy quadra^io 
eq^xiation is essentially the same as the method nsed’m § 266, but 
certain modifications are required for dealing with negative quantities. 


Rulb.- 


-To solve (tiiy quadratic equation construct a figure of the 
type of Fig. 398, such that OM repre- 
sents the sum of the roots, and 
OHxMK represents the product of 
the roots. Let © on diam. HK cut 
OM at PjQ; then OP, OQ represent 
the required roots. 

To include all cases use the follow- 
ing conventions as to sign ; — 

(i) Horizontal lines represent posi- 
tive quantities if drawn to the right 
of 0, and negative if drawn to the 
left of 0. 

(ii) Vertical lines represent posi- 
tive quantities if drawn above OM, 
and negative if drawn below OM. 



Thus in Fig. 898, OM, OH, MK, OP, OQ all represent positive quan- 
tities, while Figs. 899, 400, 401, show the three possible modifications 



of Fig. 398 produced by the conventions as to sign. Thus OM repre- 
sents a ^positive sum of roots in Fig. 400, and a negative sum of roots in 
Figs. 399, 401. OH is positive in ali these Figures, while MK is 
positive in Fig. 399, and negative in Figs. 400, 401 : thus OH x MK 
represents a positive pp)duct of roots in Fig. 399, and a ncgcUive product 
o/ in Figs, 400, 401. Similarly OP repi’esents a positive root in 
Fig. 401, and a negative root in Figs. 399, 400. 



PROBLEMS ON RECTANGLES. 379 

Proof* — li^^order to prove tMs method it is necessary to show that in 
each of these lour figures 

(i) OP=/[/0andGil=45r/rt 

and hence that in each figure, if we adopt the above coyiventions of sign ^ 
(ii) OP+OQ=OM, OPxOQ=OHxMK. 

Example. — Solve the eguation 

10jz^+45a;-17 = 0. 

Here ^^=10, & = 45, c= -17. 

Thus sum of roots = - - = - 4*5 : product of roots = £ = - 1 *7. 

a a 

Since the sum of the I’oots is negative draw OM pointing to the left 
and of length 4*5 ems. 

Since the product of the roots is negative draw OH upwards and MK 
downwards: take 0//=l*7 cms., MK=1 cm. 

Thus we obtain a figure similar to Fig. 401. 

OP represents a positive root, and OQ a negative root. By measure- 
ment we obtain the answer, viz. *85 or - 4 ’85. 



268.* Imaginary Boots. — Figs. 402, 403 represent two possible 
modifications of Fig. 398, in which the points P, Q disappear, as 
O HKL does not meet the line OM, In this case the roots are 
in^ginary and are represented by 

OB ^ i* BT 

where BT is the tangent drawn from the middle point of OM3 and 
i. = 

Note that OB represents a positive or negative quantity according as 
it points right or left. 

Proof. — The sum of the two quantities 

OB^LBT^ OB-LBT 
is obviously 2 OB or OM, 

The product of these two quantities = OB^ - = OB^ -r BT^ 

= OB^ + - GP =^0(P - 07^= 0H,0L piC.2, Cor. I) ^OB.MK, 

t Compare the example in § 266, 
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EXERCISES GL 
Solve tlie following eq[uations : — 

I. ^ +5» -7 = 0. 2. ~ 3 = 0. 3. + 5 = 0. 

4. 2^:2 + - 2 = 0. 5. 2a32 + + 2 = 0. 8. - 8aj- 10 = 0. 

7. + aj + 1 = 0. 8. 5aj^ - 12x + 15 = 0. 

Use Carlyle’s construction to find : — 

9. Two numbers whose sum is 20 and product 70. 

10. Two numbers whose difference is 20 and product 70. 

II. Two numbers whose sum is 5 and product 15. 

12. Two numbers whose sum is 30 and product 300. 

EXERCISES GIL 
PRACTICAL Geometry. 

1. Draw a triangle whose sides measure 2, 3, 4,cms. Find geometric- 
al] y the side of a square of equal area, 

2. Construct a quadrilateral in which AB = 2*2'', l ABC = 80° 
BG = 2", L. BCD = 20°j CD = 1*6". Find the side of a square of equal 
area. 

3. A rectangular field measures 330 yds. long and 220 yds. wide. 
Find by geometiical construction what would be the side of a square 
fi.eld of equal area. 

4. Find by geometrical construction the height and width of a door 
whose area is 25 square feet, and whose perimeter is 21ft. 

5. A line 10 miles long is divided internally in medial section. Find 
by geometrical construction the length of the smaller segment. 

6. ’Without using the protractor find the area of an isosceles triangle 
each of whose equal sides measures 2ft. and whose vertical angle is |R. 

Riders. 

7- Construct a rectangle equal to a given rectangle and having one 
side three times the length of one side of the given rectangle. 

8* Construct a rectangle of given perimeter equal to a given square. 

9. On a given side construct a rectangle equal to a given squajce. 

10. Of all rects. of given perimeter the square has the greatest area. 

11. Of all rectangles of given area the square has the least perimeter. 

12. Construct a rect. of given perimeter equal in area to a given reet. 

13. Divide a given line so that the difference of the squares on the 

segments is equal to a given square. Hence solve graphically the 
simultaneous equations, = 7, + 2 / = 5. 

14. Divide a given line so that the sum of the squares on the 
segments is equal to a given square. Hence solve graphically the 
simultaneous equations, 5^ 4- 2 /® = lo, a; -f ?/ = 5. 

15**^.^ Divide a given li£e into two parts such that the square on one 
part is equal to three times the square on the other part. 



CHAPTER XVIIL 

BEGULAB POLYGONS. 

269. The names pentagon, hexagon, heptagon, octagon, 
nonagon, decagon, dodecagon, quindeeagon, are used for 
polygons contained by 5, 6, 7, 8, 9, 10, 12, and 15 sides 
respectively. 

It is convenient to denote a polygon contained by n 
sides by the abbreviation “ «-gon ” : sinoilarly the 
abbreviation “7-gon” denotes a heptagon, and so on. 

Definition. — a regular polygon is a polygon in wMcb. all 
tlie sides are equal and all tlxe angles are equal. 


EXERCISES CIIL 

1. Which of the following figures may be rightly described as 
'egular ? — 

(i) An isosceles triangle, (ii) an equilateral triangle, (iii) a parallelo- 
gram, (iv) rhombus, (v) a rectangle, (yi) a square. 

2. Draw a figure to show that a pentagon may have all its sides 
equal but not all its angles equal. 

Is sncli a pentiigon regular 1 

3. If all the angles of a pentagon are equal, how many degrees are 
there in each ? [Use Pn.l.] 

Draw a pentagon having all its angles equal, hut not all its sides 
equal. Is such a pentagon regular ? 

4. A pentagon is inscribed in a circle. If all its sides are ^ual, 
calculate the angle subtended by any one side at the centre. Hence 
calculate the magnitude of one angle of the pentagon. 

Is the pentagon regular ? 

5. A polygon of n sides is inscribed in a circle. If all its sides are 
equal, calculate the angle subtended by any one side at the centre. 
Hence calculate the magnitude of one angle of the polygon. 

Is the polygon regular ? 

6. An equilateral polygon is inscribed in a circle ; prove that it is 

also equiangular. C.3 ; T.2. 

7. Draw a circle of radius Usings h protractor, inscribe a 

regular pentagon ABODE in this circle. Measure AB^ BD. 
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8. Draw a circle of radius 3 cms. Draw five radii, OAj OB, 00, OD, 
OEj at angular intervals of 72®, Draw the tangents at AJ^,G,D,E, thCs 
forming a pentagon circumscribed to the polygon. Take a trace of this 
figure on tracing paper. 

ITow apply the trace to the original figure in such a way that the 
trace of 'the point 0 falls on the point 0 itself, and the trace of the line 
OA falls on the line OB. 

What do you notice, and what do you infer with regard to the 
circumscribed pentagon 1 

9. Draw a circle of radius 5 cms. Adjust the compasses by repeated 
tnal till they ‘‘step out'' the exact circumference in seven “steps." 
Hence inscribe a regular heptagon in the circle. Measure its side. 

10. ABGDEF is a hexagon inscribed in a circle whose centre is 0. 
Given that lAOB^ lGOD— z_£0F=80®, and jlBOG^ l.D0E= lFOA 
= 40° ; calculate the magnitude of each angle of the hexagon. 

Is this polygon regular % 

What contrast is suggested by the results of Questions 6 and 10 ? 


270. Theorem [Pll.2]. if tke circumference of a circle 

he divided into any number of equal parts, and if the points 
of division be joined in order, then tbe joining* lines form a 
regular polygon inscribed in tbe circle. 


c 



hence chords AB, BC, CD, 


In Fig. 404 ; — 

Given that of tFe circle 
is divided into equal arcs by 
the points A, B, C, D, . . . 

Required to frove that the 
polygon ABCD . . . is regu- 
lar — i.e. that its sides are ail 
equal and its angles are all 
equal. 

Proof . — 

(i) In O ABC, ares AB, BC, 

CD, . . . are all equal ; 

. . . are all equal. AC.6e. 


(ii) Consider any two angles of the polygon, say a B 
and L E. Join AC, DF, 

arcs AB, BC, DE, EF ai'e all equal, 
.'.nre ABC = arc DEE, 
chord AC ~ chord DF. 


AC. 6c. 
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(AB = DE, 

In As /I ^5. DEF, {BC^EF, 

{ AC^DF, 

therefore i.B= lE. 0.3. 

Similarly we can jDrore that any two angles of the 
polygon A BCD . . . are equal, 

271. Theorem [Pn.SJ. — if th.e circumference of a circle 
l>e divided into any number of equal parts^ and if tangrents 
to tlie circle be drawn at tbe points of division^, then these 
tangents form a regular polygon circumscribed about the 
circle. 



In Fig. 405 : — 

Given that of the circle is divided into equal parts 
hy the points A, B, C, . . . 

Sequired to 'prove that the polygon PQR . . . formed 
by the tangents at the points A^ B, C, ... is regular — 
i. e. that its sides are all equal and its angles are all 
equal. 

Co7is . — Join OA, OB) OC, . . . 

Suppose that a duplicate of the figure is taken (e. g. hy 
means of tracing paper). Let the points o, a, h, e, . . . 
p, q, r, ... he the duplicates respectiiielY of the points 
0, A, B, C, . . . P, Q, B, . . . 
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Now suppose that the duplicate is a;^^ied to the 
original figure in such a way that o falls bn 0, oa lies 
along OB, and p falls on the same side of OB as Q. 

Proof. — Because, in the equal circles ABC, aba, arcs 
AB, BC, CD, ... ah, be, ed, . . . are all equal, 

ITyp. <b Cons. 

.'. AS AOB, BOG, COD, . . . aoh, hoe, cod, . . . are all 
equal. AC. 6c. 

Thus, when oa lies along OB, oh lies along OC, oe along 
OD, and so on. 



Again, 0A = 0B = 0C= . . . =oa=oh = oe= . . . 

.'.a falls on B, h falls on C, c falls on D, and so on. 

ap±oa and PQ±0B, ap lies along PQ ; 
for otherwise we should have two different lines per- 
pendicular to the same line OB at the same point B — 
which is impossible. 

Similarly pq lies along QR, qr lies along RS, and so on. 

Hence polygon pqr . . . coincides with polygon 
QRS- . . . 

Tima pq = QR, qr — RS, . . ., 
i. e. PQ = QR, QR = RS, . . . 

Also Ap== L.Q, i-q= /-R, Lr= i-S, ... , 
i.e. a/?. i.R=i.S, . . . 

Hence polygon PQRS ... is regular. 
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272. Alternative Proof of Theorem Pii.3. — The following proof of 
Theorem Pn .1i is probably rather easier but is less instructive than 
the proof given In § 271. 


Theorem [Pn.3]. — if the oircumferenee of a <^cle he 
divided, into any niimher of equal parts» and if tangents to the 
circle be drawn at the points of division, then these tangents 
form a regular polygon circumscribed about the otrele. 

Ill Fig. 406 ; — Given that of the circle is divided into equal parts 
by the points >4, .... 

Required to prove that the polygon PQR .... is regular. 



Gons. — Join /I AB^ BOj ODj DE. . . . 


Proof , — 

’ AP is a tangent and AB a chord, . *. L. PAB = L BOA. AC. 5. 
Similarly L QBG ^ BAG. AC* 6. 

But /L BGA ^ L. BAG j for they stand on equal arcs AB^ BO. AO, 6c. 
H^nce lPAB^i,QBC. 

Similarly it can be proved that z. PBA = jL QCB. 

Again, since arc AB =aa’e 5C, ctord ^5=chord SC. AC.6<:. 

Thus aPAB=aQBC. C.2. 


Similarly aQBC^aRCD~aSD£— . , . 

Hence aP= aQ= aR~ aS— . ■ • 

It follows also from the congruence of the same triangles that 
PA = QB=RC=SD~ . . . 
and PB = QG=RD = SE= . . . 

But the tangents PA, PB are equal ; Tn.2i 

pa=pb=qb=qc=rg=rd=s§=se= . . . 

Hence PQ = QR=RS= . . . 

MAT. GEO. 0 0 
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273. Theorem [Pn.4]. — The bisectors of the angles of a 
regular polygon all meet in a point : also with ^rciis point 
centre circles can be circumscribed to, and inscribed in, the 
polygon. 

Givett tliat A BCD . , . is a 
regular polygon. — i. e. that all 
its sides are equal and all its 
angles are equal, 

Bequired to prove that 

(i) the bisectors of cs A, B, 
C, . . . all meet at some 
point 0, 

(ii) with 0 as centre a circle 
can be circumscribed to 
the polygon, 

(iii) with 0 as centre a circle 
can be inscribed in the 
polygon. 

(i) Cons. — Let the bisectors of a. s -4 and B meet at 0, 
Join OC, OD, . . . 

It will be sufficient to prove that GDj OD, , . , bisect 
/-B G, D, . . . respectively. 

Proof. —In As OBA, OBC, 

( OB^OB . ) 

BA=BO lOCB= lOAB. o.i. 

{ lOBA=^ lOBG ) 

But lOAB = ^lA=^l.C ; for i-A— lC. 

.-. lOOB = ^lC, 

that is 00 bisects a C. 

Similarly it can now be shown that A OCD ^A OCB, 
and hence that OD bisects a D. And so on. 

(ii) Proof. — Ijo. £s.0AB, L.B OBA, OAB are equal, being 
halves of equal angles. 

Thus OA = OB. 

Bmnloxlj 0B==00,0C = 0D, OD^OE, . . . 



T.2c. 
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Hence the circle described with centre 0 and radius 
OA will pa^through the points B, C, D, . . . and will 
therefore be circumscribed to the polygon. 


R 



IlQ. 408. 

(iii) Cons . — From 0 draw OP, OQ, OR, . . . perpen- 
dicular to AB, BO, CD, . . . i*espectively (Fig. 408). 

{ 0B==0B, ) 

Proof.— I m As OBP, OBQ, { ^0BP= lOBQ, V 

[ ^0PB==i.0QB, j 

0P = 0Q. G.2. 

Similarly 0Q = OR, OR — OS, . . . 

Thus the circle described with centre 0 and radius OP 
will pass through the points Q, R, S . . . 

Moreover AB, BC, CD, . . . will be tangents to this 
circle, for they are perpendicular to the radii OP, OQ, OR, 
. . . respectively. Tn.l 

Hence this circle will be inscribed in the polygon. 

CoBOLLAET. — The lines which bisect the sides of a regular 
polygon at right angles all pass through one point, which is 
the centre of the inscribed and circumscribed circles. 

For it is easy to prove that the lines OP, OQ, OR, . . . 
in Fig. 408 bisect the sides of the regjilar polygon at 
right angles. 
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EXERCISES GIF. 

Eiders. 

1. Show Low to inscribe a square in a given circle. 

2. Show how to circnmscnbe a squai'e to a given circle. 

3. Prove (without using Pn.4) that a circle can be circumscribed to 
a square, and that its centre will be the intersection of the diagonals of 
the square. 

4. Prove (without using Pn.4) that a circle can be inscribed in a 
square, and that its centre will be the intersection of the diagonals of 
the square. 

5. Show how to inscribe a regular octagon in a given circle, without 
using a protractor. 

6. Show how to circumscribe a regular octagon about a given circle, 
without using a protractor. 

y. Show how to inscribe in or circumscribe to a given circle regular 
polygons of 16, 32, 64, . . . sides, without using a protractor. 

8. Prove that if a regular hexagon is inscribed in a circle, then 
each side is equal to a radius. 

Hence show how to inscribe a regular hexagon in a given circle. 

9. Prove Theorem Pn.2 by a proof similar to that of Theorem Pn.3 
in § 271. 

Problems in Practical Geometry. 

10. Draw a circle of radius 4 cms. Inscribe a square and measure 
its side, 

11. Draw a circle of radius 1 *4". Circumscribe a square and measure 
its diagonal. 

12- Draw a circle of radius Inscribe a regular octagon. In 

the octagon inscribe a circle and measure its radius. 

13. Draw a circle of radius 1 *5", Circumscribe a regular octagon. 
To the octagon circumscribe a circle and measure its radius. 

14. Draw a circle of radius 1*5". Using question 8, inscribe a 
regular hexagon. In the hexagon inscribe a circle and measure its 
diameter, 

15. Draw a circle of radius 4 cms. Using question 8, circumscribe 
a regular hexagon. To the hexagon circumscribe a circle and measure 
its diameter. 

16. AB is a side of a regular pentagon, and 0 is the centre of the 
circumscribed circle. CalcuLate the angles OAB, OB A, 

^ Use this result to construct a regular pentagon ABODE on a given 
side measuring 1*4", Measure the diagonal C£. 

17. is a side of a regular 9.gon, and 0 is the centre of the cir- 
cumscribed circle. Calculate the angles OABj OBA, 

Use this result to*" sonstruct a regular 9-gon on a given side 1" long. 
Measure its altitude. 
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274. Problem, — to inscrll>e a regtilar pentagon in a 
gi’ten circler 

In Fig. 409 

Beqiiired to inscribe a regular pentagon in 0 ABC, 


A 



Cons , — Let 0 be the centre. Draw any radius OA, 
With A as vertex and AO as side describe an isosceles 
triangle A OK, having each angle at the base double of the 
angle at the vertex. § 263. 

Produce OK to meet at B, Join AB, 

By adjusting the compasses to the length ABj set off 
chords BCf CD, DE, each equal to AB, Join AE, 

Then ABODE shall be a regular pentagon. 

Proof , — Join 00 j OD, OE, 

' jLAOB is one of the base angles of /^AOK ; 
jLA0B=ilL=^l of 

\ • chords AB, BO, CD, DE are all equal, 

Z.S AOB, BOO, 00 D, DOE, are all equal, 
pence the sum of these four angles is ^ of 4R ; 

But the five angles at 0 together make up 4E ; 

remaining z. E0A = i of 4BL 
*. • Z-s AOB, BOO, 00 D, DOE, EOA are all equal, 

, *. arcs ABj BO, CD, DE, EA are all equal. 

Hence ABODE is a regular pentagon. 

OoROLLABY 1. — To circumscribe a regnlar peiLtagou to a 
given, circle. 

Use the same construction as before, and draw tangents 
at the points A, B, C, D, E, 

These tangents will form a regular jjojxtagon. Pn.s. 


§ 263. 
Ch. 5. 

AC. 6. 
Pn.2. 
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COEOLLABY 2. — To inscribe or clrcunascribe a regular 
polygon of lO, iSO, 40, 80 . . . sides to a giv^p^?Jircle. 

Bisect each, of the arcs AB, BG, . . . in Fig. 409. 

The O®® is then divided into 10 eqnal parts, and hence 
a regular decagon can he inscribed or circumscribed to 
the O. Pn.2, Pn.3. 

Bisect each of the 10 equal arcs ; O®® is then divided 
into 20 equal parts. And so on. 

276. Alternative Methods. — I. Theorebieally the sim- 
plest method for inscribing a regular decagon in a circle 
(vithout using a protractor) is as follows (Fig. 410) : — 




Fig. 411. 


Divide the radius OA at the point H in medial section. 
Mate the chord AB equal to OH, the larger segment of 
OA. Then, by § 263, is the side of the decagon. 

For 4. >4dfi = |-R = ^ 5 -X 4R. Hence arc /IB =xVO®®. 

Practically this is not a good method, because^any 
small error in the size of the arc AB becomes multiplied 
by 9 as we step out the equal arcs round the circle, and 
the final discrepancy for the tenth are may be serious. 

II. The best method for inscribing a regular pentagon 
in a given circle is as follows (Fig. 411) ; — 

Draw two perpendicular diameters A OB, COD. Bisect 
OD at E. With centre E and radius EA describe an arc 
meeting OG at F.o Then AF is equal to the side of the 
required pentagon. 



EEGTTLAR POLYGONS. 


391 


This method was not given in § 274 because it is 
vsry diffi^*^1t to prove. It is easier to prove that f 
divides OG ih medial section, and hence that OF is the 
side of the inscribed regular decagon. 


27 6. Accurate Methods for Inscribing or Circumscribing 
Eegular Polygons to Circles. — The problem of construct- 
ing a regular w-gon in or about a given circle resolves 
itself into the problem of dividing the into n equal 
arcs. Pii.2;Pii.3. 


I. The O®® can be divided into 4 equal ares by draw- 
ing two perpendicular diameters, and thence into 8 , 16, 
32, . . . equal arcs by repeated bisection. 

II. The O'® can be divided into 6 equal arcs by step- 
ping out chords equal to the radius (compare Ques. 8, 
Exercises CIV) ; and thence into 12, 24, 48, . . . equal 
arcs by repeated bisections. It can be divided into 3 
equal arcs by taking the six equal arcs in pairs. 


III. The 0°® can be divided into 5 equal arcs by the 
method of § 274 or § 275 and thence into 10, 20, 
30, . . . Hiy repeated bisections. 


IV. The O®® can be divided 
into 15 equal arcs (and thence 
into 30, 60, . . . ) as follows : — 

Construct an arc AB — 1-0®® 

(Fig. 412), and an arc 4C=-|-0®®- 
Bisect arc BC Q,t D, Then arc 
B§ = !■— T or^^O®®- Hence arc 
CD = t\0®®. 

V. G-auss has proved that a 
purely geometrical construction 
is possible also for polygons of 
17 and 257 sides, and generally for polygons of 2" -{- 1 
sides provided n be a power of 2. The proofs are beyond 
the scope of this book. Two constructions for the 17-gon 
are given in the Ediicational Times, Mar. 1906. 




392 


REGULAE POLYGONS. 


277. Accurate Metliods for Constmetiiig a Regxdar 
Polygon given one side. — ^Methods have ^^ady been 
given, for the eguilateral triangle (§ 12), ana the square 
(§ 116 ). 

Tentagon . — To describe a regular pentagon 


D 



Fig. 413. 


on base AB (Fig. 413) : — 

On AB as base describe an isosceles triangle 
DAB having each of the base angles doable 
of the vertical angle (see § 264). 

With/f,/? as centres and radius AB describe 
arcs intersecting at E : with B^D as centres 
and radius AB describe arcs intersecting at G. 
Then ABODE is the required regular pentagon. 

[A strictly logical proof of this construction 
is difficult ; it is, however, easy to show that 


if ABODE is a regular pentagon then DAB is an 
isosceles triangle having each of its base angles double of the vertical 
angle. A modification of this construction which is easily proved is 
given in Ques. 89, Exercises CVI.] 


Sexaqon . — To describe a regular hexagon on base/I5 ; 
OxL Ad as base describe an equilateral triangle OAB. 
Then 0 is the centre of the circumscribed circle of the*^ 


required hexagon. Draw this circle and step out chords 
equal to A B round its [Of, Ques. 8, Exerpises OIV.] 

Other cases are given in the following Exercises : — 


EXERCISES or {Riders). 

From the followir^g constrmtions for Regular Folygons. 

1. To inscribe an equilateral triangle in a given circle ; — Throngli 
the centre 0 draw a diameter AD, With centre D and radius DO 
describe arcs cutting the circumference at B and 0, ABO is the required 
equilateral triangle. 

2. To inscribe a regular hexagon in a given circle: — Through ^|he 
centre 0 draw a diameter AOD. With centres /I and Z? and radius AO 
describe arcs cutting the circumference* at points B, F, G, E, Then Aj 
B, 0, Dj Ef f are the angular points of the required hexagon. 

3. To inscribe a regular 12-gon in a given circle : — Through the 
centre 0 draw two perpendicular diameters, AOB, GOD, With centres 
Af BfCfD and radius AO describe arcs cutting the circumference in eight 
different points. These eight points together with A, Bj Of D form the 
angular points of the required 12-gon. 

4. To describe a regular octagon on a given base : — Bisect the given 
base AB at G : draw O^iAB. On OX mark off OD = GA : on DX mark 
off DO = DA, Then CTis the circmncentre of the required octagon. 
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5* To describe a regular decagou on a given base : — On the given 
base AB dejpribe an isosceles triangle DAB having each base angle 
double the ang|^ at 0. Then 0 is the circumcentre of the required 
decagon. 

^ 6^. To describe a regular octagon of given altitude; — Let AB be the 
given altitude. On base AB describe a square ABGD, whose diagonals 
intersect at K, With centres A, B, G, D and radius AK describe arcs 
cutting the sides 6f the square in eight different points. These j)oints 
are the angular points of the required octagon, 

278. Approximate methods for constructing regular 
polygons in or about given circles: — It is required to 
divide the circumference of a circle into n equal parts. 
There are three general methods available. 

Method I, (“ Trial and Error Method.) 

Adjust the compasses by repeated trials till they “step out” the 
exact circumference in n steps. See Ques. 9, Exercises CTII. 

This method is capable of great accuracy if '‘screw ” compasses are 
used, or better still “ screw ” dividers. 


Method II. 

Using the protractor draw n radii at angular intervals of 1 x 36U*. 

11 


Method III. 

Draw a aiameter AB (Fig. 414) and 
divide it into n equal parts (§ 115). Let 
K be the second division mark from A, 
and G the vertex of an equilateral triangle 
ABO. If CK produced meets in X, 
then 

arc AX = ^ (approximately). t 

It can be proved that this construction 
gives acciorate results when n is 3, 4, or 6. 

The following table shows the percentage 
error in the arc AX for several other values 
of n (excess is indicated by the + sign, Fig. 414. 

and defect by - ) : — 

When^ = 5, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17. 

Percentage 1 ^ .4^ ^ . 7 ^ + ^ 2, + 2, + 2, + 2, + 3, + 3. 

eiror j 

The error is 1 per cent., or under, up to and including the decagon. 



t This method was discovered by Renaldinus in the 17th century. 
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379. Approximate methods for constructing a regular 
polygon on a given side : — 


Method I. 



If AB is the giren side (Fig. 415), 
draw a circle with centre B and 
radius BA, cutting AB produced in 

K, Mark off an arc KG = 

n 

(by the trial and error’’ method or 
otherwise). Then BG is the adjacent 
side of the required polygon. 

Bisect AB, BG at right angles by 
two lines meeting at 0/ then 0 is 
the centre of the circumscribed circle, 
and the required polygon is easily 
completed. 


Ex]olmiaHo7u 

Exterior angle of the required regular polygon = “ 4R. Pn. 1. 

Since arc CK lGBK = ^ x 4R. 

Thus BG is in the correct position for the adjacent side of tho 
polygon. 

Note. — T his method is tlieoreticalbj exact if arc /TC is exactly 
1 

equal to ~ 0°®- PracUcally it does not give good results. 


Method IL 

The method given in Ques. 16, 17 of Exercises CIV, can be used for 
any regular polygon. 


280.* The following special methods are given by Mr. A. J. P|^ss- 
land in Vol. LX of the Educatioiial Times, 


Eegular ^~gon: — Draw a radius OA and bisect it at K, Draw a line 
KB meeting at B and making c A KB = f R. Then arc ^ O®®* 
(Error, - *03 %.) 

Other regular polygons : — The side of the regular 11-gon inscribed in 
a circle is i the diagonal of the circumscribed square. (Error, 4- *4%.) 
If S„ represents the side of a regular 7i-gon inscribed in a circle, then 






= i Sa (Error, %); 

^ (Error, %) 

= f S4 (Error, 
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UXEMOISES CVL 
PRACTICAL Geometry. 

Draw a circle of radius 3": find the length of one side, and hence 
calculate the perimeter, of the following inscribed and circumscribed 
regular figures: — 

1. Equilateral triangle. 2. Square. 3. Pentagon. 

4. Hexagon. S.f Heptagon. 6.t Octagon. 

7.t 9-gon. 8.t 10-gon. 9.+ 12-gon. 

lO.t 18-gon. Il.t 30-gon. 

13.t Which of these perimeters differs least from the circumference 
of the circle and by how much does it differ ? [tt = 3*14.] 

13. Draw a regular pentagon on a base of 2^' and find its area. 

14. Dx'aw a regular octagon on a base of 1 *4", and find its area. 

15. Draw a regular 9-gon on a base 1" and measure its altitude. 

16. Draw an equilateral triangle of side 2". Take a point A on one 
side of this triangle, ’5" from one vertex. Inscribe a second e<iuilateral 
triangle having one angular point at A, Measure its side. 

17. Draw a square of side 1*5". Inscribe an equilateral triangle in 
the square, one vertex of the triangle being at one comer of the square. 
Measure its side. 

18. luscttbe a regular hexagon in an equilateral triangle of side 2". 
Each side of the triangle is to contain two vertices of the hexagon. 
Measure the side of the hexagon. 

19. Inscribe a regular pentagon in a circle of radius 2". In this 
pentagon inscribe a regular decagon. Each side of the pentagon is to 
contain two vertices of the decagon. Measure the side of the decagon. 

20. Draw an equilateral triangle ABO of side Draw a regular 
hexagon having A G for alternate vertices, and measure its side. 

e21. Draw a square ABGD of side 2" Draw a regular octagon having 
>4, Rj C, Z? for alternate vertices, and measure its side. 


Calculations. 

22. Find the area of a square inscribed in a circle of radius r. 

23. Find the area of a regular hexagon inscribed in a circle of radius r. 

24. * Calculate the area of a regular octagon whose altitude is cl 

t An accurate result is difidcult to obtain small error in the side 
may become serious when multiplied by the number of sides. 
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25. It is obvious that the perimeter and area of a regular 1000-gon 
cireumsoribed to a circle are practically equal to the circw,;ference aij^d 
area of the circle itself. Assuming this, find the are^ of a circle of 
radius r, given that the circumference is 27rr. [See also Ques. 31.] 

26. Find the area of an equilateral triangle of perimeter 24'^ 

27. Find the area of a square* of perimeter 24^^ 

28. Find the area of a regular hexagon of perimeter 24''. 

29. ’*^ Find the area of a regular octagon of perimeter 24". 

30. Find the area of a circle of perimeter 24". [Use Ques. 25.] 
What fact is mggestedhj the I’esults of Ques. 26-30 ? 


RmEifS. 

31. A polygon is circumscribed to a circle, Show that its area is 
equal to half the product of its perimeter and the radius. 

32. ABCDEFGH is a regular octagon. Prove that AB is perpen- 
dicular to CD, 

33. ABCDEF ... is a regular polygon. Prove that AD is parallel 
to BG. 

34. ABCDEF is a regular hexagon. Prove that ABDE is a rectangle. 

35. ABCDEFGH is a regular octagon. Prove that ABEF is a rect- 
angle. 

36. An irregular polygon having an even number of sides is inscribed 
in a circle ; prove that the sum of one set of alternate angles is equal 
to the sum of the other set. 

37. An irregular polygon having an even number of sides is circum- 
scribed to a circle ; prove that the sum of one set of alternate sides is 
equal to the sum of the other set. 

38. Prove the following construction for inscribing a regular penta- 
gon in a given circle : — ■ 

Draw an isosceles triangle XYZ, having each of the base angles 
double of the vertical angle. In the given circle inscribe a triangle 
ACD equiangular to XYZ. Bisect the base angles C, D by lines meeting 
the circumference at E, B, Then ABCDE is the regular pentagon. 

Also join BE and prove that every angle in the resulting figure has 
one of the values |R, 4R, 

39. Prove the following construction for describing a regular penta- 

gon on a ^ven,base>4R — On AB sls base describe an isosceles triangle 
DABj having each of the base angles double of the vertical angle. Draw 
the circle ABD, Bisec^ as A^ B, by lines meeting C> E Then 

ABCDE is the regular pentagon. 
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40 . ABODE . . . is a regular polygon, and 0 is the centre of the cir- 
<iimscribin^ circle. Prove that the circle through the points 0^ B, 0 
touches the IiSks AB, GD. 

41. An equiangular polygon is inscribed in a circle. Prove that 

alternate sides are equal. Hence prove that, if the number of sides is 
odd, all the sides are equal. AO.0, AC. 6c. 

42. ABODE is a regular pentagon. A'' circle is described with centre 
A and radius AC, Prove that CD is the side of a regular decagon 
inscribed in this circle. 

43. Any regular polygon is symmetrical about (i) the line which 
bisects any side at right angles, and (ii) the line which bisects any angle. 

44. The line joining the middle point of one side of a regular penta- 
gon to the opposite vertex is perpendicular to that side. 

45. * The line joining the middle point of one side of a regular 11-gon 
to the opposite vertex is perpendicular to that side. 

46. * Show how to describe a pentagon given one diagonal. 

4T.* Draw a circle and divide its into five equal parts at the 
points A^ B, 0, D, E, Join AO, OE, EB, BD, DA. These straight lines 
form a star-shaped figure, t consisting of a central pentagon surrounded 
by five triangles. Prove that this pentagon is regular. [Rotate the 
figure about the centre of the circle.] 

UXEEOIBES QVIL 
MlSCELLA.]SrEOTJS Ribehs. 


Rectangle-Theorems. 

1. ABO is an equilateral triangle and D any point in R£?; prove 
that the square on BO is equal to the rectangle [BDj DC) together with 
the square on AD. 

2. State and prove the theorem corresponiling to Ques. 1 when D is 
in BO produced. 

3. If DE be drawn parallel to the base BO of an isosceles triangle 
A/BGj the square on BE is equal to the square on OEj together with the 
rectangle contained by BG, DE. 

4. is a given diameter of a circle, and OD any parallel chord ; 
if any point £ be taken in AB, and £ be joined to 0 and £, pi’ove that 
the sum of the squares on EA^ EB is equal to the sum of the squares 
on EG, ED. 

5. If the tangents from a given point to any number of intersect- 
ing circles are equal, all the common chords of the circles pass through 
that point. 

t Known as the pentagram and supposed m ancient times to have 
magic properties. 
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6. Two circles whose centres are at A and B intersect at right 
angles, and their common chord meets AB in 0 ; if OD is chord 
the first circle passing through Bj show that the four po^ts A, C, D, 0 
are concyclic. 

7. Divide a given straight line into two parts, so that the rectangle 
contained by the parts may be a maximum. 

8. Divide a given straight line into two parts so that the sum of 
the sq[uares on the two parts may be a minimum. 

9. Divide a given straight line into three parts, so that the sum of 
the sq^uares on the three parts may be a minimum. 

10. From a point P outside a circle draw a line PQR meeting the 
ciuple and such that PBQR is oquBl to a given square. 

11. * AB is a diameter of a circle, CD a chord ± AB ; a line APQ 
meets the circle in Q and CD in P, Prove that AP.AQ is constant. 

12. * A semicircle is described on AB. Any two chords AD^ BC 
intersect in P ; prove AB"^ = AD.AP + BC,BP. 

13. * If the common tangents of two intersecting circles meet 
the common chord produced in X and show that the sum of the 
squares on a common tangent and on the common chord is equal to the 
square on XY, 

14. * In any quadrilateral the sum of the squares on the diagonals 
is equal to twice the sum of the squares on the straight lines joining 
the middle points of the opposite sides. 

15. * In any quadrilateral, two of whose opposite sides are parallel, 
the sum of the squares on the diagonals is equal to the rum of the 
squares on its non-parallel aides, together with twice the rectangle 
contained by the parallel sides. 

16. * ABC is any triangle and its medians intersect in G ; if P be 
any point, show that the sum of the squares on AP^ BP, CP is greater 
than the sum of the squares on AG, B6 and CG by three times the 
square ou GP, 

17. * ABC is any triangle ; find a point P within it such that the sum 
of the squares on AP, BP and is a minimum. 

18. * Find the position of a point such that the sum of the squares 
its distances from four given fixed points is a minimum. 

19*. If A, B, C, D are fixed points, and P is a point such that the 
sum of the squares on PA, PB is equal to the sum of the squares on 
PC, PD, prove that the locus of P is a straight line at right angles to 
the line joining the middle points of AB, CD. 

20. * In the last question prove that the locus of P passes through 
the intersection of the lines drawn perpendicular to either of the pairs 
of lines AG, BD or AD, BO at the middle points. 

21. * ABCD is a \\^. A circle through A cuts AB, AC, AD in F, 6, H. 

Prove that = 
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On Polygons. 

22. What ar^tlie values of w (<20) for wliich ^it is impossible to 
describe a regular polygon of n sides by a purely geometrical con- 
struction ? 

23. Prove that the area of the regular hexagon /}5CDfF is double the 
area of an equilateral triangle inscribed in the same circle. 

24. From the vertices of a given triangle draw straight lines which 
shall form an equilateral hexagon, whose area shall be double that of 
the triangle. 

26. Show that the straight lines, which join the alternate vertices of 
a regular hexagon, intersect to form another' regular hexagon, the area 
of which is one-third the area of the original hexagon. 

26. Show that four times the area of a regular hexagon inscribed in a 
circle is equal to three times the area of the corresponding circum- 
scribed hexagon. 

2Y. If two equilateral triangles have a common inscribed circle, prove 
that the points of intersection of the sides form an equilateral hexagon. 

28. If the alternate angles of an equilateral hexagon be equal to one 
another, a circle can be inscribed in the hexagon. 

29. * ABCDEF is a regular hexagon inscribed in a circle ; another circle 
As described passing through A and 5, and cutting the first circle ortho- 
gonally ; and a third circle is described through A and G, and cutting 
the first circle orthogonally ; show that the radius of the second circle 
is one-third the radius of the third circle. 

30. * If any point P be taken within the regular n-gon ABODE . . * , and 
perpendiculars be drawn from P to each of the sides, prove that the 
sum of these perpendiculars is equal to n times the radius of the 
inscribed circle. 

31. * ABODE is a regular pentagon, and AC and BE meet in F ; show 
that the circle OF touches the side ABj wliere 0 is the centre of the 
circuin-circle of the pentagon. 

ABODE is a regular pentagon, and >4C, i6Z) intersect at /f; prove 
that AK^ABj and hence that K divides AC in medial v<^ection. 

33. * Show that the difference of the squares on a diagonal and on a 
side of a regular pentagon is equal to the rectangle contained by them. 

34-* Using Fig. 409, prove that the square on the side of a regular 
pentagon inscribed in a circle is the sum of the squares on the sides 
of the regular inscribed hexagon and decagon. Hence prove the 
construction for the pentagon given in § 275 . 
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Tee claief object of tbis list of Propositions is to serve lor an inaex 
to tbe reference symbols used throughout the book* As the Proposi- 
tions are given in their logical order, the list will also be found useful 
as a summary of the course of Theoretical Geometry. 

In order that this summary should be complete, the contents of 
Chapters Y, VII, XIII, and XYII (Problems) and of Chapter XIY 
(Miscellaneous Propositions) have been included.^ It should however be 
remembered that none of these form an essential part of the logical 
course, and that the contents of Chapter XIY cannot claim to rank as 
Propositions in the usual acceptation of the term. 


CHAPTER II* — ^Angles and Parallels. 


Angles* 

A.I. — The two angles which one straight line makes with 
another straight line on one side of it are together equal to two 
right angles {Uuc. L 1$) 83 

A*lc. — If at a point in a straight line, two other straight lines 
on opposite sides of it make the adjacent angles together equal to 
two right angles, these two straight lines shall be in the same 
straight line {Euc. L I 4 ) 84r 

A* 2. — Each of the angles formed by two intersecting straight 
lines is equal to the vertically opposite angle . {Eicc. L 15) 86 

Parallels. 

P*l. — If a straight line meeting two other straight lines in the 
same plane makes two alternate angles equal to one another, these 
two straight lines shall be parallel . . . {Euc, L ^7) 88 

P.2. — If a straight line, meeting two other straight lines, 
makes an exterior angle equal to the interior and opposite angle 
on the same side of the line ; or if it makes the two interior 
angles on the same side together equal to two right angles ; then 
the two straight lines shall he parallel . . {Euc, I. ^S) 90 

Playfaipw's Axiom. — I t is not possible that there should be 
two straight lines drawn through the same point and parallel to 
the same line 9] 

P.lc, — If a straight line meets two parallel straight lines, it 
shall make the alternate angles equal to one another (Euc, L B9) 9 1 

P.2c. — If a straight line meets two parallel straight lines, it 
shall make each exterior angle equal to the interior and opposite 
angle on the same side of the line, and each pair of interior angles 
on the same side of th^, line together equal to two right angles 

{Euc, L $9) 
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— If straight lines are parallel to the same straight 

line they are pajf^llel to one another . • , {Euc. L 30) 

P,4. — If the two arms of one angle are respectively parallel to 
the two arms of another, then the angles are either equal or 

supplementary 

P.5. -[See Chapter lY.] 


CHAPTER III.— Triangles. 

Triangles. 

T.I.— If any side of a triangle is produced, the exterior angle 
so formed is equal to the sum of the two interior and oppo- 
site angles : also, the three angles of a triangle are together 
equal to two right angles .... {JEhic. L 32) 
ET.l.t — In a, right-angled triangle the two acute angles are 
together equal to one right angle. ...... 

Polygons. 

Pn. 1. — If all the sides of a convex polygon be produced in the 
same direction round the polygon, the exterior angles so formed 
are together equal to four right angles ; and in any convex 
nolygon the sum of the interior angles, together with four right 
mgles, is equal to twice as many right angles as the figure has 
ddes . {Euc. L 32 ^ Oor,) 

Congruence 

C.L — If u^.angles have two sides and the included angle 

in the one respectively equal to two sides and the included angle 
in the other, then shall these triangles he congruent. (Ezic, L 4) 
C.2. — If two triangles have two angles and one side in the 
one triangle respectively equal to two angles and the correspond- 
ing side in the other triangle, then the two triangles shall be 
congruent {Em. L 26) 

Triangles. 

®i2. — If two sides of a triangle are equal, then shall the angles 
opposite to these sides be equal .... {Euc. L 5) 
T.2c. — If two angles of a triangle are equal, then the sides 
opposite to these angles gre also equal . . {Em, L 6) 

Congruence. 

0.3. — If the three sides of one triangle are respectively equal 
to the three sides of another triangle, the two triangles shall be 
congruent ........ {Eiw. J. 8) 

t For the remaining Theorems on Kiffht-angled Triangles 
Chapter IX. 

MAT. GEO. I> D 
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PAGE 

C.4. — If the hypotenuse and one side of one righ^ angled 
triangle are respectively equal to the hypotenuse and^frne side of 
another right-angled triangle, then the two triangles shall be 
congruent 122 

C.5. — If two sides of one triangle are respectively equal to two 
sides of another, and if the angles opposite to one pair of equal 
sides are equal, then shall the angles opposite to the other pair of 
equal sides be either equal or supplementary. t (Cf. Exio, VL 7) 125 

Triangles. 

T.3. — If one side of a triangle is greater than another, then the 
angle opposite to the first side shall he greater than the angle 
opposite to the second [Eug, /. 18) 123 

T.Sc . — If one angle of a triangle is greater than another, then 
the side opposite to the first angle shall be greater than the side 
opposite to the second (Etco* L 19) 123 

T.4. — Any two sides of a triangle are together greater than 
the third {Bxcc, L ilO) 124 

T.6. — The shortest lino which can he drawn from a given point 
to a given line is the line which is perpendicular to the given line ; 
and of any other two lines drawn from the given point to the 
given line on one side of the perpendicular, that which is nearer to ^ 
the perpendicular is less than that which is more remote . .128 

T.6. — If the two sides of one triangle are respectively equal to 
the two sides of another, and if the vertical angle of the first 
triangle is greater than the vertical angle of the second triangle ; 
then the base of the first triangle shall be greater than the base 
of the second {Eioc, L 129 

T.6c!. — If the two sides of one triangle are respectively equal 
to the two sides of another, and if the base of the first triangle 
is greater than the base of the second triangle ; then the vertical 
angle of the first triangle shall be greater than the vertical angle 
of the second ....... {Euc. L ^5) 130 

T.7.-[See Chapter lY.] 


CHAPTER rv. — ^P arallelogeams. 

Parallelograms. 

Pm.l. — In any parallelogram, opposite sides are equal, and 
opposite angles are equal ; also each diagonal divides the parallel- 
ogram into two congruent triangles . . , (Euc^ L $4) 136 

t The Corollary to this propositionedepends on T.3. 
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— (i) Tf tlie opposite sides of a quadrilateral are equal, 
it is a parallelofram ; also, (ii) if the opposite angles of a 
quadrilateral are equal it is a parallelogram .... 

Pm.2. — If in a quadrilateral two opposite sides are equal and 
parallel, then the quadrilateral is a parallelogram, and the other 
two sides are also equal and parallel . . {Enc^ I, SS) 

Pm.3. — If one angle of a parallelogram is a right angle so ate 
all the others 

Pm,4. — The diagonals of a parallelogram bisect each other 

Pni.5. — The diagonals of a rhombus or square bisect its angles 
and are perpendicular to each other 

Pm.6. — The diagonals of a rectangle or square are equal . 

Pm.7. — If two parallelograms have two adjacent sides of the 
one respectively equal to two adjacent sides of the other, and 
have also the angles included between those sides equal, then the 
two parallelograms shall he congruent ..... 

Pm.8. — [See page 196, Ques. 13.] 

Parallels.t 

P.5. — If there are three or more parallel straight lines and if 
4he intercepts made by them on any one transversal are equal, 
then the intercepts made by them on any other transversal are 
equal 

Triangles,! 

T,7. — (i) The line which joins the middle points of the sides of 
a triangle is parallel to, and half the length of, the base j and (ii) 
the line drawn parallel to the base, from the middle point of one 
side, bisects the other side and is half the length of the base 

(Of. Etiq, VL S) 


CHAPTER V. — ^Problems. 

To bisect a given angle. .... (^Euc, L 9) 

At a given point in a given straight line to construct an angle 
equal to a given angle [Euc. L 2S) 

To draw a line through a given point parallel to a given straight 
line (Em, L SI) 

To draw a line perpendicular to a given straight line from a 
given point within it [Eue, L 11) 
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t For the remaining Theorems on Parallels Chapter II. 

$ For the remaining Theorems on Triangles see Chapters III, XVL 
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To bisect a giv^en straight line . . . L 10) 

To draw a line perpendicular to a given straight STne from a 
g\ven point without the line » . . . {Emc, I, 12) 

To divide a eiven straight line into five eniial parts 

(Of. Euc. VL 9, 10) 

To construct a square given one side . . {Euc. L 4^) 


CHAPTER VI— Lool 

L.l. — The locus of a point which is at a given distance from 
a given point is (the circumference of ) a circle whose centre is 
the given point and whose radius is the given distance . 

L.2. — The locus of a point which is at a given distance from a 
given line, on one side of it, is a line drawn parallel to the given 
line through any point which lies at the given distance from the 
given line ..... ...... 

L.3. — The locus of a point which is equidistant from two given 
points is the straight line which bisects at right angles the line 
joining the two given points ....... 

L.4. — The locus of a point which is equidistant from two given 
intersecting straight lines is the pair of straight lines which bisect 
the angles between the given lines ...... 

L.5.--[See Chapter YII.] 1.6,— [See Chapter ML^ 

1.7.— [See Chapter XVL] L.8.— [See Chapter XVI.] 


CHAPTER VII— Areas. 

Areas, 

Ar.l. — The area of a rectangle is given by the product of the 

lengths of two adjacent sides 

Ar.3. — Parallelograms on the same base and between the same 
parallels are equal in area ..... {Euc, I, 35) 
Ar.3. — If a parallelogi'am and a triangle he on the same base 
and between the same parallels then the area of the parallelogram 
shall be double that of the triangle , . . {Euc, Z 41 ) 

Ar.4. — Parallelograms on equal bases and between the same 
parallels are equal in area {Euc, Z 36) 

Ar.5, — Triangles on equal bases and between the same parallels 
are equal in area ...... {Euc. Z 38) 

^ Ar.Sc. — Equal triangles on equal bases in the same straight 
line, and on the same of it, are between the same parallels 

(Euc, Z 40) 
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L.5*- — Tlie loans of tlie vertex of a triangle of given area and 
standing upon a given base consists of two straight lines parallel 
to the base 


PAGE 


110 


CHAPTER Vin. — ^Peoblems on Area. 

To divide a parallelogram or triangle into any given number of 

equal parts . . .190 

To construct a triangle equal to a given convex polygon . . 200 

To construct a triangle equal to a given triangle, given one 
side and an adjacent angle of the required triangle . . 202 


CHAPTER IX — The Right-angled Triangle. 

ET.l. — See Chapter III. 

ET.2. — In a right-angled triangle the square described on the 
hypotenuse is equal in area to the sum of the squares described 
on the other two sides [JEnc J. j^7) 212 

ET.2c. — If the square described on one side of a triangle is 
equal to the sum of the squares described on the other two 
sides, the angle contained by these two sides is a right angle, 

{Em.L%S) 21S 

ET.3. — In>a right-angled triangle the square on either side 
containing the right angle is equal to the rectangle contained by 
the hypotenuse and the projection of that side on the hypotenuse 

{Euc. VI. S Got.) 218 


CHAPTER X.— The Circle : Symmetry. 

Sy.l, — If two points are symmetrical about a given axis, 
then (i) their join is bisected at right angles by this axis, and 
(ii)«their joins to any point on the axis are equal, and form an 

angle which is bisected by the axis 222 

Sy.lc . — Two points are symmetrical to a given axis if (i) their 
join is bisected at right angles by this axis, or (ii) their joins to 
some point on the axis are equal, and form an angle which is 
bisected by that axis 228 

Sy.2.-A circle is symmetrical about any diameter . . 228 

Sy,3, — If a pair of points is symmetrical to a second pair, 
then the joins of these paii‘S either are parallel to, or meet on, 
the axis of symmetry 224 

t Eor the remaining theorems on Loci see Chapters VI, XII, XYI, 
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CHAPTER XI. — The Cirolb : Chords ANiy Tangents. 
Cliords. 

PAGE 

Ch.l. — If a diameter of a circle bisects a chord which is iiot a 
diameter, it is perpendicular to that chord ; and conversely if the 
diameter is perpendicular to the chord it bisects it {Enc. Ill, S) 232 

— The line which bisects any chord of a circle at right 
angles passes through the centre .... Ill, 1) 233 

Ch.3. — It is possible to draw one, and only one, circle through 
three points which do not lie in a straight line (Cf. Eioc, IV, 6) 234 

Ch.4. — In any circle equal chords are equidistant from the 
centre ; and conversely, chords which are equidistant from the 
centre are equal {Euc, III, 14 ) 236 

Ch.5. — In any circle, if two chords are equal they subtend 
equal angles at the centre ; and conversely chords which subtend 
equal angles at the centre are equal . . (Cf. Eicg, III, BS) 237 

Ch.6. — In any circle the diameter is the greatest chord. And 
of any other chords, a chord which is neai*er to the centre is greater 
than one which is more remote ; and conversely, a chord which is 
greater than another is nearer to the centre . {Euc, III, 15) 238 

Ch.T. — If two circles cut one another, the line joining their 
centres bisects the common chord at right angles t • ^ .243 

Tangents. 

Tn.l.— The line drawn through any point on the circumference 
of a circle at right angles to the radius through that point is a 
tangent to the circle ; and any other line drawn through that point 
is a secant {E%(^, III, 16) 240 

Xii»2. — If two tangents are drawn to a circle from the same 
point outside the circle, they are equal in length ,* also the line 
joining this point to the centre bisects the angle between the tan- 
gents and the angle between the radii to the points of contact of 
the tangents, and bisects at right angles tlie line joining the 
two points of contact 241 

Tii.3, — If two circles touch one another then (i) the join of 
their centres passes through the point of contact, and (ii) the 
distance between their centres is equal to the sum or difference of 
their radii {Euc, III, 11, M) 244 


t In the text Ch 7 (^las been placed immediately before Tn.3, to 
which it is closely related. 
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CHAPTiSR XII. — The Circle : Angular Properties. 

Angular Properties. page 

AC.l. — The angle which an arc of a circle subtends at the 
centre is double that which it subtends at any point on the 
remaining arc of the circumference . . , (Mic. Ill, ^0) 254 

AC. 2. — Angles in the same segment of a circle are equal 

{Etcc, IIL 21) 255 

A0.2c. — If the line joining two points subtends equal angles at 
two other points on the same side of it, then the four points are 
concyclic 256 

LocLt 

L. 6. — The locus of the vortex of a triangle drawn on one side 

of a given base and having a given vertical angle is the arc of a 
segment of a circle on that base 257 

Angular Properties. 

AO. 3. — If a quadiulateral be insciibed in a circle the sum of 
‘ach pair of opposite angles is equal to two right angles 

{Elia. IIL 22) 257 

AC. 3c. — If two opposite angles of a quadrilateral are together 

equal to twcright angles then the vertices of the quadrilateral are 
concyclic 258 

AC. 4. — (i) Any angle in a semicircle is a right angle, (ii) Any 
angle in a segment greater than a semicircle is less than a right 
angle, (iii) Any angle in a segment less than a semicircle is 
greater than a right angle .... {Em. IIL SI) 260 

AC 6. — If a chord be drawn from the point of contact of a 
tangent to a circle, then each of the angles which the chord makes 
with the tangent is equal to the angle in the alternate segment of 
th(S^circle [Eue. IIL 32) 261 

AC. 6c. If a line drawn through one extremity of a chord of 
a circle makes an angle on one side of the chord equal to the 
angle in the alternate segment, then this line is a tangent to the 
circle 262 

AC. 6. — In equal circles if two arcs subtend equal angles at the 
centre they are equal ..... {E%tc. III. 26) 262 

AC.6c. — In equal circles, if two ares are equal they subtend 
equal angles at the centres .... {Euc. IIL 27) 264 


t For the remaining theorems on Loci see Chapters VI, VII, XVI. 
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LIST OF PROPOSITIONS. 


CHAPTER XIII. — The Circle: Problems. 

To bisect a given, arc {E^ 60 , III. 30) 

Given an arc of a circle, to find its centre . {Uuc. III. ^6) 
From a given point to draw a tangent to a given circle 

(JSuc. Ill 17) 

To draw the direct common tangents to two nneqnal circles 
To draw tbe transverse common tangents to two given circles 
To circumscribe a circle to a given triangle , {Etoc. IV. 5) 
To draw a circle touching three given lines which are neither 

concurrent nor all parallel {Euo. IV. 4) 

From a given circle to cut off a segment to contain a given 

angle (Euc. IIL 34) 

On a given base to draw a segment of a circle to contain a given 

angle {Eiic. III. 33) 

In a given circle to inscribe a triangle equiangular to a given 

triangle {Eicc. IV. 

To circumscribe to a given circle a triangle equiangular to a 
given triangle {Euc. IV. 3) 


CHAPTER XrV. — ^Miscellaneous Propositions. 

The three lines which bisect the sides of a triangle at right 
angles are concurrent 

The three lines which bisect the angles of a triangle are 
concurrent 

In any triangle the three medians are concurrent . 

The three lines drawn from the vertices of a triangle perpen- 
dicular to the opposite sides are concurrent .... 

ABG is a triangle and P is any point upon its circmn-circle. 
PDj PEj Pf are perpendicular to the sides BGy GA, respectively ; 
prove that D, E, F are collinear ....... 

If two circles cut one another they form the same angle at each 
intersection 

Of all triangles of given area upon a given base the isosceles 
triangle is the one of minimum perimeter 

Of all triangles of given area the equilateral triangle has the 
minimum perimeter 

Of all quadrilateral given area the square has the minimum 
perimeter 


PAGE 

277 
27T 

278 
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281 
282 

282 

285 

286 
288 
288 


304 

805 

306 

^809 

811 

812 

315 
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816 



LIST OF PEOPOSmONS. 


409 


CHAPTER XV. — The Composition of Eectangles. 

PAGE 

R.l. — If a rectangle be divided (internally or externally) by 
lines parallel to its sides then any of the quadrilaterals so formed 
is a rectangle^ and its opposite sides are equal .... 331 

R.2. — The rectangle contained by any given line and the snm 
(or difference) of two other given lines is equal to the sum (or 
difference) of the rectangles contained by the first line and each 
of the other two lines (Euc. IL 1) 334 

R.3. — If a line be divided internally at any point, then the 
square on the line is equal to the sum of the squares on the 
segments plue twice the rectangle contained by the segments 

{B%c. IL 4) 535 

B,4. — If a line be divided externally at any point, then the 
square on the line is equal to the sum of the squares on the 
segments mimis twice the rectangle contained by tlie segments 

{Euc, IL 7} 336 

R.5. — The difference between the squares on two given lines is 
equal to the rectangle contained by the sum and the difference of 
the two given lines {Eue, IL d, 6) 338 

11.6. — Tlfe sum of the squares on the sum and difference of two 
lines is equal to twice the sum of the squares on the two lines ; 
also the difference of the squares on the sum and difference of two 
lines is equal to four times the rectangle contained by the two 
lines ........ {E'lcc. IL 8^ 9, 10) 339 


CiHAPTER XVI. — Reotangle-Theoeems on Teiangles 

ANH CiECLES. 

On Triangles, t 

T.8. — In an obtuse-angled triangle the square on the side opposite 
to the obtuse angle is equal to the sum of the squares on the sides 
containing the obtuse angle pUis twice tbe rectangle contained by 
one of these two sides and the projection of the other upon it 

(Euc, IL 12) 348 


t For the remaining Theorems on Triangleaieee Chapters III, IT. 
MAT, GEO. 



410 


LIST OF PROPOSITIONS, 


T.9. — In any triangle the square on the side opposite to tn. acute 
angle is equal to the sura of the squares on the two sides^ containing 
that angle mimos twice the rectangle contained by one of these 
two sides and the projection of the other upon it (^wc. //. IS) 

T.IO. — The sum of the squares on the two sides of a triangle 
is equal to twice the sum of the squares on the half of the base 
and the median which bisects the base. Also, the difference 
between the squares on the sides of any triangle is equal to twice 
the rectangle contained by the base and the projection on the base 
of the median which bisects it 


Loci.t 


L.7. — The locus of a point, which moves so that the sum of the 
squares on its distances from two fixed points is constant, is a 
circle 

L.8. — If a point moves so that the square on its distance from 
one fixed point exceeds the square on its distance from another by 
a constant area, then the locus of the moving point is a line 
perpendicular to the join of the fixed points * . . . 


On. Circles, 

RC.l, — If two chords of a circle intersect at a point within the 
circumference, then the rectangle contained by the segments of 
the one chord shall be equal to the rectangle contained by the 
segments of the other (Hue, III. SS) 

BG.lo. — If two lines divide each other internally so that the 
rectangle contained by the segments of the one line is equal to 
that contained by the segments of the other, then the four 
extremities of the two lines are ooncyclic points 

BC,2 — If two chords of a circle intersect at a point without the 
circumference, then the rectangle contained by the segments of 
the one chord shall be equal to the rectangle contained by the 
segments of the other 


PAGE 


349 


364 


354 


366" 


358 


359 


360 


t For the remainingE^heorems on Loci see Chapters YI, YII, XIL 
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PAGE 

ECi3.“I:^ chord of a circle is divided externally by a tangent, 
t)le rectangle contained by the segments of the chord is equal to 
the sqnai'e on the tangent ..... {Bug. III. S6) 362 

EC.2c. — If two lines divide each other externally so that the 
rectangle contained by the segments of the one line is equal to 
that contained by the segments of the other, the four extremities 
of the two lines are concyclic points 362 

E0.3c.' — If a chord of a circle is divided externally at a given 
point and if a line is drawn from this point to the circumference 
such that the square on this line is equal to the rectangle contained 
by the segments of the chord, then this line touches the circle 

{Eicc, IIL 37) 363 


Eadical Axis. 

The radical axis of two circles is a straight line perpendicular to 


the join of their centres . 366 

To construct the radical axis of two given circles . . . 367 


CHAI*TER XVn. — ^Problems on Rectangles. 


To construct a square equal to a given rectangle {Btoc. IL 14) 369 

To divide a given lino internally so that the rectangle contained 
by the segments is equal to the square on a given line . . 369 

To divide a given line externally so that the rectangle contained 
by the segments is equal to the square on a given line . .370 

To divide a given line internally in medial section 

[Bug, IL 11) 372 

To divide a given line externally in medial section . . .372 

To construct an isosceles triangle having each base angle double 
of the vertical angle, given one side of the triangle 

{Bug, IV. 10) 374 

To construct an isosceles triangle having each base angle double 
of the vertical angle, given the length of the hpse . . .375 
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CHAPTER XPIIL— Regular Polygons. 

r 


PACE 

Pii.2.t — If the circumference of a circle be divided into any 
number of eq^ual parts, and if the points of division be joined in 
order, then the joining lines form a regular polygon inscribed in 
the circle (Of. Hue, IF. 11) 382 

Pn.3. — If the cireumferenoe of a circle be divided into any 
number of equal parts, and if tangents to the circle be drawn at 
the points of division, then these tangents form a regular polygon 
circumscribed about the circle . , . (Of. Eua. IF. IS) 383 

Pn.4.— The bisectors of the angles of a regular polygon all meet 
in a point : also with this point as centre circles can be circum- 
scribed to, and inscribed in, the polygon (Of. Eug. IF, 13, 14 ) 386 

To inscribe a regular pentagon in a given circle {E%c. IF. 11) 389 


t For Theorem Pn.l, see Chapter III. 




ANSWEES. 


SlJSJtClSJSS 1 {Page 5). 

9. B. 10. £ 16. (i) No. (ii) At Q. 


EIEBCmS II {Pages 7, 8). 

1. 4 ’2", 1'9" 4'8". 3. 9 ‘4 cms., 6*6 cms., 13 ‘4 cms. 8. 3*7", 
2-6" 5-3" 4. 107 cms., 4-8 cms., 12-2 cms. 5. 7", I'S", 2-6", 
3'2". 6. 1*4 cms., 2‘8 cms,, 4‘1 cms., 67 cms., 7'5 cms. 


EXERCISES HI {Pages 12, IS). 


1. 2-53", 6-43 cms. 
4. 1-87", #74 cms, 

7. 2-58", 6-55 eras. 

10. 1-10", 2-80 cms. 
13. 23-8 miles. 

16. 16-2 miles. 


2. 3-47", 8-81 cms. 
6. 0-66" 1-42 cms. 

8. 2-31", 6-86 cms. 

11. 3-27", 8-31 cms, 
14. 6-4 miles. 


3. 2-75", 6-99 cms. 
6. 2-22" 5-64 cms. 

9. 1-88", 4-77 cms. 
13. 0-82" 2-09 cms. 
15, 19-4 miles. 


EXERCISES IV {Page 16). 

J.1, Impossible, 13, Impossible. 

EXERCISES V {Page 19). 

1. AGB (or BCA) ; DEF (or FED) ; HGK (or KGH) ; LNM (or MNL). 
3. AGB (or BGA ) ; DFE (or EFD) ; fi/Z/T (or KHG) ; LNM {ovMNL). 
3. PQ and PR. 4. YX and YZ. 6 . PQR (or RQP). 

6. ZYX (or XYZ). 7. PQR (or RQP). 8. QPR (or RPQ) 
9. XZY (or YZX). 10. Greater. 13. E is the greatest and B 
the smallest. 18. D is the greatest and M smallest. 

141 Angle //= angle K. 16. All three angles are equal. 

MAT. GEO. 413 F F 
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EXERGI8ES VI {Page 20). 

1. {a) Twice, (J) four times, (c) six times, (cZ) ten times. 2. PG. 

3. PF. 4. PF. 6. Twice. 6. Twice. 7. Five times, 

8. BPD (or DPB), DPG (or GPD). 9. BPD (or DPB). 10. BPG 
(or GPB). 

EXERCISES VII (Pages 26, 27). 

1. 1-225". 2. -75", 1-25". 3. 1-79". 4. 23-6 mms, 

5. 46-8 mms. 6. 1-73", -67". 7. 16 '7 mms. 8. 4 cms., 4 ems. 

9, 1"; 1-8", 1-8" 10.1-65". 

EXERCISES VIII (Pages 32, 33). 

1. 75-5% 29°, 75-5°. 2. 53-1°, 90°, 36-9°. 3. 117-3°, 26-4°, 36-3°. 

4. 21-8°, 38'2°, 120°. 6. 60°, 60°, 60°. 6. 90°, 67-4°, 22-6°. 

7. 26-6°, 120 2°, 34-2°. 8. 106 2°, 36-9°, 36-9°. 

9. 56-3°, 33-7°, 90°. 10. 63-5°, 36 -7°, 79-8°. 

11. The three angles of any triangle together make up 180°. 

12. In any triangle the greatest angle is opposite to the greatest side, 
and the least angle to the least side. 

13. If two sides of a triangle are egual, the angles opP)site to these 
sides are also equal. 

14 If the three sides of a triangle are equal, then the three angles 
are also equal. 

15. Of the four angles formed by two intersecting lines, each angle 
is equal to the opposite angle, and is supplementary to the angle on 
either side of it. The four angles together make up four right angles. 

16. This proves that the three angles together make up 180°. 

17. 360°. The four angles together make up four right angles. 


EXERCISES IX (Pages 36, 37). 

1. 1", 1-73", 90°. 2. 2-45", 3-35", 60°. 3. 1-41", 1", 75°. 

4. i-01", 1-56", 100°. 6. 2-5 cms., 2-5 cms., 60°. 6. 2-57 cms., 

S-29oms., 60°. 7. BC=4’24 cms., 5=C = 45°. 8. /4B=2 cms., 

y4C = 3-46 cms., 5 = 60°. 9. B=45°, .40 = 2-45 cms., AB—'9 cm. 

10. >4B=3-02", B=3S,'8°, C = 71-2°. 11. BC=l-85cms; B=C=72°. 

12. BC=2'9 ems., /I =24 '8°, B = 35-2°- 13. >45= -66", 5=134"2°, 
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a=10‘S‘’; >}i?==s*44" ^ = 45'8% C=99*2^ 14. 50=8*89 ems., 

4 = 84 *6^ B = 105*4%* or BC ^ 6*22 cms., .4 = 65'4^ 5= 74*6". 
15. I'Scms. 16. 1*89 cms. 17. >10=8*78 cms, 0=87*4". 

18. i40 = 3*46 cms., >f = 90% 0 = 30". 19. 2*24" 20. 3 cms. 

21. 2*4" 22. 2*73". 23. Each 1*56" 24. 2*93 cms. 25. 2*6" 

26i 1*39" 27. 1*46". 28. 5*43 cms. 


JSXEROISMB X {Page 40). 

1. 1*22" 2. 1*75". 3. 125*9". 4. 40*9". 6. 75". 6. 2*13" 

7. *36" 8. 27*6miiis. 9. 28*1 mms. 10. 3*08% 54". 11. 33*6 m ms. 

12. 4*47", 26*6". 


EXERCISES XI {Pages 43, 44). 

1. Any line joining a point on the first perpendicular to a point on 
the third is bisected by the second perpendicular. 

2. 40", 90", *77", -77". 

4. (i) They are equal; (ii) they are equal; (iii) they are supple- 
mentary. Every angle in the figure measures either 42" or 138". 

5. If a line is at right angles to a second line it is also at right 
angles to any line which is parallel to the second line. 

6. *76", *75", 1*16", 1*16". 7. 3-46 eras. 8. 2*4 cms* 

9. 1*44". 10. 4*33 cms., 2*60 cms., 1*86 cms. 11. 2*17" 

12. 1*8". 13. 3*33 cms. 14. 1", 2*22" 15. 1*18" 

16. 1*70" 17. 1*2% *53". 18, 1*2", 1*2", *69", *69" 

19. 1*40", 1*40", *98% *98" 20. 1*99% 21. 1*44 cms. 


EXERCISES XII {Pages 46, 47). 

1 . (i) Opposite sides are equal ; (ii) opposite angles are equal, and 
adjacent angles are supplementary ; (iii) the diagonals bisect each other. 

2. (i) Opposite sides are equal; (ii) the diagonals are equal and 
bisect each other. 

3. A rhombus, (i) Opposite angles are equal, and adjacent angles 
are supplementary ; (ii) the diagonals are at right angles and bisect 
each other. 

4. A square. The diagonals are at right ingles, are equal, and 
bisect one another. 
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EXERCISES XIII {Pages 47-50). 

1 , Each diagonal measures 5 cms., and each part measures 2*5 cms. 
The diagonals of a rectangle are equal and bisect each other. 

2. The diagonals measure 2''' and 3-46" ; the parts measure 1" and 
1*78''' ; the diagonals intersect at right angles. 

3, ISO'", 50®, 130®. 4. 4*24" ; *75" ; ‘75" ; the base is bisected. 

5. Each diagonal measures 2*83" each angle 90®, and each part 
1 *41" ; the diagonals are equal and bisect each other at right angles, 

6. 180®. 7. Two sides measure 4*63", and the other two 2*12"; 

two angles measure 59*5®, and the other two 120*5®. 

8, Angles at G and D each 53*1®; at A andi5 each 126*9®; two angles 
at intersection of diagonals measure 56*3®, and the other two measure 
123*7®. 9. 1*45" 10. 1*74". 11. >?=::82*8®, i?=110'7®, C = 69*3®, 

Z?=:97‘2®. 12. Two sides measure 1*29", and the other two 1*53". 

13. Each side measures 1*39". 14. Each angle measures 90®. 

15. Each side measures 1*98", and each angle 90®. 16. 2*08". 

17. 2*87 ems. 18. Each 2*83 eras. 19. 8*24" 3*24" 108®, 108®. 

20. 2*6", 3". 21. 2*77", 1*15" 90®. 22. 2*66", 72®. 23. 3*62". 

24. 90®, 60®. 

EXERCISES XIV [Pages 52, 53). 

1. 2. 4// = 5(3 = 3*35" 3. /4^ = CP = 4*03". 

4. 2*8". 5. Each length is 1*29". 6. The points ^mmetiical 

to F and G are B and £ ; the lines symmetrical to FE and AB are BC 
and AF. 

7* (i) Each of the two lines which bisects a pair of opjiosite sides, 
(ii) No ; unless it is a rhombus, in which case each diagonal is an axis 
of symmetry. 

8 . (i) Each diagonal is an axis of symmetry ; also each line which 
bisects a pair of opposite sides, (ii) Each of the three lines which 
passes through an angular point and bisects the opposite side is an 
axis of symmetry. 

EXERCISES XV [Pages 66, 57). 

1, (x) Six ; (ii) twelve ; (hi) eight, 2. (i) AB, AD, AF; (ii) 60, 
GE, GH; (hi) EB, EF, EG, 3. (i) GD, EF, GH ; (ii) AF, BE, CG; 

(hi) AD, BO, FH. 4. (i) BC, EG, EH; (h) AF, BE, DM; (hi) AB, CD, 
GHs 6. Four; four. 6. Right side; front, 7. DE^BH 

= 2 '47" ; each part of each diagonal s= 1 *23". 8 . DE = C£=: 2 *47" ; 

each part of each diagonal ==1*23". 9. Z)£=:>4G = 2*47" ; each part 

of each diagonal =1*23"- 10 . The four diagonals of a rectangular 

block are equal and bisect one another. H* 2*60". 
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EXEEGISm XVI {Page 60). 

1. (i) Six, four; (ii) eighty five; (iii) ten, (iv) sixteen, nine; 
(v) nine, six. 2- Tliree, 3. Four, four. 4. Three, three. 
6. (a) ABC, DEF; {h) AD, BE, OF; {c) AB and DE, BG aiid£F. CA andfA 
8. 1*4^ 


BXEEGISES XVII {Page 63). 

1. {a) A circle ; (fi) a circle ; (c) a cylinder ; (d) the curved surface 
of the cylinder. 2. {a) A circle ; (5) a cone ; (c) the curved surface 
of the cone. 3, A sphere. 4. A circle equal to the base of the 
cylinder, 5. A circle smaller than the base of the cone. 

6. (a) A circle whose radius is equal to that of the sphere; 
(b) a circle whose radius is less than that of the sphere* 


EXEEGISES XVIII {Pages 69, 70). 

6. Space, position, distance. 10. (a) Incomplete ; (6) redundant ; 
(c) redundant ; {d) incomplete. 11. {a) A very small particle has 
size, a point has not ; {1) the path traced out by a moving particle has 
breadth and thickness ; (c) any body has position ; (c?) a row of points 
is not contiguous ; (c) any body has length ; (/) a ** broken line’' is 
neither straight nor curved. 

EXEEGISES XIX {Pages 75, 76). 

1. The first five. 2. Cylinder and cone. 3. (a) AD; (i) BE ; {c) DH, 
4. (a) VB ; (5) AD, 5. Edges FA, FE, FH ; faces FA BE, FADE, FEGH* 
6. Three edges ; three faces. 7. Four edges ; four faces. 

8. Edges EB, ED, EF; faces EBAD, EBCF, EDF ; faces DABE, DAOF* 

9. A circle. 10. A circle. 11. If the sheet is fiat, 

when it is dipped into the water the water line is always straight ; if 
the sheet is bent round into a cylinder, the water line may bo straight 
or curved. 12. Straight. 13. (i) Any layer has thickness; 
(ii) st. lines can he drawn on some curved surfaces ; (iii) a plane figure 
may have curved boundaries ; (iv) an arc of a circle would also satisfy 
this test. 14. (i) A=^IE ; (ii) (hi) A^E ; (iv) A>E; 

(v) A<E ; (vi) no result. 
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EXEEGISES XX {Page 81). 

1. (i) r •5'^ ; (ii) 6*75^ ; (iii) 12*6° ; (iv) 25*5°. S. (i) 4R, 860" ; 

(ii) §R, 60"; (iii) 8R, 720°; (iv) 1*6R, 144°; (v) 5*6R, 504"; 

(vi) lOR, 900". 3. (i) I7ine times ; (ii) five times ; (iii) three times. 

4. (i) 135° ; (ii) 225° ; (iii) 117" ; (iv) 108° ; (v) 212° ; (vi) 207°. 

5. {i)OW; (ii) OZ); {in) OJV ; (iv) W; (y)0W; (vi) produced ; 

(vii) 0£; (viii) OW. 6. (i) 110° ; (ii) 135° ; (iii) 172° ; (iv) 180"; 

(v) 120°. 7. W. 8. 20° <9. of W, 9. 20° W. of A/. 

10. (i) 0 ; (ii) 2E ; (iii) R ; (iv) R ; (v) f R ; (vi),f R. 

11. (i) 75° ; (ii) 75° ; (hi) 165" ; (iv) 15". 12. (i) 120° ; (ii) 1*5°. 


EXERCISES XXI {Page 86). 

1 . 142". 2 . 45°. 3. 145°. 4 . ;3 = 3 25°, 7 = 55", 5 = 125°. 

5. 210". 6. a= 60°, i8 = 120°, 7=60°, 6 = 120°. 7. 90°. 8. 90". 

EXERCISES XXII {Pages 96, 97). 

1. 6, A, <r. 2. OE, 7, 0, }i, 3. 7=6=^ = 72°, ^=:6 = \ = cr = 108°. 

4 /L = 45", O' = 185". 5. 130°, 80°. 6. Z./I = 7Q;, aE = 4S", 

Z.O=62". 7. (i) M (equal) ; (ii) a, 6 (eqUval) ; (iii) 6, A, cr (supple- 

mentary). 8 . (i) The angle might be zero ; (ii) defining *^in a circle " 
— the right ang^e must be defined before the term perpendicular is 
defined ; (iii) straight lines which do not intersect are not parallel 
unless they are in the same plane. 9. (i) If a man can benefit 

others he is rich — not necessarily true ; (ii) if a line is not straight it 
is bent — true ; (iii) if the moon cannot be seen the night is cloudy — 
not necessarily true ; (iv) if a man is a good cricketer he has mad<? a 
century in a first-class match — not necessarily true ; (v) if two lines 
form an angle they meet — true. 


EXERCISES XX I r {Page 103). 

1. 238 yds. 2. 34*8 cma., 25*6 cms. 3. 7 ft. 4*7 in. 

4 . 57*8 ft 6 . 108 miles 5 . 6 . 40° to the right. 

7. 19*1° of W. V. 67 miles, 33*4" M of if. 9. 10*4 miles, 
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nxmoisss XXV {Page 112), 

1l. 65“. *2. 67'. 3. 60'. 4. 50', 50', 80°. 5. 72°, 72°, 36°. 

6. 360°. 7. (i) 6R j (ii) 8R ; (iii) 10 R ; (iv) 12 R. 8. (i) 72°, 

(ii) 108°. 9. 135°. 


JSXESCI3XS XXXir (Pages 132, 133). 

1. 45°. 2. 105°, 75°. 3. 55°, 25°. 4. 90°. S. 35°, 65°, 80°. 

6. 25°. 7. 120°. 8. 36°, 72°, 108°, 144°. 9. Eight. 

10. Eight. 11. lio°. 12. Elevation=26°. 13. Elevation = 10°. 
14. 23-4 ft. 15. 270 ft. 16. 16-1°. 17. 52-9 ft. 18. 28-6 yds. 
19. 28-1 ft. 20. 48-4 ft. 21. 693 yds. 


XXEEGI3ES XXXVII (Pages 144-146).t 

10. T.7, C.3. 13. Pm. 5. 14. T.6. 18. T.l, P.2. 

19. Draw >iyV II Se,' P.1, T. 2. 20. 6 cms. 21. 4-2". 

22.6-56". 23. 3-71 oms. 24. 2". 25. Each 5-83". 26. 38-7". 

27. 1-78". 28. 2-57"; 62°. 29, 8-26 cms, 30. 138*2°. 

31. 2'83 cms. 


EXERCISES XXXVIll (Page 149). 

1.1-37". 2. 4-77 cms. 8.1-22". 4. 1-5 cms. 5.1-67". 

6. 1-41". 7. -69". 8. 1-51". 9. 1-72" or -33". 

10. 6-22 oms., or 3 '89 oms. 11. 2-44". 12. 2-13". 


EXERCISES XXXIX (Pages 165-157). 

11. T.l, T.2. 12. P.2c, T.2, T.2(!. 13.0,1,0.2,0.3. 

15, 3-94 cms. 16. -5". 17. I'i 18. J-S". 19. -8". 

20. 2", 2-24", 2-45". 21. -12 mile. 22. -385 mile. 

23. 2-6 miles. 24. 2 furlongs. 


t These hints do not include all the Propositions required to solve 
the riders. 
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EXERCISES XLI {Pages 162, 163). 

1. A straight line ; 1 '25", 1 14", 1 14", 1 '25". 2. A straight liSd ; 

■89", 1-79". 3. A straight line ; L, -85", 15" ; M, 1-35" -65". 

4. [One hranch of a rectangular hj'perbola] ; 'SS", 1’6". 

5. An ellipse ; 1'88", 1 -63", 1 18". 6. A hyperbola ; 'S", 1 -11", 1 -44". 

7. The line j4Bj not produced in cither direction. 8. The two lines 
obtained by jiroducing AB in both directions. 9. A circle of 

diameter 1'83". 10. 4 2, 4 '5, 7 ’2 tenth-inches. 


EXERCISES XLII {Page 165). 

1. 1", 2-22". 2. 1-99". 3. 1-70". 4. 1-2" 1-2", -69", -69". 

5. 8'6, 5 '3 tenth-inches. 6. 9 ‘5, 2 '5 tenth- inches. 

EXERCISES XLIII {Pages 167-169). 

1. Two, one, or none. 2. Four. 8. When X i. AB and 

does not bisect AB. 4 Two or one. 5. When the three points 
are eollinear. 6. When the throe lines are parallel. 7. Show 
that the intersection of two of these linos lies on the third. 8. See 7. 
9. See 7. 14. 1’56". 15. 2'16 cms. 16. 1-5 cms. 17. 1cm. 
18. 2-02 cms. 19. 1-54". 20. 3". 21. -95". 22. 1-49". 

23. 4 ’48" or ‘32". 24. A stmght lino H to the bisects of lXOY, 

25. A straight line. 26. 1", 27. 3'8, 6 ‘2 tenth-inches. 

28. 1-73". 29. (i) 1-81", (ii) 1-76". 30. 3-6", 1-4". 31. -68" 1-48". 

EXERCISES XMV {Page 172). 

1. A, 24; B, 36; 0, 12; D, 14; f, 24; F, 50. 2. A=E. 

3. B=A + C/ B—G+E; F=B + D. 4. (i) Three times ; (ii) twiee. 
5 . 

EXERCISES XLV{Pag6 175). 

1. -24, *36, -12, -14, -24, in. 2. 1-73 sq. in. 3. 2-48 sq. in. 

4. 2-01 sq. in. 5 . 4’52 sq. in. 6. 7-07 sq. in. ; 28-28 sq. in. 

7 . In each case 3'14. Area of 0 = 3'14 x area of the square on the 
radius. 8. 1-57, 6-47 sq. in. 9. -81 sq. in. 10. 9. 11. 144. 

12. 64. 
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EXmaiSES XLFI {Pages 181, 182). 

~1, (i) 7*35 sq. in. ; (ii) 7*99 sq. cms. ; (iii) *0000001 sq, in,; 
(iv) *9635 sq. cm. 2. (i) I"; (ii) *2'' ; (iii) ‘002'' ; (iv) 1 cm. 3. (i) 5" ; 
(li) 50" ; (iii) 4-9 cms. ; (iv) *3906 cm. 4. 625 sq. yds. 5. 629 sq. 
miles. 6. 160 ft. 7. 125*7 miles. 8. 64 sq. yds. 9. (i) 2*5 sq. in. ; 
(ii) 2*5 sq. in. ; (iii) 3*75 sq. in. ; (iv) 3*25 sq. in. ; (v) 4*25 sq. in. 


EXERCISES XLVIII {Page 187). 

1. 5*44 sq. in. 2. 9 92 sq, cms. 3. 4*96 sq. in. 4. 9*14 sq. cms. 
5. *97, 1*50, 5*33, 1*83 sq. in. 6. 8*46, 1*53 sq. in. 


EXERCISES XLIX {Pages 195-197). 

1. Ar.5. 3. Ar.5. 5. Ques.4. ; Pm. 4c. 10. Ar.l. 11. Ar.3. 

14. Ar.3. ; Qaes.9, 15. Ar.3 ; Ques.9. 18. T.2 ; T.2c ; P.2c. 

19. Ar,5 ; Ar.5c. 20. Ar.5; Ar.5c. 21. Ar.5. 22. Ques.21. 

23. 0.2 ; Pm. 7. 24 L.5. 26. Ar.5 ; L.5. 26. Pm.l ; Pm.2 ; Ar.2. 
^27. Ar.3, 28 Use Qnes. 27. 29. Use Ques. 27. 


EXERCISES L {Pane 198). 

1. 290 sq. in. 2. 7*44 sq. miles. 3. 707 sq. yds. 4. 14*4 sq. yds. 

5. 7*81 sq. ft. 6. 62*4 sq. ft. 7. *0000438 sq. in. 8. *00785 sq. in. 

i 5 10. 4 ; i 

EXERCISES LI {Page 201). 

1. 1*64", *67", 2*01". 2. 4 cms., 5 cms. 3. 4*14 sq. in. 

4. 6*63 sq. in. 5. 9*39 cms. 6. 10*85 cms. 7. 3". 

8. 76' 9 sq. cms. 

EXERCISES LII {Pages 203-204). 

1. 16 1°. 2. 131*4° or 48*6°. 3. 1*67". 4. 1*54". 5. 5*98 cms. 

6. 2*2". 7. 2*41". 8. 2*4", 9. 3". 10. 1*6", 11. 5*31 cms. 

12. 3*69, 7 *67 cms. 
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EXEMOISJEJS LIII {Pages 206, 207). 

3, Ar.5. 6. Ques. 3. 12. When BG passes neither between 

A and F nor between G and 0. 14, § 149. 15. Use Ques. 14. 

16. Use Ques. 14. 17. Any line through intersection of diagonals 

bisects the area. 18. Compare § 150, 19. Compare § 150. 

20. §149, Ar.5. 23. Intersection of two medians. 


EXEECISES LIV [Page 208). 

1, 25'9. 2. 1-11. 3. 6*72. 4. 1*77. 5. 1*92. 6- 7'82. 7. 2*65. 
8. 1-74. 


EXEEOISES ZKI (Pages 216-219). 

4. 5a^=::(2a)^ 4- aK 12. Sq. on BE = sq. on AE 4* 4sq. on AF. 
13. Pm.4. 17. (c)T.l. 18. Sq. on perp. = sq, onside~sq. on 

half-side ; etc. 22. 8 •06'''. 23. 2*06 cms. 24. 21 '5 miles, 

25. 2*24". 26. 9*17 cms. 27. 14*3 miles. 28. 23*3 miles. 

29. 6ft. llin. 30, 83*1 miles. 31. 4*58". 32. 2'65". 

33. Thirteen; 3,4,5. 34. 3*2", 1*8", 2*4", 1*92", 2*56", 1*44". 

35. 9*37"; 82*8 sq. in, 86. 10*4 yds. ; 62*4 sq, yds. 37. 1*41". 
38. 9*54" ; 16", 39. 5*2" ; 7*8 sq, in. 40. 3*43" ; 1*9 sq, in. 

41. 4*03" ; 3*5 sq. in. ; 1*74". 42. 2*83" ; 2*83" ; 2*83 sq. in ; 1*89". 

43. Let the equal sides measure a. 44. Let hypotenuse measure 2a. 
45. 6 '45 cms. 46. 4*9 mm. 47. 3*16". 48. 34*8 mm. 

49. 3*6. 60. 2*24. 61. 6*4. 52. 5*39. 53, 4*8. 64. 5*74. 

55. 6*56. 56. 12*2, 57. 1*28. 58. 22*8. 59, 1*12, 60. 4^36. 


EXEEQIEEB LVII (Pages 221, 222). 

1. (i) Equal and equally inclined to the axis ; (ii) Bisected at right 
angles by the axis. 2. (i) Concurrent ; (ii) Concurrent. 

3. The pricks go through the circumference of the other semicircle i 
any circle is symmetricTi about any diameter. 
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EXERCISES LVIII {Rages m, 228). 

4. Sy.2, Sy.l. 6. The join of the centres. When the circles 
are concentric. 11. P.2C5 Sy.3. 14. A, M, 0| X are 

symmetrical about ^ Vertical’’ axes; Oj X are symmetrical 

about horizontal axes j Oj Xj Z symmetrical about points. 


EXERCISES LIX {Page 231). 

1. 90° ; the diameter which bisects a chord is JL to it. 

2. The diameter through the point of contact of a tangent is X to it. 

3. This line passes through the point of contact ; draw a line through 
the given point, X to the radius to that point. 4. The locus of the 
mid-points of a system of parallel chords is the diameter X to these 
chords. 5. This diameter meets the curve at the points of contact of 
the tangents parallel to the chords. 6. (i) 100° ; (ii) 94°; (iii) 91° ; 
(iv) 90*1°; (v) 90*001°; the tangent at C is X to radius 00. 

In any circle the locus of the mid-points of a system of equal chords 
is a concentric circle. 8. 2", 9. The greater. 


EXERCISES EXIT (Pages 247-250). 

18. Pm.l ; Ch.l. 19. Tn.2. 21. Tn. 3. 22. Tn.3. 

23. Tn.3; A. 2c, 24. Tn.3. 25, 0.2; Tn.2. 26. A circle 

of ladius 1*6", concentric with the fixed circle. 27. A circle of 

rad%is 2*2", concentric with the fixed circle. 28. 60°. 29. 120°. 

30. 55°, 35°, 55°. 31. 10°, 85°, 5°. 32. (90- Jjc)°, ix\ (90-4ar)°. 

33. 5", 6", 7", 34. 5", 5", 4". 35. 140°, 125°, 95°. 36. 

37. 4*58". 38. 2*65". 39. 1*41". 40, 9*54^ 16" 

41, 2*83", 2*83", 2*83 sq. inches, 1*89", 42. The larger chord, by *2". 

43. 2*24". 44. 11*6". 45.35*7"* 48- 29° in each case ; the 

results are equal because the three cases are the same figure drawn to 
different scales. 47. Two ; viz. AB and the perpendicular diameter. 
48. Two ; viz. AB and the perpendicular diameter. 49. 3*82". 
50* 2*67 cms. 51. 1'6'', 52- ’68 cm. -53. *78". 
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EXERCISES LXV {Pages 252, 253). 

f 

1* Any angle in a semicircle is a right angle. 3, {a) They are 

acute ; {h) they are obtuse ; (c) they are e(][ual ; {cl) they are supple- 
mentary ; {e) the first is double the second ; (/) the first is double the 
second. 4. A circle on diameter AB, 5. (i) Two segments, one 
on each side of base AB ; (ii) two segments, one on each side of 
base AB; (iii) this angle (60®) is double the angle in the larger 
segment (30°), and therefore lies on the circumference of the smaller 
segment. 6. The angles between chord and tangent are equal to 
the angles in alternate segments. 


EXEECISE^ EX FIJI {Page 265). 

1. i. 2, h 3. 40® ; 20®. 4. 260® ; 130^ 6. J. 

6. (i) 2x\ x°; (ii) 360"~2aj®, 180® -a?®. 


LXEnOIBES LXX {Pages 268-270). 

1- 2. -I-. S. 7-33", 36-67". 4. 62 -S"; 1‘59". 

ooU loU > 

6. {i)^s; (ii) 57 -S”; (iii) 28-6'’. 6. 88"; 720°. 7. 7fc. 8. 4-19". 

9. 140°. 10. 80°. 11. 10°, 50°. 12. 20°, 50°. 13. 120°. 

14. 8", 12", 16". 16. 40°, 60°, 80°. 16. 90°, 80°. 17. -71". 

18. 1-5". 18. 2-89". 20. 3-39". 21. 1-87". 22, 14-2 ft. 

23. 2-93 ft. 24. 6‘8 oms., 5-8 oms., 8-04 cms. 


EXERCISES LXXI {Pages 274-276). 

27. AO. 3. 28. AC. 2. 29. AC. 5c. 30. T.l. 

31. AC.3. 33. AC.l. 34. T.l. 36. AC.3. 36. AC.5. 

37. P.2; T.l; Pm.2. 38. T.l; AC.2. 89. AC.6. 

40. AC.3; AC. 3c. 41. T.l; AC.2. 42. Ch.4; Oh. 5. 


EXERCISES LXXII {Page 278). 
2.'^-65". 3. *29". 4. 1-66 cma. 


X. 4*47 cms. 
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^EXERCISES LXXIII {Pages 284, 285). 

1. 2-83". 2. 2-88" 3. 4-68 cms. 4 218". 

5. (i) None ; (ii) two ; (iii) none; (iv) four. 6. 1'2 cms., 1'2 oms. 
7. -66, 1-51, 3 3, 1-98, 1-42 cms. 8. -29", -58" Si''. 

9. 1, 2-5, 2, 3, 6 cms. 10. 7*57" 


EXERCISES LXXir {Page 287). 

1. 2-22", -58". 2.1-58". 3. 5-61, 2-14 cms. 

4. 4-61, 2-16 cms. 5. 1", 


EXERCISES LXXV {Pages 292-298). 

10. Eight. 16. §209. 17. AC.l. 18. §200. 

^9. T.3; Oil. 6. 20. §209. 21. Ch.4, §202. 22. T.l ; T.2. 

23. Ch.4. 24 Ch.4; Ch.5 ; §202, 25. C.l. 26. T.l; Tn.2. 

27. § 206 ; Tn.3c. 33. 0 on diam. BO. 36. § 209. 37. § 209. 

43. §203. 44.70°. 45.19-1. 46. 1-11 miles. 47. 8-51 ft. 

48. -65", 2-07". 49. -5", 1-5". • 50. 1-96". 

61. 3-91, -91 cms. 52. 3-46 cms. 53. 1-23", 1-39", 1-5". 

64 4 cms., 5-14 cms., 7-52 cms. 55.1-73". 56. 7-96 cms., 6-22 cms., 

7-24 cms. 57. 2-75", 1-79", 1-79". 68.-62". 59.1-43". 

60. 1-71". 61. 62°. 62. 4-38 cms. 63. -67". 64. 1-66". 

66. 1-73". 66. 1-34". . 67. -69". 68. 3 cms. 69. 2 -83 cms. 

70. t4-12 oms. 71. Two at distance 1-66 cms.; two, 4-33 cms. ; 

four, 2-86 cms. 72.1-7". 73.3-18". 74 2 cms. 75. 1 '5 cms. 

76. 2ems. 77. 1-95". 78. 5-88 cms. 79. 73-7°. 

SO. -49", 2-04". 81. 4-68, 4-68, 3-6 cms. 82. 3-02", 1-79", 1-98". 
83. 1-92", 1-75", 1-17". 84.1*15". 85. 39-2°; *97 mile. 


1. Four, 


EXERCISES LXXVI {Page 800), 
2. Six ; more closely. 
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EXERCISES LXX VII (Fage 304)- 

4. In A ABC, if A A = 2 A Bj then BO is tlie base of one isosceles A ; 
HaA^ZaB, then is the base of one isosceles A . 6. On given base 
draw a segment to contrin given angle, and complete the circle. 
6. § 214. *t. § 214. 9. Find the centre of the circle through the three 
given centres. 10. Use the in-centre. 

EXERCISES LXXX {Page 312). 

3. Draw lines from i4 ± sides of A BCD, 

EXERCISES LXXXII {Page 317). 

5. Prob. 4. ; Indirect Method. 9. Deduce from Prob. 4. 


EXERCISES LXXXIII {Pages 820-329). 



L. T.l. 2. 1 

:.7. 3. L.4. 4. T.L 6. 

T.7 ; Pm.l. 6. User 

Theorem I, § 215. 

7. Use aG/CC in Fig. 340. 

8. Apply T. 4 to AS 

GAB,GBG,G0A in 

Fig. 340. 9. Pm. 4 ; T.L 

10. T.l 

« 11. T.L 

12. 

C.2; Pm.l. 

13. Use § 199, Ex. 1. 14. 1 

M. 17. 

Use Qnes. 1. 

18. 

T.4. 

19. Use Ques. 9, Ex. LXXIX. 

20. T.l. 

21. 

CA; Pm.l 

(or T.l ; Pm.l). 

22, 

Pm. 2; T.7. 

23. 

C.l; T.2; Ar 

.5c. 24. T.4. 25. C.2 

1 ; Pm.l, 

26, T.l. 

27, 

T.7. 28, 

§115. 29. §107. 30. P.le: 

T.2c; Pm.2. 

31. 

T.7 ; Ar.3 ; Ar.5. 32. Pidi.6. 33. 

Pm.l, 

34. Pm.l. 

35, 

ET.2. 

36. ET.2. 37. Ar.2. 

38. 

Pm.l ; Ar.3. 

39. 

AC.6 ; ET.2. 

40. Cf. §145. 41. T.7. 

42. Ch.6 

!. 43. ’Ito.2. 

44. 

Tn.2. 45. Tn.2. 46. Tn.2. 47. T.7. 48. Sy.l : 

Sy.lc ; Sy.2. 

49. 

L.4 ; Ch.l. 

50. L.4; Ch.l, 


51. Ch.7. 

52. 

C.2, Tn.2. 

53. Tn.2; AC.6. 54. CAL 55. T. 2, Tn.2. 

58. 

Tn.2. 57. ' 

T.7;Tu.l. 58. Tn.l. 69 

L Tn. 1, 

and reductio 

ad absurdum. 

60. 4E; Tn.2. 61. T. 2. 

62. 

T.7; AO. 2c. 

68. 

Use Ques.62. 

64, T.l ; AC.2. 

65, 

A.l ; AO. 3c. 

66 , 

AC.6. 67. 

. AC. 3; AC. 3c. 68. AG. 4 

; AC, 6. 

69. AC. 4. 

70. 

AC. 3. 71. T 

'.1. ^ 72. T.l. 78. AC.2 ; 

AC. 2c. 

74. AC.2. 

75. 

T.2c ; AC.2. 

'^76, 0.4; CAl; AC.l. 

77. 

Tn.2; AC. 5. 
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78. T.2; AC.5. 79. AC.6. 80. 0.2; Tii.2. 81. A0.4; A0.6. 

8\ 0.1 ; AO. 2. 83. T.2c ; AC. 6. 84. AG.2 ; AC.3. 

85. T.l; AG.5. 88. AC.2 ; AC.2e. 87. AC.l ; AC.2 ; AC.3. 

94. Tn.S, Cor. 96. Ch.4. 97. The orthocentre. 98. §§ 203, 204. 

99. Draw the in-circle ; Tn.2. 100. Draw an ex-circle ; Tn.2. 

101. Ch.3. 102. §209. 103. 0.1. 104. T.7. 105. T.7. 

108. L.5. lOT. L.6, 108. L.6. 109. AC. 4. 110. Of. § 199 , Ex.l. 

111. RT.2. 112, If in two circles equal chords subtend equal angles 

at the circumference, then these circles are equal. 113. The locus 
is a straight line equally inclined to the two arms of the vertical 
angle ; use the figure of § 199 , Ex. 1. 114. T.3c ; Ar.2. 116. AC.4 

116. Ch. 6. IIT. AC.2. 118. §202. 119. T. 3c. 120. Theorem 7, 

Chap, XIF. 121. Ch.6 ; and Ques. 3, Ex. LXIF. 122. Ques, 9 , 

Ex. XZIX. 123. Theorem 7, Chap. XJF; AC.2. 124. Theorem 

7, Chap. XIF ; see the methods of alignment used in Theorems 8, 9 . 
125, 126, 127, 128. See the methods used in Theorems 8, 9. 129. C.2. 
130. T.3. 131. T.7. 132. Prove lCAP^ I i.A,LCAX>-i L A. 

133. T.2 ; T.2c ; T.7 % or use Th. 3, Ch. XIF, 134. A.l ; L.5 ; AC.fi. 
135. Ar.5 ; reductio ad absurdum. 136. Of. Ques. 59. 

137. Cf. Ques. 44. 138. Tn.2. 139. Cf. Ques. 44. 140. Of. Ques.107. 

141. Cf. Ques. 108. 142. Prove z. RQO = J hy T. 1. 

143. Cf. Qv^es. 44. 144. Call the thii'd side the base ; then prove 

that the line through the vertex parallel to the base passes through a 
fixed point which is the centre of the required circle: AC. 6, Cor. 
145. Let escribed circles touch sides BC, OA, AB at Dj E, F ; prove 
AE = BDj AF=0Dj BF=CE (cf. Ques. 44),- let perpendiculars through 
D and E meet at 0 / then OB^ - OO^^BD^ — GD^; etc. 

EXmaiBES LXXXF {Pages 332, 333). 

1. Reet. (P+e, X^T) 

—rect. (P, A’) + rect. (P, + (Q, X)+reet (<2, F). 

2. Rect. (P, Jr) + rect (P, F)-Prect. (P, F)+reet. A)-frect. 
((J, F) + rect. ((Q, Z). 

3. Rect. (P, X+F-f.^)=rect. (P, X) + rect (P, F)-frect, (P, F) ; 
rect. (A, A 4 - F) = sq. on A + rect. (A, F) : rect. (A, 2A) = 2 sq. on A ; 
rect. {X+Q^ A-{-P) = sq. on A 4 rect. (P, A) 4 rect. (Q^ A) 4 rect. 
(P, Q) ; sq. on (A4F)=:sq. on A4sq. on F4-2 rect. (A, F) ; rect. 
{2P, A4 F) = 2 rect. (P, Aj-{-2 rect. (P, F ) ; sq. on (2P}=:4 sq. on P; 
sq. on A==4 sq. on (JA); sq. on (30 = 9 sq. (jjf. 0 

4. Rect. (P, A) -rect. (P, F}, 
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JEXEBOISES LXXXVI (.Page 337). 

5. 2 reot. (P, Q). 6. 6 rect. (P, Q). 7. 16 uio. j. . 

8. Sq. on P+2 sq. on ^ + 3 rect. (P, Q). 

9. 2 sq. on P+2 sq. on <3 + 5 rect. (P, Q). 

10. Sq. on P+sq. on <3 + 2 rect. (P, 0 + reet. (P, P) + reet. (Q, P). 

EXERCISES LXXXVII (Page 340). 

4. Sq. on P+sq. on ©+sq. on P+2 rect. (P, §) + 2rect. (P, P) + 
2 reot. (Q, P). 

EXERCISES LXXXVIII (Page 341). 

2. (a;+y)®=a3^+2a;t('+jr®. 3. (x-y)^=-a?—2xm+i^. 

4. ^-‘!/^=(x+y)(x-y). 5. (x+y)^+(x-y)^=2:^+2y^ 

(as + yf ~{x- yf - ixy. 

EXERCISES LXXXIX (Page (345). 

8. {a+5)2=(a-6)2+4a5. 10. E.6. 11. E.6. 12. E.2. 

EXERCISES XG (Pages 346, 347). 

1. AZ='15 sq. in., BZ=2'5 sq. ins., BX=2‘5 sq. ins., GX=1‘5 sq. 
ins., Cy' = l‘5 sq. ins., y4K='75 sq. in. 

Thns AY=AZ, BZ=BX, GX=CY. 

2. (i) AB^==GA^+C^--(GA.CE)-(CB.OD); 

(ii) AB^ = GA^ + _ 2 (CA. CE ) ; (iii) AE^= GA^ +CB^-2 (CB. GD). 

3. AZ = 6'5 sq. cms., BZ=18'5 sq. cms., 5A’=18'6 sq. cms., CA'= 
2‘6 sq. cms., CK=2-5 sq. cms., >4>'=6'5 sq. cms. 

Tims AY=AZ, BZ=BX, CX=GY. 

4. (i) AB^ = GA^ + GB^ + (CA.OE) + (CB.CD) ; 

(ii) AB‘^=GA^+GB^ + 2 (GA.CE) ; (iii) AB^=CA^ + CE^+2 (GB.GD). 

5 (i) B(P = AB^ + A(P - iAB.AF) - [AG.AE) ; 

(ii) BG^ = AB^+AG^-2 (AB.AF ) ; (iii) PC 2 =>I 52 +^C 2_2 {AG.AE). 

EXERCISES XCI (Pages 356, 357). 

1. (i) 31 '6", (ii) 40". 2. (i) 4*6 mEes, (ii) 3 ‘375 miles. 

3. 0-75 yd., 0-5 yd. 4. 3-5 yds., 2 '625 yds. 6. 2 -71', 4.2', 

14-7 sq. ft. 6. 1-375', 2-666', 5 '33 sq. ft. 7. 5-15 miles. 

8. 3-74". 9. 3-16", 4-36". 10. 3-74', 12. Pm. 6, T.lO. 

13. T.lO, E.3 (Cor. 2). 14. E. 3 (Cor.2), 16. (a) E.7 (p. 345) ; 

(b) E.8 (p. 345). 
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EXEEQISES XOII {Page 357). 

J.P xi j' jLto d. lijwed. point witMn a fixed circle, and if >4R is a variable 
chord passing through Pj then area of rect. AP. PB is constant. 

2, In the figure of Ques. 1, area of rect. AP.PB is increased if P is 
moved nearer to the centre, and decreased if P is moved nearer to 
the O®®- 

3. Ch.l, RT.2, 4. E.5. In the figure of Ques. 1 if AB is any 

chord through P, then area of rect. — c^. 

5. If P is a fixed point without a fixed circle, and if AB is a variable 
chord passing through P, then area of rect. PA*PB is constant. 6. R.5. 
Jn the figure of Ques. 5 if i4iiS is any chord through P, then area of rect. 
PA.PB^d^-r^* IlT-2. If PAB is any secBxit through P, then 

PT^z:zPA.PB. 8. PA.PB is constant, and becomes PP when A and 
B move up to T, 

EXERCISES XGIII {Page 360). 

1. AC.2. 2. AC.2C. 5. AP^-^AQ^=^2^. 6. Ch.l. 7. 4'^ 

8.4-17". 9. 3-075". 10. A+A 11. 876 sqL* cms. 

4A 

12. 3*32 cms. 

EXERCISES XQIV {Page 364). 

3. AC.5. 4. AC.3c. BF.BA^BP.BE^BD.BQ, OE.OA^OP.OF 

= CD,CB. *8. 1-3". 9. 2-05". 10. 266 sq. cms. 11. 3-87 oms. 

BXEBOISES XCV {Pages 365, 366). 

1. (i) 10-5 ; Cii) ‘Oo ; (iii) 15-4 ; (iv) 1-47. 2. (i) 6-28 ; (ii) 3-39 ; 

(iii) 8-24; (iv) 4-72; (v) 5-2; (vi) 35-8; (vii) 2-17; (viii) 11-7. 
3. |(«2+J® + c®). 4. 6-5 sq.ft. 6. 4-52" 3-71", 2-11". 

6. {a^+^)l2a. 7. ^Jiai^+V^ + Qaib). 8. 6-25'. 9. 2-31". 

10.*5", 3-265". 11. 5", 3-265". 13. EG. 3. 15. ET.2, E.5. 

16. T.8, 17. E.3, Cor.2. 20. T.IO. 21, T.IO. 

EXEBOISES XOri {Page 368). 

1. Tn-2. 2. EC.3. 4. ET.2. 6. § 256, RT.2. 

6. Of. Ques. 4 aud 5. 8. The radical axis of the two given circles. 

9. Eind the radical centre. 10. § 256. The point >1 is a circle 

of zero radius, and PA is a tangent to the circle. 11. R0.2. 

12. A circle whose centre bisects the join of tl# given centres. 

MAT. GEO. 
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EXEEGISES XGVn {Pages 370, 371). 

1. 2‘45 cms. '3. ‘95". 4. (i) 2‘24 ; (ii) 3'16 ; (iii)4‘58; 

(iv) 6-92 ; (v) 8-37 ; (vi) Q‘17 ; (vii) 1*52 ; (viii) 0-87. 5. (i) 5-3 cms., 

1'7 cms. ; (ii) 8’11 cms., I'll cms. 6. (i) l'7l", 0'29" ; (ii) 2*22", 
0-22". 8. (i) 7-85, 1'15 ; (ii) 8 '53, 0'47 ; (iii) 8-74, 0'26 ; 

(iv) a:=7-85 or 1'15 ; (v) ;»= -8'53 or -0'47 j (vi) a!=8'74 or 0-26. 
9. (i) 10, 10 ; (ii) 17'1, 2-9 ; (iii) 15 '5, 4'5. 10. (i) 9 ; (ii) 12-25 ; 

(iii) 11. (i) 6 ; (ii) 3 ; (iii) 2jx. 13. (i) 6-4, 1-4 ; 

(ii) 5'7, 0'7 ; (iii) 5'42, 0-42 ; (iv) a;=6-4 or — 1'4 ; (v) x= - 5*7 or 0*7 ; 
(vi) a:=5*42 or -0-42. 14. (i) 24*1, 4*1 ; (ii) 22*2, 2*2 ; (iii) 23, 3. 


EXERCISES XGVni {Pages 373, 874). 

1 . 4*94 cms., 3-06 cms. 2. (i) 72°, 72°, 36° ; (ii) 72°, 72°, 86° ; 
(iii) 108°, 36°, 36°. In (i) and (ii) each of two angles is double the 
third ; in (iii) one angle is three times each of the others. 

3. 7*85 cms., 4*85 cms. 4. (i) 108°, 36°, 36° ; (ii) 108°, 36°, 36° ; 

(iii) 72°, 72°, 36°. Cf. Answer to Ques. 2. 5. 0*618", 0*882". 

6. If the segments are as and a-x, the equation is c(?+ax-c^=9 ; 
this equation gives the pair of segments as either Sa(is/5-l), 
\a{Z— iJ5), or -4a(/^/5 + l), \a{Z+ ij5). The first insult is the 
answer required: the second gives the segments when the line is 
divided externally in medial section. 

EXERGISES XGIX {Page 376). 

1 . 1*97 sq. ins. 2 . Each angle =108°, each diagonal =6 cms. 

Hote that the pentagon is regular. 3. Five. 4. Ten. S. § 263. 
6. § 259. 

EXERGISES C {Page 377). 

1. 5*24, 0*76. 2. 5*56, 1*44. 3. 8*19, 0*31. 4. 0-72, 0*28. 

5. 1*68, 0*42. 6. 1*81, 0*69. 

EXERGISES GI {Page 380). 

1. 1*14, -6*14. 2. 7*4, -0*4. 8. -6*19, -0*81. 

4. —2*85, 0*35. eS. The roots are imaginary [ — 0*75±0*66.i]*. 
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6 - 2‘42, -<®’S 2 . 7. The roots are imaginary [- 0‘5±0‘S7.i']*. 

8 . The roots are imaginary [1*2 ±1‘25.*]'*. ' 9. 16*5, 4*5. 

10. 23,3. 11. The numbers are imaginary [2*5 ±2*96. «]*■. 

12. The numbers are imaginary [15 ± 8 ' 66 . i]*. 

HXEBOISES CII {Page 3S0). 

1. l*7cms. 2. 0'99"- 8.269 yds. 4. 6*85', 8*65'. 

5. 3'S2 miles. 6 . 1*18 sq;. ft. 8 . § 258. 9. §149; or use Fig. 390. 
10 . Use Fig. 390. 11. Use Fig. 390. 12 . §§ 257, 258. 

13. ET .2 ; a!=3*2, ?/=l* 8 . 14. RT .2 ; a:=:3*62 or 1'38, 2/=l*38 

or 3*62. 15. Use the properties of the half-equilateral- triangle. 

EXERCISES cm {Pages S81, 382). 

1 . The equilateral triangle and the square. 2 . No. 8 . 108°. No. 

4. 72° ; 108°. Yes. 5. i x 360° ; 180° - - x 360°. Yes. 

n % 

7* 1*76'', 2*85" 8 . The trace in its new position fits exactly on 

to the original figure: hence the original pentagon has all its sides 
eqiial and all its angles equal, and is therefore regular/ 9. 4*34 ems, 
10 . Each angle = 120°. No. The converse of Ques. 6 is not true, 

JSXEECISMS CIV {Page ZSB). 

8 . 0.2. 10. 5*66 cms. 11. 3*96". 12. 1*48". 13. 1*62^ 

14. 2*6". 15. 4*62 cms. 16. 2*27" 17. 2*84" 

EXERCISES CV {Pages 392, 393), 

4. Calculate jlAOD. 5. Calculate L.A0B, 6 . Calculate the 
angles at K. 


EXERCISES GVI {Pages 395-397). 

1 . Perimeter of inscribed eqnilatemi triangle = 3 x 5*2" = 15*6" ; 
perimeter of circumscribed equilateral triangle = 3 x 10*4" = 31*2". 
2. Perimeter of inscribed sqiiare = 4 x 4*24" = 16*96 " 5 perimeter of 
circumscribed square =4x6"= 24". 3. Inscribed pentagon, 

5 X 3*53" = 17*65"; circumscribed pentagon, 5 x 4*36" = 21*8", 
4. Inscribed hexagon, 6x3" = 18"; circumsetTbed hexagon, 6x3*46" 
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=20-76". 5. 7x2-6"=18-2"; 7x2-89"=20*23". #6. 8x2-3" 

*18-4"; 8x2-49"= 19 -92" 7. 9 x 2-05"=18-45" ; 9x2-lf" 

= 19.62". 8. 10xl-S5" = 18-5"; 10xl-95"=19-5." 9.12x1-55" 

= 18-6"; 12xl-61"=19-32". 10. 18 x l-04"=18-72" ; 18x1-06" 

= 19-08". 11. 30x0-63"=18-9"; 30 x 0-63"=18-9". 12. 

= 18-84"; thus tlie perimeters of the inscribed and eirenmscribed 
30-gom differ least from 0°®- They appear both to exceed the O®® 
by 0-6" : this is obviously wrong, as the perimeter of the inscribed 
30-gon must be less than O®®- The cLuestion presupposes a greater 
degree of accuracy than can be obtained by these methods. [The 
following results are correct to four significant figures : — Inscribed 
30-gon, 18-82"; circumference 18*86",- circumscribed 30-gon, 18*92".] 
13. 6-88 sq. inches. 14. 9-46 sq^. inches. 15. 2*84". 

16. 1-32". 17. 1-55". 18. 0-67". 19. 1-05". 

20. 1-15". 21. 1-08". 22. 2r3. 23. 2-6r2. 24. O-SSa^. 

25. irr^. 26. 27*7 sq. ins. 27. 36 sq. ins. 28. 41-6 sq. ins. 
29. 43*5 sq. ins. 30. 45-9 sq. ins. Given the perimeter of a regular 
polygon, the area increases with the number of sides, and is greatest 
when tbe number of sides is infinite, i. e. when the regular polygon 
becomes a circle. [Of all figures of given perimeter the circle contains 
the greatest area,] 31. Ar.3. 32. Pn.l. 33. Pm.2. 

34. Pn.4, AC.4. 85. Pn.4, AC.4. 36. T.2. • 37. Tn.2. 

38. AC.6, Pb. 2. 39. AC.6, Pn.2. 40. A0.5c. 42. AC.6c, 

43. Folding. 44. Folding. 45. Folding. 46. § 268. 


^ZEROISES GVn {Pages 897-399). 

1. E.5, ET.2. -2. AD^=:BD.D0-¥BCP, 3. T.9. 4. E.6, T.IO. 

5. EC. 3. 6. EC. 3, EC. 3c. 7. §258. 8. ET.2, or »'6. 

9. Use the result of Ques. 8. 10. E.2, E0.3. 11. AC.3c, AC.4, 

®C-3. 12. AC.3c, K.2, RC.2. 13. E.6, EC.3. 

14, Cf. Ques. 81, Ex. LZZXIU. 16. T.8 or T.9. 16. Of. Ques. 

19, Ex. XOF. 17. Gf. Ques. 16. 18. T.IO. 19. L.8. 

20. L.3. 21. P.1, C.2, E0.2. 22. «=?, 9, 11, 13, 14, 17, 18, 19. 

23. O.3. 24. L.3. 25. If B, C are three consecutive vertices 

of the given hexagon, prove tbit aABG is one-sixth of the hexagon, 
and is divided into three smaller triangles of equal area; etc. 
26. If 0 is the centre, /T B two adiacent vertices of inscribed hexason. 
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P the mtennediate veiirex of the circnm scribed hexagon^ and if OP 
cuts AB at Kj prove that a 0AP= j £^OAK ; etc* 27- If Aj Bf Of 

Df Ef F be the points of contact taheii in order round prove 

that arc >^S = aro 015= arc EFj and arc 5C = aic £>£ =arG FA, etc. 
28 Prove that the bisectors of the angles aie eoncuireiit. Of, §273 (i^- 
29- If tangents at Ay B meet at Hf and tangents at A^ C meet at Kf prove 
AH=^HB — ^HK ; etc. SO. At. 3. 31. AC.5, and symmetry- , 

32. T.2c, AC. 6c., EC. 3. 33, Of. Quss. 31. 3 A T 9, B.2. 
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THE UmVERSITT TUTORIAL SERIES. 


jBbucation, etc 

Principles and Methods of Teaching. By J, Welton, M.A., Pro- 
fessor of Education in the University of Leeds. 4s. 6d. 
Contents. — General Function of Teaching — Material of Instruc- 
tion — Form of Instruction — ^Tlie Teaching of English : Preparatory, 
Peading, Literature, Composition and Grammar, Summary — Music 
— History — Geography — IsTatural History — Mathematics — Form 
— Needlework. 

“A ■well-written and fuJl presentation of tlie best educational methods of the 
time. Not only to college student, but to skilled and experienced practitioneij we 
commend this suggehtive and very helpful volume.” — Schoolonaster, 

** A valuable and thoughtful book .” — The Speaker. 

Voice Training in Speech and Song. By H. H. Hulbert, M.A., 
M.P.C.S., L.P.C.P., Lecturer on Voice Production and 

Examiner in Physical Education to the London County Council, 
etc. Is. 6d. 

An account of the structure and use of the vocal organs and of 
the means of securing distinct articulation. 

School Hygiene. By B. A. Lysteb, M.D., B.Sc., D,P.H., County 

Medical Officer of Health for Hampshire and Chief Medical 
Officer to the Education Committee of the Hampshire County 
Council. 3s. 6d. 

School Organisation. By S. E. Bray, M.A., Inspector pf Schools 
to the London County Coimcii. 

‘‘ We can heartily recommend the treatise .”— of JEducation. 

School Training. By B. E. Hughes, M. A. 2s. 

“Well written and thoroughly up-to-date.” — Jom^al of Education. 

Principles and Methods of Physical Education and Hygiene. By 
W, P. Welpton, B.Sc, 4s. 6d. ' [/^^ the press. 


Perspective Drawing, The Theory and Practice of . By S. Polae^ 
Art Master. 5s. 

A complete course of instruction covering the requirements of the 
Board of Education Syllabus in Perspective Drawing. 

Science German Course. By C. W, Paget Moffatt, M-A,, M.B., 
B.C. 3s. dd. 

Containing an efficient grammatical introduction, a section on 
word-formation, extracts from German text-books on the several 
sciences, and vocabularies of scientific terms. 

“ The book provides a convenient means of obtaining sxiffioient acg.uaintance with 
the German language to read f mple scientific descriptions in it with intelligence.” 
— Nature. 
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n!>atbernatiC5 anb fTDecbanic0* 

Algebra, The Tutorial. ADVANCED COURSE. By Wm. Briggs, 
LL.D., M.A., B.So., and G. H. BryAN, Sc.D., F.R.S. Third 

Edition. 6s. 6d. 

A higher text-book of Algebra in which the more elementary 
properties of quadratic equations and progressions are assumed. 

“ It ia throughout an admirable work.” — Journal of JUducation. 

Algebra, The New Matriculation. With a Section on Graphs. By 
B. DEAKlisr, M.A., late Headmaster of Stourbridge Grammar 
School. FoiiJ'ih Edition. 3s. 6d. 

“ One of the best elementary text-books we have seen.” — Teachers' Monthly. 

Arithmetic, The Tutorial. By W. P. WORKMAN, M.A., B.Sc. 
Third Edition. (With or without Answers.) 4s. 6d. 

A higher text-book of Arithmetic containing a very thorough 
treatment of Arithmetical theory, with numerous typical examples. 
Takes first place among our text-books in Arithmetic.” — Schoolmaster. 

Arithmetic, The School. An edition of the Tutorial Arithmetic for 

school use. By W. P. WORivMAN, M.A., B.Sc. Second 
Edition. (With or without Answers.) In one vol., 3s. 6d. 
Part L, 2s. Part II., 2s. 

** The best Arithmetic for schools on the market.’* — MathematicaZ Gazette. 

Aritlimetfc, The Junior. Adapted from the Tutorial Arithmetic by 
B. H. Chope, B- a. (With or without; Answers.) 2s. 6d. 
Excellent.” — Educational Times. 

Arithmetic, Clive*s New Shilling. Edited by Wm. Briggs, LfL.D., 

M,A . 5 B.Sc. Is. With Answers, Is. 3d. ANSWERS, 6d. 
‘‘These exercises are well chosen and ijrogressive,” — Schoolmaster. 

Arithmetic, The Primary. Edited by Wm. Briggs, LL.B., M.A., 
B.Sc., F.R.A.S. An Introductory Course of Arithmetical 
Exercises. In Three Parts. Parts I. and IL, each 6d. Part 
III., 9d. With Answers, each Part Id. extra. 

“Thoroughly suited for use in elementary schools generally.” — School Guardian. 

Astronomy, Elementary Mathematical. By O. W. O. Barlow, 
M.A., B.Sc., andG. H. Brtan, So.D., M.A., F.B.S. Second 
Edition. (With Answers.) 6s. 6d, 

Book-keeping, Practical Lessons in. Adapted to the requirements 
of the Society of Arts, London Chamber of Commerce, Univer- 
sity Locals, etc. By T. O. Jackson, B.A., LL.B. 3s. 6d. 

Book-keeping, Junior. By T. C. JACKSON B.A., LL.B. Is, 6d. 

“ The book is an excellent one.'* — Accountants* Magazine. 
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THE UNirURSITY TUTORIAL 8EBIM8. 


/lDatbematic0 anC> ^iDecbanlcs — coniiirued. 

Coordinate Geometry . By J. H. Gkace, M.A., and F. 

RosENBEEa, M.A-, B.Sc. 4s. 6d. 

All elementary treatment of the straight line, circle, and conic. 

Dynamies, The Tutorial. By Wm. Beiggs, LL.D., M.A., B.Sc., 
and a. H. Bryak, Sc.D,, F.B.S. Second Edition. 3s. 6d. 

** A clear and hioid introduction to Dynamics .*’ — Saturday Review. 

EucKd. By Eupert Deakin, M.A. With an Introductory Course 
of Drawing and Problems in Practical Geometry. Books I., 
n., la. Books I. -IV., 2s. 6d. Books V., VI., XI., Is. 6d- 

“ If any sclioolmaster is not satisfied with the text-hook he has at present in use, 
we reconmiend him to try this one .” — Mlucational Times. 

G-eometry, Deductions in. A Collection of Riders and Practical 
Problems. By T. W. EDMONDSON, B.A., Ph.I). 2s. 6d. 

Geometry, Theoretical and Practical . By W. P. Workman, M.A,, 
B.Sc., and A. G. Oracknell, M.A., B.Sc., P.O.P. 

Part L Contains the matter of Euclid, I., III. (1-34), IV. (1-9). 
2s. 6d. Part 11. Euclid, II. , lY. (10-16), YL 2s. 

This work is also published in Sections as follows : 

Section I Introductory Course. 9d. 

Section II. Plane Rectilinear Figures. (Euclid, I.) Is, 6d. 
Section HI. The Circle. (Euclid, III. 1-34, lY. 1^.) Js. 
Section IV. Rectangle -Theorems and Polygons. (Euclid, II. , 
III. 35-37, and lY. 10-16.) Is. 

Section V. Similar Figures. (Euclid, YL) Is. 6d. 

Section VI. Solid Geometry. (Euclid, XI. ) [In the press. 

Sections I.-IY. are published under the title Matriculation 
Geometry. 3s. 6d. 

On© of the best hooks on modern lines .’* — Oxford Magazine. (Part I.) 

“ Sound and sensible throughout.” — Nature. (Part II.) 

Graphs : The Graphical Representation of Algebraic Functions. 

By G. H. French, M. A., and G. Osborn, M. A., Mathematical 
Masters of the Leys School, Cambridge. Second Edition^ Re- 
written and M7ilarged. Is, 6d. 

Graphs, Matriculation. (Contained in The New Matricidation 
Algebra.) By C. H. French, M.A., and G. OsBORN, M.A. Is. 

Hydrostatics, Intermediate. By Wm. Briggs, LL.B. , M. A., B.Sc. , 
F.R.A.S., and G. H. BRYAN, Sc.I>., F.R.S. 3s. 6d. 

Hydrostatics, The Matriculation. (Contained in Intermediate 
Hydrostatics.) Bv Dr. Briggs and Dr. Bryan. 2s. 
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/IBatbematics anb /Bbecbaiifcs — continued. 

Mechanics, The Matriculation. By Dr, Wm. BfwIGGS and Dr, G, H, 
Bkyan. Second Edition. 3s. 6d. 

“ It ia a good book — clear, concise, and accurate.’* — Journal of Education. 

Mechanics, Junior. By F. ‘R0SE:&fBEilG, M.A., B.Se. 2s, 6d. 

A beginner’s course of reading in Dynamics and Statics suitable 
for the majority of elementary examinations in that subject. 

Mensuration and Spherical Geometry. By Dr. Bbiggs and Dr. 
EDMONDSO:Nr. Third Edition. 3s. 6d. 

The Eight Line and Circle (Coordinate Geometry), By Dr. Briggs 
and Dr. BbyAK. Third Edition, 3s. 6d. 

“It is thoroughly sound throughout, and indeed deals with some difiiculfc x>omts 
with a clearness and accuiacy that has not, we believe, been stii passed. ’’-—J'ditectiion, 

Statics, The Tutorial. By Dr. Wm. Beiggs and Dr. Q. H. 
BkyAN. I'Inrd Edition. 3s. 6d. 

“ Wiitten with commendable clearness.” — Educational Times. 

Tables, Clive’s Mathematical. Edited by A. G. Oracknell, M.A., 
B.Sc. Is. 6d. 

Trigonometry, Junior. By Wm. Briggs, LL.D , M.A., B.Sc., 
E.R.A.S., and G. H Bryan, Sc.D., M.A., E.R 8. 2s. Gd. 

Trigonometry, The Tutorial. By Wm. Briggs, LL.D., M.A., B.So., 
and^. H. Beyan, So.D., E.R.S. Second Edition. 33, 6d. 

“ The book is very thorough.” — Schoolmaster. 

IBxolOQ^. 

Plant Biology. An elementary Course of Botany on modern lines. 

By F. Cavers, D.Sc., F.L.S., A.R.C.S. Ss. 6d. 
jpiants, Life Histories of Common. An lutrocluetory Course of 

Botany based on the study of types by both outdoor atid indoor 
experiment. By F. Cavers, D.So., A.R.C.S., F.L.S. 3s. 

Botany, The New Matriculation. By A. J. Ewart, D.Sc, 3s. 6d. 

Botany, A Text-Book of. By J. M. Lowsoisr, B.Sc., F.L.S. 6s. 6d. 

“It repx-esente the nearest approach to the ideal botanical text-book that has yet 
been produced.” — Phai'inaceittical Journal. 

Physiology, First Stage Human. By G. N. Meachen, M.D., B.S. 
Lond., L.R.C.P., M.R.C.S. 2s. 

Zoology, A Text-Book of. By H. G. Wejj.s, B.Sc., and A. M. 
Davies, D.Sc. Foicrth Edition. 6s. 6d. 
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The Tutorial Physics. By R. WALLACE’ Stewaet, D.So., 
E. Catchpool, B.So., C. J. L. Wagstapf, M.A., W. R. 
Bowee, A.R.C.Sc., and J. Satterly, B.A., B.Sc. In 6 Vola. 

I. Sound, Text-Book of. By E. Catchpool, B.Sc. Fourth Edition. 

3s. ed. 

A full account of the theory of Sound treated from the physical 
rather than the mathematical standpoint. 

“A full, iiliilosophical, and decidedly oiiginal treatment of this branch of 
physics. ’ ’ — BdxicationaX Times. 

II. Heat, Higher Text-Book of. By B. W. Stewart, D.So. 

Second Edition, Gs. 6d. 

The subjeete of Thermodynamics, Kadiation, and Critical State 
are tx’eated at length, and special chapters have been devoted to 
Graphic Methods, Thermometry and Pyrometry, and the Lique- 
faction of Gases. 

Clear, concise, well arranged, and well illustrated." — Journal of Education. 

III. Light, Text-Book of. By B. W. Steavart, D.So. Fourth 
Edition^ Bevised and Enlarged. 4s. 6d. 

A very full treatment of the elements of Geometrical Optics. 

‘‘The style of the book is simiile, the matter well arranged, and the principles 
accurately and concisely set forbh."^ — Educational Kcvieic. 

IV* Magnetism and Electricity, Higher Text-Book of . Jdy K, W. 
Stewart, D.Sc. Second Edition 6s. 6d. 

In the new edition an adequate though elementary account of 
the Electron Theory of Matter and Badio-Activity has been 
inserted. 

“The text is exceedingly lucid and painstaking in the endeavour to give the 
student a sound knowledge of physics." — Nature. 

V. Properties of Matter. By 0. J. L. Wagstaef, M.A. Secord 
Edition, 3s, 6d. 


An account of those branches of Physics whicli are not usually 
included in books on Light, Sound, Heat, or Electricity- 

“Very interesting sections are those on moments of inertia from an elemontiiry 
point of view, Boys^ modification of Cavendish’s experiment, surface tension, and 
capillarity,” — School. 


A.B.aS., and J. 


VI. Practical Physics, By W. B. Bower, 

Satterly, B.Sc., A.B.C.S. 4s. 6d. 

A laboratory manual containing a full course of elementary 
experiments in all branches of physics, 

“ Great pams have evidently oeen taken to secure efficiency, and the result is a 
text-book which merits great praise. 
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Ipb^sfcs — contimied. 

The New Matriculation Heat : The New Matriculation Light : The 
New Matriciilation Soxmd. ByB. W. Stewaet, D.Sc. 2s. 6d. 
each volume. 

A carefully organised course of coordinated theoretical and 
practical work in Hiysics. 

“ The treatment is lucid and concise, and thoroughly in accordance with the most 
recent methods of teaching elemental^ physics. An outstanding featui-e of these 
books is the inclusion of a number of experiments which may be performed with 
the most simple and inexpensive apxiaratus, and from which satisfactory results 
maybe obtained.” — Mature. 

Electricity, Teelmical, By Professor H. T. Davidge, B.Sc., 
and R. W. Hutchinson, B.So. 4s. 6d. 

“A most desirable combination of sound instruction in scientific principles and 
engineeiing practice .” — JBducatianal News. 

Magnetism and Electricity, School. By R. H. Jude, B.So. 3s. 6d. 
Experimental Science, Junior. By W. M. Hootok, M.Sc. 2s. 6d. 

'‘Am excellent and workable two years’ coiii'se in Experimental Physics and 
Chemistry .” — JBditcational Ne 2 cs. 

Cbeniietri^. 

The Tutorial Chemistry . By Gr. H. Bailey, D.So., Ph.I). Edited 

by Wm. Bkiggs, LL.D., M.A., B.So., F.C.S. 

Piurt L Non-Metals. Fo%trth Edition. 3s. 6d. 

Part II. Metals and Ph^^sical Chemistry. Stc. Ed. 4s. 6d. 
“ The leading truths and laws of chemistry are here expounded in a most masterly 
manner .” — Chemical News. 

The New Matriculation Chemistry. By G*. H. Bailey, D.Sc., 

Ph.D. Edited by Wm. Bbiggs, LL.D., M.A., B.Sc., E.C.S. 
lim'd Edition. 5s. 6d. 

Synopsis of Matriculation Chemistry. By Wm. Bbiggs, LL.D., 
M.A., B.Sc., E.C.S. Is. 6d, 

'fJhemical Analysis, Qualitative and Quantitative- By Wm. 
Bbiggs, LL.D., M.A., B.Sc., E.C.S., and B, W. Stewabt, 
D.Sc. Fourth Edition. 3s, 6d. 

An Introductory Course of Chemistry. By H. W. Bausor, M.A. 
2s, Od. 

A Safe Course in Experimental Chemistry. By W. T. BooNE, B.A., 
B.Sc. 2s. 

Systematic Practical Organic Chemistry. By G. M. Norman, B.Sc., 

A. B.aSc., E.C.S. Is, 6d, 

An Introduction to Carbon Compounds. By B. H, Adie, M,A., 

B. Sc. 2s. 6d. 
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Junior Frenoli Course. By E. Webklby, M.A., Professor of 
French at University College, Nottingham, and Examiner in 
the University of London. Second Edition, 2s. 6d. 

“Distinctly an advance on similar courses.” — Journal of Education. 

The Matriculation French Course. By E- W eekley , M. A. , Examiner 
in French at the University of London. Thwd Edition^ En- 
larged. 3s. 6d, 

“The rules are well expressed, the exercises appropriate, and the matter accurate 
and well arranged.” — Guardian. 

French Accidence, The Tutorial. By Erkest Weekley, M.A. 
With Exercises, Passages for Translation into French, and a 
Chapter on Elementary Syntax. Third Edition. 3s. 6d. 

<< We can heartily recomraend it.” — Schoolmaster. 

French Syntax, The Tutorial. By Eenest Weekley, M.A., and 
A. J. Wyatt, M.A. With Exercises. Ss. 6d. 

“It is a decidedly good hook.” — Guardian. 

French Grammar, The Tufcorial. Containing the Accidence, and the 
Syntax in One Volume. Second Edition. 4s. 6d. Also the 
Exercises on the Accidence, Is. 6d. j on the Syntax, Is. 

French Prose Composition. By E. Weekley, M.A. With Notes 
and Vocabulary. Third Edition, Enlarged. 3s. 6d. 

“The arrangement is lucid, the rules clearly expressed, the suggestions really 
helpful, and the examples carefully chosen.” — Educational Times. 

Class-Work in French Composition. By E. Weekley, M.A. 2s. 

“A useful series of passages of continuous English for translation into French 
prose.” — School Guardian. 

Junior French Reader. By E. Weekley, M.A. With Notes and 
Voca-bnlary. Second Edition. Is. 6d. 

“ A Teiy useful first reader with good vocahulaiyand sensible notes.” — Schoohnaster. 

French Prose Reader. By S. Baelet, B. So., and W. F. 
MASOM, M.A., Examiner in the University of London. With 
Notes and Vocabulary. 2s. 6d. 

“Admirably chosen extracts.” — School Government Chronicle. 

The Matriculation French Reader. Containing Prose, Verse, Notes, 
and Vocabulary. By J. A. Perbet, Examiner in French at 
the University of London. 2s. 6d. 

“ We can recommend this book without reserve. World. 

Advanced French Reader. Edited by S. Barlet, B. Sc., and 
W. F. Masom, M.A. Second Edition. 2s. 6d. 

“ Chosen from a large range of good modern authors.”— Schoolmaster. 

Higher French Reader. Edited by E. Weekley, M.A, 3s. 6d. 

“ The passages are well chos«-., interesting in themselves, and representative of 
the best oontenxporary stylists.” — Joumcd o/ Education. 
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iBrnlieb dlmeics. 


Bacon’s Essays, I. -XX. By A. F. Watt, M.A. Is. 6d. 

Chaucer. — Canterbury Tales. By A. J. Wyatt, M.A. With 
Glossary. Prologue. Is. Knight’s Tale, Nun’s Priest’s Tale, 
Man of Law’s Tale, Sq[uire’s Tale. Each with Prologue, 2s. 6d. 
Dryden. — Essay of Dramatic Poesy. By W. H. Low, M.A. 3s. 6d. 
Dryden. — Defence of the Essay of Dramatic Poesy. Preface to the 
Fables. By Allen Mawer, M,A. Is. 6d. each. 

Johnson. — Journey to the Western Islands of Scotland, By E. J. 
Thomas, M.A. 2a. 6d. 

Johnson. — Life of Milton. By S. E. GoGGIN, M.A. Is. 6d. 
Langland. — Piers Plowman. Prologue and Passus I.-YIL, Text B. 

By J. F. Davis, D.Lit., M.A. 4s, 6d. 

Milton. — Early Poems, Oomus, Lycidas. By S. E. GoGGiN, M.A., 
and A. F. WATT, M.A, 2s, 6d. Axeopagitica. Is. 6d. 
Milton, — Paradise Lost, Books I., II. By A. F. Watt, M.A. Is. 6d. 

Books IV,, V. By S. E. Goggin, M.A. Is. 6d, 

Milton. — Paradise Regained. By A. J. Wyatt, M.A. 2s. 6d. 
Milton. — Samson Agonistes. By A. J. Wyatt, M.A. 2s. 6d. 
Milton. — Sonnets. By W. F. Masom, M.A, Is. 6d, 

More. — Utopia. By R. E. BuSK, Ph.D. 2s. 

Pops, — ISfepe of the Lock. By A. F, Watt, M,A. Is. 6d. 
Shakespeare. By Prof, W. J. Rolfe, D.Litt, In 40 volumes. 


An You Like It 
King ‘John 


All’s WeU that Ends WeU 
Antony and Cleopatra 
Comedy of Errore 
9oriolanu8 
Oymheline 

Hamlet 

Henry lY. Fart 1. 

Henry IV. Fart H. 
Henry V. 

Henry VI. Farts I, "III. 
Henry VIII. 


2s, a Volume. 

I Midsummer Hight’s 
I Dream 

2s. 6d. a Volume. 
Julius Caesar 
King Lear 
Lore’s Lahoux’^s Lost 
Macbeth 

Measure for Measure 

Merchant of V enioe 

Merry Wives of Windsor 

Othello 

Pericles 

Richard II. 

Richard HI. 


Much Ado About Nothing 
Tempest 


Romeo and Juliet 
Sonnets 

The Taming of the Shrew 
The Two Noble Kinsmen 
Timon of Athens 
Titus Androxuous 
Troilus and Gressida 
Twelfth Night 
Two G entlemen of V erona 
Venus and Adonis 
Winter’s Tale 


Shakespeare. — Midsummer Night’s Dream. Richard II, By A. F. 
Watt, M.A. Hamlet. Merchant of Venice. By S. E. 
Goggin, M.A. Tempest. By A, R. Weekes, B.A. 2s. each. 

Shakespeare.—Henry VIII. By W, H. L^w, M.A. 2s. 

Spenser. — Faerie Queene, Book I. By W. PI. Hill, M.A. 2s. 6d. 
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ms uKimnstTV TUfonrAL ssries. 


leit^Usb tHan^uaae anb Xtterature* 

The English Language : Its History and Structure, By W. H. LO’W, 
M.A. With Te,st Questions. Sixth Edition, Revised. 3s. 6d. 

“ A clear workmanlike history of the English language done on sound principles*'^ 
— SaiUtdcnf Review. 

The Matriculation Euglish Course. By W. H. Low, M.A., and 
John Beiggs, M.A., F.Z.S. Second Edition. 3s. 6d. 

Contents. — ^H istorical Sketch — Sounds and Symbols — Outlines 
of Accidence and Syntax — Common Errors — Analysis — Parsing— 
The Word, the Sentence, the Paragraph — Punctuation — Pules for 
Composition — Simple Narrative — Compound Narrative — Descriptive 
Composition — The Abstract Theme — The Essay — Paraphrasing — 
Precis-Writing — Letter-Writing and Proof-Heading — Index. 

** The matter is clearly aiTanged, concisely and intelligently put, and marked hy 
accurate scholarship and common sense .** — GtcardldtU 

English Literature, The Tutorial History of. By A. J. Wyatt, 
M.A. Second Edition. 2s. 6d. 

“This is undoubtedly the heat school history of literature that has yet come 
under our notice.” — Guardian. 

“ The scheme of the hook is clear, proportional, and scientific. ’’—-dcade my. 

“ A sound and scholarly work.’* — St. James.' Gazette. 

Eaglish Literature, Tie Intermediate Text-Book of. By W.“ H. 
Low, M.A., and A. J. WYATT, M.A. 6s. 6d. 

“ Really judicious in the selection of the details given .’* — Saturday Review. 

“ Welhinfonned and clearly written .” — Journal ofRducation. 

“ The historical part is concise and clear, hut the criticism is even more valuable, 
and a number of illustrative extracts contnbute a most useful feature to the 
V olume. ’ ’ — School W orlCL 

An Anthology of English Verse. With Introduction and Glossary. 
By A. J. Wyatt, M.A., and S. E. Goggin, M.A. 2s, 

For use in Training Colleges and Secondary Schools. The ex- 
tracts have been selected as representative of English vers© from 
Wyatt to the present time (exclusive of drama). 

“ We look upon this collection as one of the best of its kind,” — TeacJiers' Aid. 

Precis- Writing, A Text-Book of. By T. C. JACKSON, B.A., LL.B., 
and John Beiggs, M.A., F.Z.S. 2s. 6d. 

In writing this text-hook, the authors have aimed at increasing 
the educational value of Precis- Writing by giving a more sys- 
tematic and a leas technical treatment to the subject than is usual. 

“ Admirably clear and businesslike.” — Guardian. 

“ Thoroughly practical, and on right lines educationally.”— Sc/ioof World. 
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pbilosopbi?. 

EtMcs, MaixTial of. By J. S. Mackenzie, Litt.D., M.A., formerly 
Bellow of Trinity College, Cambridge. 6s. 6d. 

“ In writing tins book Mr. Mackenzie lias produced an earnest and striking con- 
tribution to the ethical liteuiture of the time ” — Mind. 

Logic, A Manual of. By J. Weeton, M.A., Professor of Bdiieation 
in the University of Leeds. 2 vols. Vol. T., 8s. Cd. ; VoL IL, 
6s. 6d. 

Yol. I. contains the whole of Deductive Logic, except Fallacies, 
which are treated, with Inductive Fallacies, in Vol. II. 

A clear and compendious summary of the views of various thinkers on important 
and doubtful points.” — Jotcmai of Education. 

Psychology, The G-roundwork of. By Cl. F. Stout, M.A,, LL.D., 
Fellow of the British Academy, Professor of Logie and Meta- 
physics in the University of St. Andrews. 4s. 6d. 

All students of philosophy, both beginners and those who would describe them- 
selves as ‘advanced,’ will do well to ‘read, mark, leain, and inwardly digest’ this 
book.” — O:(ford Magazine. 

Psychology, A Manual of. By G. F. STOUT, M.A., LL.B- 8s. 6d. 

“ There IS a refreshing absence of sketchiness about the book, and a clear desiie 
manifested to help the student in the subject .” — Saturday lUvmo 

fIDoberii Ibistorp anb Conetttution. 

The Tutorial History of England. (To 1901.) By C. S. 

Fealensiue, M.A. 4s. 6d. 

“ An excellent text-book for the upper forms of a school.” — Journal of Education. 

Matriculation Modern History. Being the History of England 
1485-1901, with some x’eterence to the Contemporary History of 
EuroT:>e and Colonial Developments. By O. S. Feakenbide, 
M.A. 3s. 6d. 

'‘A woik that gives evidence of scholaisliip and clever adaptability to a special 
purpose.” — Guardi an. 

Groundwork of English History. By M. E. Cartee. 2s. 

Contains the salient facts of English Histoiy. 

European History, Main Landmarks of. By F. N. Dixon, B.A. 
2s, 

‘‘A capable sketch in which historical movements are indicated accurately and 
with vigour.” — Guardian, 

Citizenship, The Elements of the Duties and Rights of. By W. D. 

Aston, B.A., LL.B. Third Edition, Is. 6d. 

Government of the United Kingdom. By A. E. HoGAN, LL.D. 2s. 6d. 

Contents. — Introduction — Legislatuils — Executive — Judicial 
System — Local Government — Imperial Government. 
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Text^Book of Geography. By G. C. BkY, M,Sc., F.I.C., Science 
Master at West BueMand, ISTorth Be von. 4s. 6d. 

This book is intended for use in the tipper forms of schools and by 
candidates for London University Matriculation, the Oxford and 
Cambridge Locals, and other Examinations of similar standard. 

It deals with both General and Regional Geography. Under the 
former heading are treated the movement, form, and surface of the 
earth, the circulation of air and water, and map-reading. In 
Regional Geography the natural features are first dealt with and 
then the political facts that are the outcome of these features. 


IRomaii mx'b (Breeft Iblstori^. 

The Tutorial History of Rome. {To 14 a.d.) By A. H. Allcboft, 
M.A., and W. F. Masom, M.A. With Maps. Third Edition^ 
Bevised and in part Beioritten. 3s. 6d. 

“ It is well and cleai-ly written .” — Saturday lieview. 

“ A distinctlj good book, full, clear, and accurate. ITie narrative is throughout 
lucid and intelligible ; there are no wasted words and no obscurities, and the 
authors have taken obvious pains to bring their facts up to date.” — Guardian, 

The Tutorial History of Greece. (To 323 B.c.) By Prof. W. J. 
WOODHOUSE, M.A. 4s. 6d. 

**Prof. Woodhouse is exceptionally well qualified to write a history of Greece, 
and he lias done it well .” — School Worlds 

A Longer History of Rome. By A. H. Allchoft, M.A., and 
others (each volume containing an account of the Literature of 
the Period) — 

890—202 B.C. 3s. 6d. 78 — 31 B.C. 3s. 6d. 

202—133 B.C« 3s. 6d. 4;4 B.C. —138 A.D. 3s, 6d. 

133— 78B.C 3s. 6d. 

y Written in a cl^r and direct style. Its authors show a thorough, acquaintance 
with their authon ties, and have also used the works of modern historians to good 
effect -*’ — Journal of Education, 

A Longer History of Greece. By A. H. Allceoft, M.A. 

(each volume containing an account of the Literature of the 
Period) — 

To 496 B.c. 3s. 6cl. 404— 362B.C. 3s. 6d. 

496 — 431 B.C 3S. 6d. 362 — 323 B.C. 3s. 6d. 

440—404 Be. 3% 6d. Sicily, 491—289 B.O. 3s. 6d. 

“The author hav€ appai’aotly spavtid uo pains to make their work at once com- 
pioliensive and leadable." — SelioolmaaUr. 



mw UmVERSITY TUTORIAL SERIES. 


13 


%atm anb (Breelk. 

Grammars and Readers. 

Junior Latin Course. By B. J. Hayes, M. A. 2s, 6cl. 

*^A good practical guide. The luinciples are sound, and the rules are cleaily 
stated .” — Educational Times. 

The Tutorial Latin Grammar. By B. J, Hayes, M. A., and W. F. 
Masom, M.A. Fourth Edition. 3s. 6d. 

Accurate and full without being overloaded with detail.”- — Schoolmaster. 

The Tutorial Latin Grammar, Exercises and Test Questions on. 
By F, Eicxiardson, B.A., and A. Hazel, LL.D. Is. 6d. 

Latin Composition. With copious Exercises and easy continuous 
Passages. By A. H. Allcroft, M.A., and J. H. Haydon, 
M.A. Sixth Edition, Enlarged. 2s. 6d. 

“ Simplicity of statement and arrangement, apt examples illustrating each rule, 
exceptions to these adroitly stated just at the propei place and time, aie among some 
of the sti iking characteristics of this excellent book.” — Schoolmaster. 

Junior Latin Reader. By E. J. G. Forse, M.A. Is. 6d. 

Matriculation Selections from Latin Authors. With Introduction 
(History and Antiquities), Notes, and Vocabulary. By A. F. 
Watt, M.A., and B, J. Hayes, M.A. 2s. 6d. 

Provides practice in reading Latin in preparation for Examina- 
tions for which no classics are prescribed. 

^*Jt iscijufce an interesting selection, and well done.’* — School World. 

*‘The selection is a good one, and the notes are brief and to the purpose.’* — 
Journal of Education. 

Matriculation Latin Construing Book. By A. F. Watt, M.A., and 
B. J. Hayes, M.A, 2s. 

A guide to the construing of the Latin period and its translation 
into English. 

“ One of the most useful text-books of this very practical Tutorial Scries .” — School 
guardian. 

The Tutorial Latin Reader. With Vocabulary. 2s. 6d. 

“ A soundly practical work.” — Guardian. 

Advanced Latin Unseens. Being a Higher Latin Header. Edited 
by H. J. Maidmknt, M.A., and T. R. Mills, M.A. 3s. 6d. 

** Contains some good passages, which have been selected fioui a widei field than 
that previously explored by similar manuals .” — Cambridge Runew. 

The Tutorial Latin Dictionary. By F. G. PLAISTOWE, M. A., late 
Eellow of Queens’ College, Cambridge. 6s. Gd. 

“A sound Bohool dictionary.” — Speaker. 

Advanced Greek Unseens. Second Edition, Enlarged. 3s. 6d. 

The Tutorial Greek Reader. With Vocabularies. By A. Waugh 
Young, M.A. Second Edition, Enlarged. 2s. 6d. 
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E.btt{ons of 3Latfn aiiD (Stcck Classic 

The Text is in all cases accompanied hy Iniroduction and j^otes ; hooks 
7 narkcd (*) contain also an alphabetical Lexicon. 

The VocahvXaries^ etc,, are in oi^der of the text and are preceded hy Test Papers, 
Text. Voc. 1 Text, Voo. 


Acts of Apostles. ... 1/0 

Aeschylus— 

Eumenides. 3/6 1/0 

Persae. 3/6 

Prometheus Yinctus. 2/6 1/0 

Sep tern contra Thebas. 3/6 1/0 

Aeistophanes— 

Ranae. 3/6 ... 

Caesae— 

Civil War, Book 1. .1/6 ... 

Gallie War, Books P7. 

(each) 1/6 1/0 

Gallic War, Book 1, 

Oh. 1 to 29. 1/6 ... 

The Invasion of Britain. 1/6 1/0 

Gallic War, Book 7, Ch. 

1 to 68. 1/6 ... 

CiCEEO— 

Ad Atticum, Book 4. 3/6 ... 

De Amieitia. 1/6 1/0 

De Pinibns, Book 1. 2/6 ... 

De Pinibus, Book 2. 3/6 .. 

De Officiis, Book 3. 3/6 1/0 

De Seneetute. 1/6 1/0 

In Catilinam I., III. 

(each) 1/6 1/0 

In Catilinam I. -lY. 2/6 ... 

Philippic II. 2/6 1/0 

Pro Arohia, 1/6 1/0 

Pro Balbo. ... 1/0 

Pro Cluentio. 3/6 1/0 

Pro Lege Manilia. 2/6 1/0 

Pro Marcello. 1/6 1/0 

Pro Milone. 3/6 1/0 

Pro Planeio. 3/6 1/0 

OUKTIUS— 

Book 9, Ch. 6-end. 1/6 ... 


Demosthenes— 


Androiion. 

4/6 

... 

Euripides— 

Aloestis. 

1/6 

1/0 

Andromache. 

3/6 

Bacchae. 

3/6 

i /6 

Hecuba. 

3/6 

Hippolytus, 

3/6 

i /6 

Iphigenia in Tauris. 

3/6 

1/0 

Medea. 

3/6 

Herodotus— 

Book 3. 

4/6 

1/0 

Book 4, Ch. 1-144. 

4/6 

1/0 

Book 6. 

2/6 

1% 

Book 8. 

s /6 

Homer— 

Iliad, Book 6. 


1/0 

Iliad, Book 24. 

3/6 

Odyssey, Books 9, 10. 

2/6 


Odyssey, Books 11, 12. 

2/6 


Odyssey, Books 13, 14. 

2/6 


Odyssey, Book 17. 

1/6 

i /6 


Korace— 

Epistles (including Ars 
Poetica). 4/6 ... 

Epistles (excluding Ars 
Poetica), ... 1/0 

Epodes. 1/6 

Odes, Books 1-4. 3/6 ... 

Separately, each Book 


(*3, 4). 

1/6 

1/0 

Satires. 

4/6 

lyO 

IS&CRATES— 

De Bigis. ^ 

2/6 

... 
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Baftfons of Xatfn anO ©reek Qlnesice— continued. 


Text 

Voc. 

Juvenal. 

Satires 1, 3, 4. 

3/6 

... 

Satires 8, 10, 13. 

2/6 

. . . 

Satires 11, 13, 14. 

3/6 


Livy— 

Book 1. 

2/6 

1/0 

Books 3, 6, 9. (each) 

3 6 

1/0 

Book 5. 

2/6 

1/0 

Book 21. 

2/6 

1/6 

Book 21, Ch. 1-30. 

1'6 


Book 22. 

2/6 

1/6 

Lucian— 

Charon and Piseator. 

3/6 

1/0 

Lysias— 

Eratosthenes. 

2/6 

... 

Eratosthenes and 

Agoratus. 

... 

1/0 


Nepos— 


Eannibal, Cato^ Attioxis, 1/0 ... 

OviD- 

Tasti, Books 3, 4. 2/6 1/0 

Pasti, Books 5, 6. 3/6 1/0 

Heroides, 1, 2, 3, 5, 7j 12. .. 1/6 
Heroides, 1, 5, 12. 1/6 ... 

Metamorplioses, Book 1, 
lines M50; Book 3, 
lines 1-130 ; Book 5, 
lines 385-550. (each) 1/6 ... 

Book 11. 1/6 1/0 

Book 1 1 , lines 410-748. 1/6 ... 

Books 13, 14. (each) 1/6 1/0 
Tristia, Books 1,3. (each) 1/6 1/0 

Plato-— 

Apology. 

Crito. 

Euthyphro and Mene- 
xenus. 

Ion. 

Laches. 

Phaedo. 



CD 

Yoo. 

Sallust— 

Catiline. 

1/6 

1/0 

Sophocles— 

Ajax. 

3^6 

1/0 

Antigone, 

2/6 

i;o 

Eleetra, 

3/6 

1/0 

Tacitus— 

Agrieola. 

2/6 

1/0 

Annals, Bonk 1. 

2 '6 

1/0 

Annals, Book 2. 

2-6 


Germania. 

2/6 

i/b 

Histories, Books 1, 3, 

(each) 

3/6 

1/0 

Terence— 

Adelphi. 

3/6 

... 

Thucydides— 

Book 7. 

3/6 

... 


Yergil— 

Aeneid, Books 1-8. (each) 1/6 1/0 
Book 9. 1/6 ... 

Books 9, 10. ... 1/0 

Book 10. ^ 1/6 ... 

Book 11. 1/6 1/0 

Book 12. 1/6 .. 

Eclogues. 3/6 1/0 

Georgies, Books 1 and 2. 3/6 1/0 
Georgies, ]5ooks 1 and 4, 3/6 1/0 
Georgies, Book 4. 

(separately) ly6 ... 


XENOPH01T-- 

Anabasis, Book 1. 1/6 1/0 

Anabasis, Book 4. 1/6 .. 

Gyropaedeia, Book 1. 1/6 1/0 

g ropaedeia, Book 5. ... 1/0 

jllenioa, Books 3, 4. 

(each) 1/6 ... 

Memorabilia, Book 1. 3/6 1/0 

Oeconomicus. 4/6 1/0 


3/6 1/0 
2/6 1/0 

4/6 1/0 
3/6 1/0 
3/6 1/0 
3/6 ... 

A detailed catalogue of the above can be obtained on application. 
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THE VmVEEBITY TUTORIAL SERIES. 


XTbe XTutorial Scrfea. 


General Editor : Wm. BriggS, LL.D., D.O.L., M.A., B.Se., 

Principal of Umver&ity Correspondence College. 


The object of the UNIVERSITY TUTORIAL SERIES is to provide 
candidates for examinations and learners generally with text-books 
which shall convey in the simplest form sound instruction in accord- 
ance with the latest results of scholarship and scientific research. 
Important points are fully and clearly treated, and care has been 
taken not to introduce details which are likely to perplex the be- 
ginner. 

The Publisher will be happy to entertain applications from 
Teachers for Specimen Copies of books mentioned in this List. 


SOME PRESS OPINIONS. 

series successful in hitting its mark and suiiplying much help to 
sfeudenfcs in places where a guiding hand is sorely needed." — Journal of Education. 

‘‘Many editors of more pretentious books might study the methods^ ths^Uui- 

Tutorial Series* with profit."^ — Gua;i'dzan. 

**Tiie ‘Univeirnty Tutorial Senes* is favourably known for its practical and 
workioanlike methods — Public Schools Year Boole. 

The ^rie® is eminently successfuL" — Spectator. 

‘^The idasSical texts in this series are edited by men who are thoroughly masters 
of craft. '*-ScctUTday Iteview. 

competent manner in which the volumes of this series are edited is now 
3fcnown and generally recognised.*’ — JSducaMonal Times. 

I '^is scries of text-books.*’ — Nocture. 

^‘jJaiy bdofes puMMied in this series are admirably adapted for the needs of Ih© 
latgu Ass of stiAuts for whdm they are intended.” — Cambridge Bemeto. 

clearness in Atefshent and drderlineas in arrangement characterise the publica- 
tions of Ae UE-ivAi!^ Tutorial l^ess."- — Otxford Mdgmines.t 

book» issue from ihe ‘University Tutorial Press* are both scholarly 

‘^The merit of -fas secie» of publications <xmsists in the workmanlike execution 

^ plan-’ Govermmnt Chromcle. 

‘^Tlie books of the ‘University Tutorial Series* have deservedly won a bigb 
reputation for sound scholarship, clear a»d orderly arrangement and presentation, 
and praefcioal and up-to-date 

‘‘ The more we see of these mccelleht manuals the more highly do we 
thMm*’---jSritooimct»6sr. ‘ 

‘‘Snob fext-books are imm^urably superior to the pomm, overbiirte?W 

with extraneous matter, with, which boys of a previous generation were faihs^l&ti^ 
— School Gumdiem. 




